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Summary

Large margin classifiers have proven to be effective in delivering high predictive accuracy,

particularly those focusing on the decision boundaries and bypassing the requirement of

estimating the class probability given input for discrimination. As a result, these classifiers

may not directly yield an estimated class probability, which is of interest itself. To overcome

this difficulty, this article proposes a novel method to estimate the class probability through

sequential classifications, by utilising features of interval estimation of large margin classifiers.

The method uses sequential classifications to bracket the class probability to yield an estimate

up to the desired level of accuracy. The method is implemented for support vector machines

and ψ-learning, in addition to an estimated Kullback-Leibler loss for tuning. A solution path

of the method is derived for support vector machines to further reduce its computational

cost. Theoretical and numerical analyses indicate that the method is highly competitive

against alternatives, especially when the dimension of input greatly exceeds the sample size.

Finally, an application to leukaemia data is described.

Some key words: Function estimation, High dimension and low sample size, Interval estimate,

Tuning, Weighting.
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1. Introduction

In the statistics literature, classification is often treated as a problem of density esti-

mation through regression, that is, the class probability given input is estimated, yielding

classification by thresholding. This practise seems to undermine the fact that classification

is generally easier than regression, because the former is an interval instead of a point esti-

mation problem. This is evident from recent success in large margin classification such as

support vector machines (SVM; Cortes & Vapnik, 1995) and ψ-learning (Shen et al., 2003),

where many large margin classifiers yield high performance by focusing directly on classifi-

cation, bypassing the requirement of estimating the class probability yielding classification.

In classification, knowledge about the class probability itself may be of significant scientific

interest, indicating the strength or confidence of outcome of classification. In this article, we

bridge the gap by estimating the class probability through interval estimation in classifica-

tion, allowing a large margin classifier to enjoy the capability of regression while maintaining

its high generalisation ability and computational advantage.

In binary classification, a decision function f is estimated based on a training sample

Zi = (Xi, Yi); i = 1, . . . , n, independent and identically distributed according to an unknown

probability distribution P (x, y), where Xi ∈ Rd is a d-dimensional input, and output Yi

is labelled as ±1. For any input x, classifier sign(f(x)) estimates the label of x. Within

the framework of large margin classification, estimation of the class probability has been

investigated. Steinwart (2003) and Bartlett & Tewari (2004) show that replacing the large

margin loss with some differentiable loss leads to conditional probability estimation asyp-

totically. Platt (1999) assumes a sigmoid link function between the conditional distribution

p(x) = P (Y = 1|X = x) and large margin classifier f in the form of

p(x) =
1

1 + exp(Af(x) +B)
, (1)
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with parameters A and B estimated by minimising the cross entropy error. Despite its

empirical success, statistical properties of estimated p(x) through classification and (1) have

not yet been investigated. There is no solid evidence that a link function as specified in (1)

should be used to estimate p(x) through f(x). In fact, Lin (2002) shows that the optimal

f(x) estimated by SVM is sign(p(x) − 1/2), which implies that the classifier f might only

concern about whether p(x) greater than 1/2 or not.

In this article, we take a novel approach to estimate p for large margin classifiers without

imposing any assumption on the relationship between p and f as in (1). It is known that

sign(f̂(x)) > 0 estimates sign(p(x) − 1/2) > 0 (Lin, 2002). On this basis, we design a

sequence of weighted classifications, corresponding to a refined partition of [0, 1], to locate

which subinterval contains p(x) for any fixed x. This approach is illustrated in high dimension

but low sample size data, typical of microarray experiments.

The proposed method is implemented for SVM and ψ-learning. To eliminate dependency

of the method on a tuning parameter, we propose a method of model selection through

the concept of covariance penalty (Efron, 2004) and the technique of data perturbation

(Shen & Huang, 2006). Moreover, we derive an efficient solution path algorithm for the

proposed method via SVM to reduce its computational cost. We derive rates of convergence

of the proposed estimator for large margin classification, and show in an example that the

accuracy of probability estimation for ψ-learning is of order of n−1/2(log n)3/2, whereas its

classification accuracy is of order n−1(logn)3. This confirms the aforementioned phenomenon

that classification is usually easier than density estimation. Our numerical analyses suggest

that the proposed method is highly competitive against alternatives.

