
Markov Chain Monte Carlo Maximum LikelihoodCharles J. Geyer�School of StatisticsUniversity of MinnesotaMinneapolis, MN 55455AbstractMarkov chain Monte Carlo (e. g., the Metropolis algo-rithm and Gibbs sampler) is a general tool for simulationof complex stochastic processes useful in many types ofstatistical inference. The basics of Markov chain MonteCarlo are reviewed, including choice of algorithms andvariance estimation, and some new methods are intro-duced. The use of Markov chain Monte Carlo for max-imum likelihood estimation is explained, and its per-formance is compared with maximum pseudo likelihoodestimation.Key Words: Markov chain, Monte Carlo, Maximumlikelihood, Metropolis algorithm, Gibbs sampler, Vari-ance estimation.1 IntroductionFor many complex stochastic processes very little canbe accomplished by analytic calculations, but simula-tion of the process is possible using Markov chain MonteCarlo (Metropolis, et al., 1953; Hastings, 1970; Gemanand Geman, 1984). The simulation can be used to cal-culate integrals involved in various forms of statisticalinference. Most work in this area has concentrated onBayesian inference (Geman and Geman, 1984; Gelfandand Smith, 1990; Besag, York, and Molli�e, 1991). ButMarkov chain Monte Carlo is a general tool for simula-tion of stochastic processes; it should be useful, and hasbeen applied, in other forms of inference.One such area is likelihood inference. For complexstochastic processes such as the Markov random �elds(Gibbs distributions) used in spatial statistics (and otherareas, with Markov random �elds de�ned on graphs,networks, pedigrees, and the like) exact calculation ofthe maximum likelihood estimate (MLE) is impossible,but several methods of Monte Carlo approximation of�Research supported in part by NSF grant DMS-9007833.Some of this work was contained in the author's Ph. D. disserta-tion done at the University of Washington under the supervisionof ElizabethThompson, some was done during a postdoctoral yearat the University of Chicago

the MLE have been devised. One uses direct MonteCarlo calculation of the likelihood (Penttinen, 1984;Geyer, 1990; Geyer and Thompson, 1992). Anotheruses stochastic approximation (Younes, 1988; Moyeedand Baddeley, 1991). A third is that of Ogata andTanemura (1989). Only the �rst of these permits thecomputation of many estimates from one Monte Carlosample and so permits rapid parametric bootstrap com-putations and simulation studies. These are importantways of studying the properties of the estimators, andthe other methods will not be further discussed. Cod-ing and maximum pseudolikelihood estimates (MPLE)(Besag, 1974, 1975) have also been used for such prob-lems, but these estimators do not approximate the MLE,except in the limit of zero dependence.Monte Carlo maximum likelihood is illustrated usingthe two-parameter Ising model as an example. Thismodel is simple enough so that extensive simulations arepossible but has most of the complexity of more elab-orate models, in particular, the behavior of \freezing,"which presents severe problems for maximum pseudo-likelihood, but none for maximum likelihood. MLE iscompared to MPLE in a case where the random �eldhas strong dependence (is near freezing) where the su-periority of MLE over MPLE is clearly shown.2 Markov Chain Monte CarloBefore discussing the use of Markov chain Monte Carlofor maximum likelihood, it is �rst necessary to brie
yreview these Markov chain methods, since the literatureis confused and contains some bad advice.Markov chain Monte Carlo is an old method of simu-lation that goes back to the dawn of the computer age,but which has had, until recently, little application instatistics. The main idea is very simple. In ordinaryMonte Carlo, if one wishes to evaluate an integralP g = Z g dP; (1)where P is a probability measure and one has a methodof simulating a sequence X1,X2, . . . of i. i. d. realizations