The rest of this article is organised as follows. Section 2 briefly discusses large margin

classification as well as the proposed method. Section 3 constructs our loss estimator for

tuning, together with a technique of data perturbation. Section 4 develops the solution path

algorithm for our method via SVM. Section 5 compares the proposed method against one
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top performer in the literature, followed by an application to leukaemia data in Section 6.

Section 7 provides a theoretical justification. Section 8 contains a discussion. The appendix

is devoted to technical proofs.

2. Estimation

This section reviews large margin classification, and introduces the proposed method

involving sequential weighted classification.

2·1. Large margin classifiers

A large margin classifier minimises a cost function in f over a decision function class F :

min
f∈F

n−1
n∑

i=1

L(yif(xi)) + λJ(f), (2)

where J(f) is a regularisation term for penalising model complexity, λ > 0 is the degree of

penalisation, and L(z) is a margin loss that is a function of functional margin yf(x); for

instance, L(z) = (1−z)+ is the hinge loss for SVM, and L(z) = ψ(z) with ψ(z) = 1−sign(z)

if z ≥ 1 or z < 0, and 2(1− z) otherwise is the ψ-loss for ψ-learning, c.f., Shen et al. (2003).

A margin loss L(z) is said to be large margin if L(z) is nonincreasing in z, penalising

small margin values. In linear classification, f is linear; in kernel classification, f uses a

kernel representation 1
nλ

∑n
i=1 θiyiK(xi, x) + β0 with K(·, ·) a kernel. In the kernel case,

J(f) = 1
2n2λ2

∑n
i=1

∑n
i′=1 θiθi′yiyi′K(xi, xi′), and F is a reproducing kernel Hilbert space

(RKHS; Wahba, 1990) induced by K(·, ·). The weighted version of (2) is

min
f∈F

n−1

(
(1 − π)

∑

yi=1

L(yif(xi)) + π
∑

yi=−1

L(yif(xi))

)
+ λJ(f), (3)

which reduces to (2) when π = 1/2. The loss in (3) permits a treatment of an unequal

number of training samples or unequal costs for positive and negative misclassifications in

margin classification, where (π, 1−π) is the known cost for the negative and positive classes
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with 0 ≤ π ≤ 1; c.f. Lin et al. (2002) for a discussion. Minimising (3) with respect to f ∈ F

yields f̂π(x), and thus classifier sign(f̂π(x)).

Lemma 1 below constitutes a basis for our proposed method. In (2), when n → ∞, the

first component of (3) approaches to

ES(Y )L(Y f(X)) = E ((1 − π)I(Y = 1)L(Y f(X)) + πI(Y = −1)L(Y f(X))) , (4)

with I(·) the indicator, and S(Y ) = 1 − π if Y = 1, and π otherwise.

Lemma 1 With L(z) = (1− z)+ or ψ(z), minimising (4) with respect to f yields the Bayes

rule f̄π(x) = sign(fπ(x)) with fπ(x) = p(x) − π. Moreover, f̄π(x) is nonincreasing in π.

2·2. Estimation

Our proposed method is designed for estimating p(x) at any x with x not necessarily

being one of the observed values. The method proceeds as follows. First, construct a

uniform partition of [0, 1] with the two end points 0 and 1 included, that is, 0 = π1 < π2 <

· · · < πm < πm+1 = 1 for any given integer m > 0 that determines the estimation precision.

By construction, one and only one of the subintervals brackets p(x). Ideally, one can utilise

the monotonicity property (Lemma 1) of sign(fπ(x)) to rapidly compute p(x) at one x value.