from P , the obvious estimate isPn g = 1n nXi=1 g(Xi); (2)since Pn g a: s:�! P g (3)by the strong law of large numbers whenever g is P -integrable. The notation in (1) and (2) is standard inthe empirical process literature and very convenient; (1)treats the symbol P interchangeably as a measure andas an operator, (2) treats the empirical measure (themeasure-valued stochastic process that puts mass 1=nat each of the points Xi in the sample) the same way.Though ordinary Monte Carlo is very powerful, it hasits limitations. In particular there are no general meth-ods for simulating independent realizations of multivari-ate random vectors or, more generally, from complexstochastic processes. This di�culty is gotten around byMarkov chain Monte Carlo in which one simulates notindependent realizations fromP but a Markov chainX1,X2, . . . with stationary transition probabilities having Pas a stationary distribution. If the chain is irreducible,(3) still holds, though it is now referred to as the ergodictheorem rather than the strong law of large numbers.Since a countable union of null sets is a null set, (3)can be taken to hold simultaneously (for the same nullset of sample paths of the Markov chain) for all func-tions g in any countable family. If the state space of theMarkov chain (the sample space of the measure P ) is asecond countable topological space (such as Rd) and thecountable family of functions is taken to be indicatorsof open sets in the countable base, then, for almost allsample paths of the Markov chain,Pn 1B a: s:�! P 1B; for all open sets B;that is Pn D�! P (4)(the empirical converges in distribution to the truth).This is the sense in which Markov chain Monte Carlo\works." The samples X1, X2, . . . are neither indepen-dent nor identically distributed, and none has marginaldistribution P (though typically the marginal distribu-tion of Xn is close to P for large n). They behave likesamples from P , however, in the sense that (4) holds,just as if X1, X2, . . . were i. i. d. P .Some confusion in the literature has resulted fromfailure to understand this basic nature of Markov chainMonte Carlo. One sees described without justi�cationin various places the following way to do Markov chainMonte Carlo. Let X11, . . ., Xm1 be independent real-izations from some distribution. For j = 1, . . ., m, sim-ulate Xj2, . . ., Xjn a Markov chain starting at Xj1, all

m chains having the same transition probabilities andstationary distribution P . Take1m mXj=1 g(Xjn) (5)as an estimate of R g dP . This formula, which may bereferred to as the \many short runs" school of Markovchain Monte Carlo (as opposed to the \one long run"school) has some problems. As m!1 (5) converges tosomething by the strong law of large numbers; it doesnot, however, converge to R g dP . That would requirethat both m and n go to in�nity. One can, of course,collect multiple samples in each short run, and this doesameliorate the problem but relies on the \short" runsactually being \long." The closer many short runs ismade to one long run, the better it is. This was well un-derstood in the statistical physics literature and in someof the early statistics literature, but needs reiteration.This is not a purely theoretical point; many short runsalso has practical drawbacks. To see these we need somediscussion of the practice of Markov chain Monte Carlo.Typically a chain is run for a while to \forget" its start-ing point before samples are collected; then the chain issubsampled, a sample being taken every kth step. Thenumber of samples m thrown away at the beginning ofthe chain will be termed the \burn-in" (there is no stan-dard terminology), and k will be termed the \spacing."The empirical estimate for such a subsample is de�nedby Pn g = 1n nXi=1 g(Xm+k�i); (6)rather than (2). Of course the subsample is again aMarkov chain with stationary transition probabilities,and (3) still holds. The reasons for choosing any mother than zero and any k other than one have not beenmade clear. The spacing k is often chosen to be largein order that the samples Xm+k�i be \almost indepen-dent" as if reliance were being placed on some hypo-thetical \almost" law of large numbers rather than theergodic theorem. Simple variance calculations, whichwill be explained below, show that in many cases k = 1is optimal and in almost all cases the optimal k is lessthan �ve. The role of the burn-in m is also not wellunderstood. It is often thought that m must be chosenlarge enough so that Xm \almost" has marginal distri-bution P , something that typically cannot be checked.This leads to using very large m for \safety." If the onelong run method is being used, a fairly large burn-in,say �ve per cent of the total run length, is not exces-sive and will usually be more than adequate. In anycase, the accuracy of the method is relatively insensi-



tive to the burn-in. Even inadequate burn-in will haveonly a small e�ect on the results. The many short runsmethod perversely arranges the calculation so that notonly does burn-in dominate the cost of the calculation(the method is really only valid as the burn-in becomesin�nite), but also the accuracy critically depends on theadequacy of burn-in, which is uncheckable. The manyshort runs method arranges to have many burn-ins atmuch cost and to no bene�t.At this point many people remark that even if oneis willing to concede the point just made, multiple runshave some diagnostic value, at least. This is, of course,correct. It is clear that if two runs produce completelydi�erent answers, the runs are too short. But this di-agnostic value is a \one-edged" sword. It is not validto draw any comfort from the agreement of short runs,even many short runs. Counterexamples exist that provesuch hopes illusory. The best diagnostic is a very longrun, which will �nd places in the state space that onenever thinks to start.With these general comments out of the way, we nowturn to speci�c algorithms. The �rst Markov chainMonte Carlo method was given by Metropolis et al.(1953) and is generally known as the \Metropolis al-gorithm." This algorithm received wide use in the sta-tistical physics community from the beginning, but has,even today, had little use in the statistics community.Suppose the desired stationary distribution has a den-sity p with respect to some measure �. The algorithmemploys an auxiliary function q(y; x) such that q( � ; x)is a probability density with respect to � for each x andq(x; y) = q(y; x) for all x and y. The Markov chain isgenerated by repeatedly applying the following updatestep.1. simulate y from the distribution with densityq( � ; x).2. calculate the odds ratio r = p(y)=p(x)3. if r � 1 go to y4. if r < 1 go to y with probability r, else stay at xSimple calculations show that the Metropolis algorithmhas the desired distribution with density p as one sta-tionary distribution (see, for example, Ripley, 1987). Ifthe chain can be shown to be irreducible (which dependson the speci�c structure of p and q), it is ergodic andcan be used for Monte Carlo.One problem with the Metropolis algorithm is the re-quirement that q be symmetric. Hastings' (1970) al-gorithm drops this requirement. In order to maintainthe correct stationary distribution, this requires that in

step 2 of the Metropolis update, r be rede�ned asr = p(y)p(x) q(x; y)q(y; x)(so it can no longer be called an \odds ratio.") Thealgorithmworks just as well with this modi�cation. TheHastings algorithm allows an essentially arbitrary choiceof \candidate" points.A more recent algorithm is the Gibbs sampler (Ge-man and Geman, 1984). This algorithm is applica-ble only when the state variable is a random vectorx = (x1; . . . ; xp); it does not apply to arbitrary statespaces. At each step one variable, say xi, is changed bygiving it a realization from the conditional distributionof xi given the rest of the variables under the stationarydistribution.Though this looks very di�erent from the Metropolisand Hastings, it is almost a special case of the Hast-ings algorithm in which the one-dimensional conditionaldistributions play the role of the auxiliary function q.The analogy with Hastings does suggest that when onecannot sample exactly from the one-dimensional condi-tionals, one can do a Hastings-like rejection to correctinexact sampling, as long as one does know the densityone is sampling from. For more on this subject see Besag(this volume).3 New MethodsAll of the literature on Markov chain Monte Carlo de-scribes using chains with all Metropolis update steps(a Metropolis algorithm) or pure Gibbs steps (a Gibbssampler), although there is no reason for this. Any stepsthat preserve the stationary distribution can be mixedin any order. To make a chain with stationary transi-tion probabilities, it is necessary that a �xed sequenceof steps (called a \scan") be repeated over and over andthat samples be collected only after complete scans ormultiples of complete scans. This is typical for the Gibbssampler, a scan consisting of updating each xi, runningthrough the variables in some �xed order. But muchmore general scans are possible. There is no reason notto mix Gibbs, Metropolis, and Hastings steps in a singlechain, or for that matter, other update steps yet to beinvented. Large increases in speed can be obtained byclever choices of update steps.A simple example is to attempt to make a variety ofsteps of various sizes. When the distribution of inter-est has two (or more) modes, it is important to makeattempts to jump from one mode to the other, if at allpossible. This will be illustrated below in the discussionof the Ising model, where the modes are roughly sym-metrically distributed in the sample space and hence