However, the monotonicity property may not hold empirically, in addition that it is desirable

to compute p(x) at multiple x values simultaneously. We therefore examine one interval at

a time and train m + 1 weighted margin classifiers with πj ; j = 1, · · · , m + 1, to identify

the interval capturing p(x). This is achieved by checking if sign(p̂(x) − πj) > 0 through

sign(f̂πj
(x)), for j = 1, · · · , m+1. Moreover, when the monotonicity property of sign(f̂π(x))

does not hold for a specific set of data, there exists 1 ≤ j ≤ m such that sign(f̂πj
(x)) =

−1 but sign(f̂πj+1
(x)) = 1, and hence that more than one interval captures p̂(x). This

is especially so when the size of training sample is not large. To overcome this difficulty,
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we define π∗ = arg maxπj
{sign(f̂πj

(x)) = 1} and π∗ = arg minπj
{sign(f̂πj

(x)) = −1}, with

0 ≤ π∗, π
∗ ≤ 1. Then the proposed estimate p̂(x) is defined as 1

2
(π∗ + π∗).

The proposed estimator p̂ can be computed via Algorithm 1.

Algorithm 1:

Step 1. Initialise πj = (j − 1)/m; j = 1, · · · , m+ 1.

Step 2. Train a weighted margin classifier for πj as in (3); j = 1, · · · , m+ 1.

Step 3. Estimate labels of x by sign(f̂πj
(x)).

Step 4. Sort sign(f̂πj
(x)); j = 1, · · · , m + 1, to compute π∗ = max{πj : sign(f̂πj

(x)) =

1}, π∗ = min{πj : sign(f̂πj
(x)) = −1}. The estimated class probability is p̂(x) = 1

2
(π∗ +π∗).

Algorithm 1 is designed for any large margin classifier, including weighted SVM (WSVM;

Lin et al., 2002) and weighted ψ-learning. To train a WSVM, any software with quadratic

programming (QP) routine can be employed. To train a weighted ψ-learning, we follow

the technique of Liu, Shen & Wong (2005b), where difference convex algorithm (DCA) is

used to solve the non-convex optimisation problem through sequential QP. The idea of DCA

is to decompose a non-convex objective function into a difference of two convex functions,

and solve the non-convex problem by sequential convex problems. According to Liu et al.

(2005b), DCA is appropriate for the ψ-loss based on its encouraging numerical performance

as well as its fast convergence speed.

Furthermore, a precision parameter m needs to be prespecified in Algorithm 1, balancing

the trade-off between the precision of p̂ and the number of weighted classifiers to be trained.

Evidently, a large m value yields better precision but increases computational cost. In

implementation, m is recommended to be ⌊n1/2⌋, the largest integer no greater than n1/2.

This choice seems to be satisfactory as suggested by our simulation. Of course, a data-

driven choice of m can be derived at an expense of increased computational cost, obtained

by minimising an estimated loss with regard to m, as to be discussed next.

3. Estimating generalised KL loss and tuning
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This section develops a model selection method for estimating p, which uses an estimated

generalised Kullback-Leibler (GKL) loss. This permits a performance evaluation of any

estimation method.

Estimation of the KL loss has been investigated in Shen & Huang (2006), but that of the

GKL loss involving random input X has not yet been explored in the literature. Breiman

& Spector (1992) argued that ignoring randomness in linear regression could lead to highly

biased estimation of the prediction error.

3·1. Estimation of GKL loss

The overall performance of p̂ in estimating p is evaluated by its closeness to p in terms

of the GKL loss

GKL(p, p̂) = E

(
p(X) log

p(X)

p̂(X)
+ (1 − p(X)) log

1 − p(X)

1 − p̂(X)

)
, (5)

where the expectation is taken with respect to randomness in X, which differs from the

KL loss in that (5) is averaged over random X having the same distribution as Xi; i =

1, · · · , n. The corresponding comparative KL loss, after omitting p̂-unrelated term in (5), is

GKLc(p, p̂) = −E(p(X) log(p̂(X))+(1−p(X)) log(1− p̂(X))). Using the fact that E(1
2
(Y +