easy to identify and one can jump between modes via a\symmetry swap," changing the sign of all variables atonce. Metropolis rejection of the swaps steps preservesthe desired stationary distribution.It is not always possible to �nd steps that jump be-tween modes, or even to �nd out (apart from MonteCarlo experiments) how many modes there are. Whatis needed is some way to make large steps without ex-plicit detailed knowledge about the distribution of inter-est. A device which we are calling Metropolis-coupledMarkov chain Monte Carlo, (MC)3 for short, providesa way to do this (Geyer, 1991b). Suppose we run mMarkov chains in parallel, having di�erent, but related,equilibrium distributions, P1, . . ., Pm. For example, ifthe distribution of interest is a Gibbs distribution withdensity proportional to eU(x)=� , U (x) being the poten-tial function and � the temperature, we could take Pk tohave density proportional to eU(x)=k� . After each scan(in which all of the chains attempt one step for eachvariable) we attempt to swap the states of two of thechains. This is a Metropolis update since swapping issymmetric, so the swap of chains i and j is accepted orrejected according to the odds ratior = pi(xj)pj(xi)pi(xi)pj(xj) : (7)The coupling induces dependence among the chains, andthey are no longer (by themselves) Markov. The wholestochastic process (the m chains together) does forma Markov chain on the m-fold cartesian product of theoriginal state space. Since (7) is the odds ratio assumingindependence of the distributions for the chains, the sta-tionary distribution of the whole process, is the productof the Pi. The chains are asymptotically independentwith the desired stationary distributions.If the coupling does not change the stationary distri-butions, what is the point? It maymake all of the chainsmix much faster, faster than any one of them uncoupled.This e�ect is due to the chains having di�erent distribu-tions. It is clear that if the distributions are the same,every swap is accepted and the chains produce the samerealizations with or without swapping. If one untan-gles the swapped chains (following one state as it jumpsback and forth among the distributions), one gets a dif-ferent process. Now, by symmetry, all of the untangledchains have the same marginal distribution, though theyare no longer even asymptotically independent, and thismarginal distribution must be the equal mixture of thedistributions Pi. This says that in some sense the speedof the chains is that of a mixture of the update steps forthe separate chains. This mixture may run faster thanany of the pure chains.Examples of these devices will be given later after the

Ising model is described. For now, let us close this sec-tion with the point that if one is worried that the Gibbssampler, or whatever Markov chain scheme one is using,mixes too slowly, one should try to speed it up. Thereare many possible tricks for doing so. These are exam-ples of what is possible.4 Variance CalculationsGiven the consistency (3) of Markov chain Monte Carlo,the natural next question is to examine the errorpn(Pn g � P g). Typically one would like there to bea central limit theorempn(Pn g � P g) D�! N (0; �2g) (8)(note that �2g depends on g). When the state space of theMarkov chain Monte Carlo is �nite, the central limit the-orem (8) always holds, (see, for example, Chung, 1967,p. 99 �. or Ibragimov and Linnik, 1971, pp. 365{369).There are Markov chain central limit theorems for non-�nite state spaces, but the regularity conditions seemdi�cult to apply (this is a subject of active research bya number of investigators).Markov chain limit theory is of use only in demon-strating that (8) holds with �2g �nite; it does not yieldthe value of �2g , which must be estimated from theMarkov chain. This is easily done using standard time-series methods. Hastings (1970) gave references to meth-ods then current; only slight changes are needed to bringthese recommendations up to date. In cases of practicalinterest �2g will have the form�2g = 1Xt=�1 
t (9)where 
t = 
�t = Cov�g(X0); g(Xt)�the expectation being with respect to the stationary dis-tribution. The 
t are easily estimated by
̂t = 
̂�t = 1n n�tXi=1[g(Xi) �E g][g(Xi+t) �E g]For why we divide by n rather than n � t see Priestly(1981, pp. 323-324). One might think that the sum ofthe 
̂t would be a natural estimator of �2g , but this is abad idea for the following reason. For large t the varianceof 
̂t is approximately constantVar(
̂t) � 1n 1Xs=�1 
2s (10)(Bartlett, 1946); the right hand in (10) does not dependon t. This assumes that g(X) has a fourth moment and



that some mixing condition holds (�-mixing su�ces).Thus the sum of the 
̂t di�ers from (9) by n terms ofsize 1=n. It does not decrease with n; the estimate isnot even consistent. In order to get a good estimate it isnecessary to downweight the terms for large lags, whichare essentially noise. One estimates �2g by�̂2g = 1Xt=�1w(t)
̂t (11)where w is some weight function that satis�es w(t) = 1for small t, w(t) = 0 for large t, and makes a smoothmonotone transition between these levels.The right hand side of (10) is useful in choosing w.One can take w(t) = 1 for t such that 
̂t exceeds two\large t" standard deviations. Since it is usually impos-sible to arrange a chain with signi�cant negative auto-correlations, one can take w(t) = 0 when 
̂t < 0 andfor all larger t. Any smooth curve connecting these twopoints is satisfactory. We use a scaled cosine.Before leaving this subject, the frequency domain ver-sion of the same procedure should perhaps be explained,since one may see this described instead and the equiva-lence of the two methods is not obvious. (9) is 2� timesthe value of spectral density at the origin (of the timeseries g(Xt)). To estimate the spectral density one mayuse a kernel smoother with kernel ~w on the empiricalspectral estimate, which is the Fourier transform of the
̂t. If one uses the Fourier transform ofw for the smooth-ing kernel ~w, one obtains exactly the same estimate as(11). In the usual time-series parlance w is called a lagwindow and ~w a spectral window.5 Choosing the SpacingHaving a method of estimating variances gives us amethod of measuring the \speed" of a Markov chainscheme. A chain is rapidly mixing if the autocorrela-tions decrease rapidly enough so that the variance of ourestimate(s) of interest is small. This is a relative term,we can only say that one chain mixes more rapidly thananother. There is no absolute standard.One obvious comparison is between chains that arealike except for di�erent spacing. Suppose that the chainis �-mixing (always true if the state space is �nite) sothe 
t decrease exponentially fast. Then the asymptoticvariance for a chain with spacing k will besk = 1Xt=�1
kt � 
0 + 2 A�k1� �kfor some constants A > 0 and 0 < � < 1. Clearlyas k ! 1 the variance sk converges to the marginal

variance 
0 that would be obtained if one could do in-dependent sample Monte Carlo. Since the convergenceis exponentially fast, there is little bene�t to large spac-ings. To see this more clearly, let B be the cost of sam-pling (typically computer time), and let C be the costof \using" a sample. If the samples cost almost nothingto use, one may take C = 0. If one uses n samples withspacing k, the cost is Bnk+Cn, because the chain runsfor nk steps and n samples are used. The variance ofthe estimate is approximately sk=n. Hence to get a �xedaccuracy one must have n proportional to sk. Thus thecost for spacing k is proportional to (Bk + C)sk. Forlarge k this increases linearly in k. The minimum costwill be attained for some small value of k, the optimalspacing. Note that if C = 0 the optimal spacing isgreater than one only if s1 > 2s2, which is typically notthe case. One needs some cost of using samples (cost ofcalculating estimates, cost of storing samples, plottingsamples, or whatever) to make subsampling a good idea.If one is interested in calculating integrals of manyfunctions g, there is no one spacing that is optimal forall, nor would one want to do variance calculations forall. Fortunately, this is not necessary. Typically thecost curves will be U-shaped with a broad bottom andthe curves for a representative sample of functions willhave minima in roughly the same place. We do not rec-ommend elaborate variance calculations accompanyingevery Markov chain Monte Carlo estimate, but there isno substitute for some variance calculations for compar-ing methods, for selecting spacings, and just generallygetting a feel for how well a scheme works.6 The Ising ModelThe model employed for our example is a standard two-parameter Ising model on a 32 � 32 square lattice withperiodic boundary conditions. Let xi denote the randomvariable at lattice site i which takes values in f�1; 1g,and x = fxig denote the whole random �eld. Let i � jdenote that sites i and j are nearest neighbors. Everysite has four neighbors, since the lattice is considereda torus. The statistical model is a two-parameter ex-ponential family with natural statistics t1(x) = Pi xiand t2(x) = PiPj�i xixj. For concreteness we willcall the lattice sites with xi = 1 \white pixels" and therest \black pixels" following the language of image pro-cessing. Then t1 is the excess of white over black pixels,and t2 is the excess of concordant nearest neighbor pairsover discordant pairs.The probability of a point x in the sample space isp�(x) = 1z(�) eht(x);�i