1)|X) = p(X), the empirical version of GKLc(p, p̂) is

EGKL(p̂) = −n−1

n∑

i=1

(
1

2
(Yi + 1) log p̂(Xi) + (1 −

1

2
(Yi + 1)) log(1 − p̂(Xi))

)
, (6)

which measures the goodness-of-fit of p̂. To penalise overfitting due to EGKL(p̂), GKLc(p, p̂)

is estimated by choosing the optimal estimator from a class of candidate estimators of the

form EGKL(p̂) + ζ(p̂, Xn), where ζ(p̂, Xn) ≥ 0 is an Xn = {Xi}
n
i=1-dependent penalty to

be optimally determined by minimising

E (GKLc(p, p̂) − (EGKL(p̂) + ζ(p̂, Xn)))2 . (7)
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Theorem 1 The optimal ζo(p̂, X
n) that minimises (7) over ζ(p̂, Xn) is

ζo(p̂, X
n) = n−1

n∑

i=1

cov((Yi + 1)/2, φ(p̂(Xi))|X
n) +Dn(p̂, Xn), (8)

where φ(p) = logit(p) and Dn(p̂, Xn) = E(∆(p, p̂;Xn)− ∆̄(p, p̂)|Xn), with ∆̄(p, p̂) = E
(
(1−

p(X)) log(1 − p̂(X)) + p(X) log p̂(X)
)

and ∆(p, p̂;Xn) = n−1
∑n

i=1

(
(1 − p(Xi)) log(1 −

p̂(Xi)) + p(Xi) log p̂(Xi)
)
.

In (8), n−1
∑n

i=1 cov((Yi + 1)/2, φ(p̂(Xi))|X
n) evaluates the accuracy of estimating p̂ on

Xn, which is a covariance penalty in Efron (2004) and the generalised degree of freedom in

Shen & Huang (2006). The term Dn(p̂, Xn), on the other hand, is a correction adjusting the

effect of random input X on prediction and needs to be estimated, c.f., Breiman & Spector

(1992), and Breiman (1992).

Therefore, we propose our estimated GKLc(p, p̂) to be

ĜKL
c
(p, p̂) = EGKLc(p̂) + n−1

n∑

i=1

ĉov((Yi + 1)/2, φ(p̂(Xi))|X
n) + D̂n(p̂, Xn), (9)

where ĉov and D̂n are estimated cov and Dn respectively. To construct approximately

unbiased estimators for cov((Yi +1)/2, φ(p̂(Xi))|X
n) and Dn(p̂, Xn), we adopt the technique

of data perturbation as in Wang & Shen (2006).

Our data perturbation method proceeds as follows. First perturb Xi; i = 1, · · · , n, via

its empirical distribution F̂ , followed by flipping the corresponding label Yi with a certain

probability given the perturbed Xi. This generates perturbations for assessing the accuracy

of probability estimation. More precisely, for i = 1, · · · , n, let

X∗
i =





Xi with probability 1 − τ ,

X̃i with probability τ ,
and Y ∗

i =





Yi with probability 1 − τ ,

Ỹi with probability τ ,
(10)
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with X̃i sampled from F̂ , 0 ≤ τ ≤ 1 is the size of perturbation, and Ỹi ∼ Bin(1, p̂(X∗
i )) with

p̂(X∗
i ) an initial probability estimate of E(Yi|X

∗
i ). Here and in the sequel, we fix τ to be 0.5.

Denote respectively by E∗ and cov∗ the conditional expectation and covariance, given

X∗n = {X∗
i }

n
i=1, Y

n = {Yi}
n
i=1. Then we estimate cov((Yi + 1)/2, φ(p̂(Xi))|X

n) by

ĉov((Yi + 1)/2, φ(p̂(Xi))|X
n) =

1

K(Yi, p̂(X
∗
i ))

cov∗((Y ∗
i + 1)/2, φ(p̂∗(X∗

i ))|X∗n), (11)

with p̂∗ obtained by applying the proposed probability estimation method to {X∗
i , Y

∗
i }

n
i=1,

and K(Yi, p̂(X
∗
i )) = τ + τ(1 − τ)