where ht; �i = t1�1 + t2�2 andz(�) = Xx2S eht(x);�i: (12)The parameters �1 and �2 are referred to here as the\level" parameter and \dependence" parameter respec-tively. We also use the notation � = �1 and � = �2.At � = 0, the pixels are independent; for large � thedistribution has two modes, almost all of the pixels arethe same color with just a speckle of the other. Theproportion of realizations that are predominantly whiteor black depends on �; when � = 0, the modes areequally probable. This behavior occurs for all latticesizes, even for an in�nite lattice, where the transitionfrom patches of both colors to (almost) all one coloroccurs sharply at the critical value 12 sinh�1(1) = 0:4407.The transition is not sharp for �nite lattice sizes, butoccurs in roughly the same place.For any lattice site i, let x�i denote the rest of thevariables besides xi. The conditional distribution of xigiven x�i plays an important role in both likelihood andpseudolikelihood methods. This conditional distributionis denoted p�(xijx�i). Let ni =Pj�i xj denote the sumof the nearest neighbors of lattice site i. Thenlogitp�(xi = 1jx�i) = logitp�(xi = 1jni)= 2(�1 + �2ni): (13)The �rst equality, that the distribution of xi given therest depends only on its neighbors, is called the spatialMarkov property. It simpli�es calculations, but other-wise plays no role in the analysis.A Metropolis algorithm for the Ising model runs overthe variables in either �xed or random order attemptingto swap the state of the variable at each step (from 1 to�1 or vice versa) according to the odds ratio of these twostates. A Gibbs sampler does the same thing but insteadsamples from the conditionals. Metropolis makes moretransitions and hence is a bit better, but there is notmuch di�erence.Whichever is used, it is wise to follow each scan ofall the variables with a symmetry swap, attempting tochange x for �x, where �x denotes the state derivedfrom x by changing the sign of all the variables. Theodds ratio for this swap is r = exp (t1(�x)� � t1(x)�)since t2(x) = t2(�x). When � is small and � is large sothe model has a bimodal distribution, these swaps jumpbetween modes. For other parameter values, the swapsare not useful, but they are also not needed since thedistribution is unimodal and the Markov chain mixesrapidly in any case. The swaps do no harm, though,since they consume a small fraction of the running time.With symmetry swaps the Markov chain for the Isingmodel runs fast no matter what the parameter values,

provided it is started in the right place: all pixels thesame color. If one chooses a random starting point, and� is well above the critical point, it takes a very longtime to get to any likely con�guration.Symmetry swaps solve all di�culties of simulatingIsing models (and other lattice processes with only afew colors). Hence Metropolis-coupling is not needed.To avoid introducing another model, however, let us alsosolve the Ising model di�culties using Metropolis cou-pling. At values of � well below the critical value, a sin-gle chain runs fast, the distribution is unimodal, and theregion of high probability is rapidly explored. For veryhigh � the chain runs arbitrarily slowly; the waiting timefor a transition between modes can be arbitrarily long.If low and high � chains are coupled with a sequenceof intermediate � chains, swaps will occur frequently ifadjacent �'s are close enough, and all of the chains willmix rapidly. Thus Metropolis coupling can produce anarbitrarily large speed up in some situations. This so-lution to problems of slow mixing is completely general,it does not even require knowledge of a good startingpoint (as did symmetry swapping). All that is requiredis that some of the coupled chains mix rapidly.It is possible to get an in�nite speed up from couplingchains. If one couples a chain that is not ergodic (sothat it would never get the right answer) with one thatis, this can make both chains ergodic. Thus coupling canbe used to solve di�cult problems of �nding a Markovchain that is ergodic as well as problems of slow mixing.7 Monte Carlo Maximum LikelihoodConsider a family of probability densities ff�g with re-spect to some measure �, where the densities are knownonly up to a normalizing constantf�(x) = 1z(�)h�(x)where h� is a known function for each � but nothing isknown about z except thatz(�) = Z h�(x) d�(x);the integral being analytically intractable. The Isingmodel serves as an example with h�(x) = eht(x);�i. Otherexamples include spatial lattice and point processes,Markov graphs, logistic regression with dependent re-sponses (see Geyer and Thompson, 1992).The unknown normalizing constant z is no bar toMarkov chain Monte Carlo which can provide a sam-ple X1, X2, . . . from any � in the parameter space. Thiscan be used to estimate the log likelihood ratio for an