(Yi−p̂(X∗

i ))2

p̂(X∗

i )(1−p̂(X∗

i ))
. Meanwhile Dn(Xn, p̂) is estimated by

D̂n(p̂, Xn) = E∗
(
∆(p̂, p̂∗;X∗n) − ∆(p̂, p̂∗;Xn)|X∗n

)
. (12)

With (11) and (12), we obtain ĜKL
c
(p, p̂) in (9), which can be computed by Monte

Carlo (MC) approximations. First, generate D perturbed samples X∗ln = {X∗l
i }n

i=1 ac-

cording to (10); l = 1, · · · , D. Second, for each sample {X∗l
i }n

i=1, generate D perturbed

samples {Y ∗lm
i }n

i=1 according to (10); m = 1, · · · , D. Furthermore, for l,m = 1, · · · , D;

i = 1, · · · , n, compute ĉov∗((Y ∗
i + 1)/2, φ(p̂∗(X∗

i ))|X∗n) = 1
D2−1

∑D
l,m=1 φ(p̂∗lm(X∗l

i ))(Y ∗lm
i −

Y
∗

i + 1)/2, where p̂∗lm is trained by applying the proposed probability estimation method

to {X∗l
i , Y

∗lm
i }n

i=1, and Y
∗

i = 1
D2

∑D
l,m=1 Y

∗lm
i . Now (11) and (12) are approximated by the

corresponding MC approximation, i.e.,

ĉov((Yi + 1)/2, φ(p̂(Xi))|X
n) ≈

1

2(D2 − 1)

D∑

l,m=1

1

K(Yi, p̂(X
∗l
i ))

φ(p̂∗lm(X∗l
i ))((Y ∗lm

i − Y
∗

i ) + 1);

(13)

D̂n(p̂, Xn) ≈
1

D2 − 1

D∑

l,m=1

(
∆(p̂, p̂∗lm;X∗l,n) − ∆(p̂, p̂∗lm;Xn)

)
. (14)

By the law of large numbers, (13) and (14) converges to (11) and (12) respectively, as

D → ∞. In practise, we recommend D to be at least ⌊n1/2⌋ to ensure the precision of MC
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approximation. Plugging (13) and (14) into (9), we obtain the final estimate of GKLc(p, p̂).

3·2. Tuning

The performance of p̂λ depends on λ, and hence that optimal selection of λ becomes

important, where p̂ is written as p̂λ to indicate its dependency on λ. Minimisation of (9)

over the range of λ > 0 yields the optimal λ, denoted as λ̂.

Assumptions (C.1)-(C.3) are made concerning optimality of selecting λ through(9), which

are analogous to those in Wang & Shen (2006) but different in that consistency is not required

here.

(C.1): (Integrability) For any positive integers m, n and some δ > 0, E sup
τ∈(0,δ)

|ζ̂(p̂λ, X
n)| <

+∞.

(C.2): (Loss and risk) lim
m→∞

lim
n→∞

supλ |GKL(p, p̂λ)/E(GKL(p, p̂λ))−1| = 0 in probability.

(C.3): (Positivity) For any positive integers m and n, infλE(GKL(p, p̂λ)) > 0.

Theorem 2 Under Conditions C.1-C.3, for λ̂ the minimiser of (9), we have

lim
m,n→∞

(
lim

τ→0+
GKL(p, p̂λ̂)/ inf

0<λ<∞
GKL(p, p̂λ)

)
= 1.

Theorem 2 says that the ideal optimal performance inf0<λ<∞GKL(p, p̂λ) can be realised

by GKL(p, p̂λ̂) when τ → 0+ and m,n→ ∞. Also, the proposed tuning method is optimal

against other tuning methods in terms of the GKL loss.

4. Solution path for SVM

This section develops a solution path algorithm for SVM to facilitate computation. One

direct benefit of the solution path algorithm is that given an initial solution for the path

algorithm, the m SVM classifiers with different weights in Step 2 there can be trained at

essentially the same cost of training one SVM classifier. Our solution path algorithm here

differs from that of Hastie et al. (2004) in that it is with respect to π instead of λ.

To derive the solution path of (3) as a function of π, we express the solution of (3) with
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L(z) = (1 − z)+ as f̂π(x) = β0 + (nλ)−1
∑n

i=1 θi(π)yiK(x, xi) by the RKHS representation

theorem of Kimeldorf & Wahba (1971). As to be seen, θ(π) = (θ1(π), · · · , θn(π))T is piecewise

linear in π for any fixed value of λ, where θi ≡ θi(π) ∈ [0, S(yi)] with S(yi) = 1− π if yi = 1

and π otherwise. On this basis, we derive an efficient algorithm for computing an exact

solution path of θ(π), thus of f̂π(x), for 0 < π < 1.

Before deriving an algorithm for computing the solution path, we rewrite (3) as, after

introducing slack variables ξi; i = 1, · · · , n,

min
β0,θ

n∑

i=1

S(yi)ξi +
1

2nλ
θTKyθ (15)

subject to 1− yif(xi) ≤ ξi and ξi ≥ 0; i = 1, . . . , n, where Ky is an n× n matrix with its ii
′

element yiyi′K(xi, xi′). Then (15) yields a primal function Lp ≡
∑n

i=1 S(yi)ξi + 1
2nλ

θTKyθ+

∑n
i=1 αi(1 − yif(xi) − ξi) −

∑n
i=1 γiξi, with αi ≥ 0 and γi ≥ 0 Lagrange multipliers. Setting

the derivatives of Lp to be zero, we obtain

∂Lp

∂θ
: θi = αi;

∂Lp

∂β0
:

n∑

i=1

αiyi = 0;
∂Lp

∂ξi
: αi = S(yi) − γi, (16)

with the Karush-Kuhn-Tucker conditions:

αi(1 − yif(xi) − ξi) = 0; γiξi = 0. (17)

From (16), 0 ≤ αi ≤ (1 − π) if yi = 1 and 0 ≤ αi ≤ π if yi = −1, because γi ≥ 0; i =

1, · · · , n, implying that (1) yif(xi) > 1 ⇒ ξi = 0, αi = 0; (2) yif(xi) < 1 ⇒ ξi 6= 0, γi = 0,

αi = S(yi); and (3) yif(xi) = 1 ⇒ ξi = 0, αi ∈ [0, S(yi)]. Note that θi = αi for all 0 ≤ π ≤ 1.

Following an idea of Hastie et al. (2004), we define three sets to track the solution path

in π based on preceding relationships: (1) E = {i : yif(xi) = 1, 0 ≤ θi ≤ S(yi)} (Elbow); (2)

L = {i : yif(xi) < 1, θi = S(yi)} (Left of the elbow); (3) R = {i : yif(xi) > 1, θi = 0} (Right
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of the elbow). For L and R, θi remains known for their elements. Therefore, the algorithm

will focus on points resting at the elbow E .

For our path algorithm, a value of π near the origin is initialised to compute the solution

of θ(π) through Algorithm 1, then the value of π increases toward 1. As π increases, points

move from left of the elbow to the right of the elbow or vice versa. In this process, their

corresponding θi’s changes from S(yi) towards 0, implying the points must linger on the

elbow by continuity while their θi’s change from S(yi) to 0.

The algorithm thus tracks the elements in E , satisfying yif(xi) = 1 with θi ∈ [0, S(yi)].

As π increases, when one element begins to change, an event occurs. Such an event can be

categorised as: (1) An element from L has just entered into E with θi to be initially S(yi);

(2) An element from R has just entered into E with θi to be initially 0; (3) element(s) from

E has/have just left E to join either L or R.

In what follows, we use the subscript ℓ to index the preceding sets as well as parameter and

function values (θℓ
i , β

ℓ
0, π

ℓ) and f ℓ, immediately after the ℓth event has occurred. For conve-

nience, write β0,λ = nλ·β0 and βℓ
0,λ = nλ·βℓ

0. Note that f(x) = 1
nλ

(β0,λ +
∑n

i=1 θiyiK(x, xi)).