observation xl(�) = log f�(x)f�(x) = log h�(x)h�(x) � z(�)z(�) (14)as follows. Sincez(�)z(�) = 1z(�) Z h�(x) d�(x) = E� h�(X)h�(X)we have the natural estimatelog 1n nXi=1 h�(Xi)h�(Xi)! (15)of the last term in (14). Let ln(�) denote (14) with thelast term replaced by (15). By the ergodic theorem wehave that ln(�) ! l(�) simultaneously for all � in anycountable set, which if the parameter takes values in Rdmay be chosen to be dense. This along with the \usual"regularity conditions may be enough to ensure that if �̂nis any maximizer of ln and �̂ the maximizer of l, then�̂n a: s:�! �̂, i. e., the Monte Carlo MLE converges to thetrue MLE as the size of the Monte Carlo sample goes toin�nity. For the Ising model no regularity conditions areneeded because both l and ln are concave functions. Sec-ond order theory, pn(�̂n� �̂) converging to some normaldistribution is also available, again under the \usual"regularity conditions, when the asymptotic variance ofpnrln(�̂) can be shown to be �nite, since this can thenbe estimated empirically using the methods of Section 4.Details will appear elsewhere.This method can be generalized to use Monte Carlosamples from distributions other than those in the para-metric family, in particular to mixtures of distributionsin the family. This improves performance when � is farfrom �, and is the method used for the example in Fig-ure 1. Details of the theory and the calculation of thisexample are given in Geyer (1991a).Given that maximumlikelihood can be done, how welldoes it compare with other methods? Is it worth the ef-fort of the elaborate Monte Carlo calculations? What isanalytically tractable about the Ising model (and otherMarkov spatial processes) is the conditional distribu-tions p�(xi = 1jx�i) de�ned by (13). The pseudolike-lihood is the product of these conditionals. This is not,of course, a likelihood, since these conditionals do notcombine in the right way to make a probability. TheMPLE is found by maximizing the log pseudolikelihood (�) =Xi logp�(xijx�i)(Besag, 1975). For the Ising model this is computation-ally equivalent to doing a logistic regression of each pixelon its neighbors. The estimate takes negligible time tocompute compared to Monte Carlo MLE.
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αFigure 1: Comparison of MLE and MPLE. Top MLEs,bottomMPLE for sample of 500 points from Ising modelwith � = 0 and � = 0:425.Furthermore, it is a good estimate for small de-pendence, when p�(xijx�i) � p�(xi) when it well ap-proximates maximum likelihood. For high dependence,MPLE can do much worse than MLE, as shown in Fig-ure 1. The true parameter value is where the solid linescross. Both estimators cluster around the truth, butMPLE has much wider scatter. Moreover, maximumlikelihood \senses" the critical point, shown by the dot-ted line, in a way that MPLE does not. Of the 500 pointsin the sample, only six are above the critical point, onlytwo appreciably so. The dotted line in the �gure is likea cli� of the likelihood surface. These samples from aprocess below the critical point do not look at all likethey came from a process above the critical point.Pseudolikelihood is oblivious to the critical point,which is not surprising, since it only looks at local de-pendence and the critical point phenomenon is a globalproperty. There are 134 of the MPLE lying abovethe critical point. Some so high that true realizations



from such parameter values would be hard frozen, notremotely resembling the observation from which theMPLE was calculated.8 DiscussionThough consistency and asymptotic normality of MPLEhas been proved in a variety of situations, these resultsdo not guarantee good behavior at �nite sample sizes. Ithas never been claimed that MPLE would provide goodestimates for parameters of a frozen (or nearly frozen)Markov random �eld, so the message that in some casesMLE behaves well when MPLE does poorly is no sur-prise. That MPLE can be ine�cient had been notedfor Gaussian random �elds on lattices (Besag, 1977),where the e�ciency goes to zero at the boundary of theparameter space where stationarity is lost. Moderatelylarge e�ciency is maintained, however, for fairly largedependence, which gives the impression that MPLE is areasonable method of estimation for Gaussian �elds solong as the true parameter value is not near the bound-ary of the parameter space.Ising models and other non-Gaussian random �eldscan have critical parameter values not on the boundaryof the parameter space at which the qualitative behav-ior of the �eld changes. Near such values, and for highdependence in general, MPLE can give bad results. OneIsing model example is given here; a more complex ex-ample is given in Geyer and Thompson (1992). Thisdoes not say MPLE is bad in all problems; it seems thatcomparisons must be made problem by problem.AcknowledgementThe author wishes to thank Julian Besag, AugustineKong, Alan Lippman, Elizabeth Thompson, and LukeTierney for discussions of this subject.ReferencesBartlett, M. S. (1946) On the theoretical speci�cationof sampling properties of autocorrelated time series.J. R. Statist. Soc. Suppl. 8:27{41.Besag, J. (1974) Spatial interaction and the statisticalanalysis of lattice systems (with discussion). J. R.Statist. Soc. B 36:192{236.(1975) Statistical analysis of non-lattice data.Statistician 24:179{195.(1977) E�ciency of pseudolikelihood estimationfor simple Gaussian �elds. Biometrika 64:616{618.
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