Then for πℓ < π < πℓ+1,

f(x) =
{
f(x) − f ℓ(x)

}
+ f ℓ(x) =

1

nλ

{
(
β0,λ − βℓ

0,λ

)
+

n∑

i=1

(
θi − θℓ

i

)
yiK(x, xi)

}
+ f ℓ(x)

=
1

nλ

{
(
β0,λ − βℓ

0,λ

)
+
∑

i∈Eℓ

(θi − θℓ
i )yiK(x, xi)

}
−

1

nλ

∑

i∈Lℓ

(π − πℓ)K(x, xi) + f ℓ(x),

where the second equality uses the fact that the θi’s are fixed for elements in Rℓ and are

either (1 − π) or π for elements in Lℓ, and all elements remain in their respective sets. Let

|E ℓ| = nℓ
E . Then for any element k staying in E ℓ

yk

nλ

{
(
β0,λ − βℓ

0,λ

)
+
∑

i∈Eℓ

(θi − θℓ
i )yiK(xk, xi)

}
−
yk

nλ

∑

i∈Lℓ

(π − πℓ)K(xk, xi) + ykf
ℓ(xk) = 1.
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This implies ν0yk +
∑

i∈Eℓ νiykyiK(xk, xi) = (π − πℓ)yk

∑
i∈Lℓ K(xk, xi), ∀k ∈ E ℓ with

νi = (θi − θℓ
i ) and ν0 = (β0,λ − βℓ

0,λ). By (16),
∑

i∈Eℓ νiyi = (π − πℓ)nℓ
L. Thus we solve a

system of nℓ
E + 1 linear equations involving the nℓ

E + 1 unknown variables νi and ν0.

Let Kℓ
y be an nℓ

E × nℓ
E matrix with its entries ykyiK(xk, xi) for i, k ∈ E ℓ, let yℓ

E be the

vector with components yk, k ∈ E ℓ, let ν be a vector with components νi for i ∈ E ℓ, and Kℓ
y

be a vector with components yk

∑
i∈Lℓ K(xk, xi), k ∈ E ℓ. Then

ν0y
ℓ
E + Kℓ

yν = (π − πℓ)Kℓ
y; ν ′yℓ

E = (π − πℓ)nℓ
L. (18)

To further simplify (18), we let K∗
y =




0 (yℓ
E)

′

yℓ
E Kℓ

y


 , ν∗ =




ν0

ν


 , and K∗

y =




nℓ
L

Kℓ
y


,

then equations in (18) can be combined to be K∗
yν

∗ = (π− πℓ)K∗
y . Then if K∗

y has full rank,

define b∗ = (K∗
y)

−1K∗
y to yield

β0,λ = βℓ
0,λ + (π − πℓ)b∗0; θi = θℓ

i + (π − πℓ)b∗i , ∀i ∈ E ℓ. (19)

Thus for πℓ < π < πℓ+1, the θi and β0,λ proceed linearly in π. Also

f(x) = f ℓ(x) + (π − πℓ)hℓ(x), (20)

where hℓ(x) = 1
nλ

(
b∗0 +

∑
i∈Eℓ b∗i yiK(x, xi) −

∑
i∈Lℓ K(x, xi)

)
.

Given πℓ, (19) and (20) permit computation of πℓ+1, the π at which the next event occurs.

This will be the smallest π greater than πℓ such that either θi for i ∈ E ℓ reaches S(yi) or 0,

or one of the elements in R or L reaches the elbow. The latter event occurs for element xk

when π = πℓ + 1−ykfℓ(xk)
ykhℓ(xk)

, ∀k ∈ Rℓ ∪Lℓ. Termination occurs when π has become sufficiently

close to 1.

5. Numerical results
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This section examines effectiveness of the proposed method, and compares it to some

popular competitors: the Platt method (Platt, 1999), penalised logistic regression (PLR)

and nearest neighbour (NN), in simulated and benchmark examples, although these methods

may have different objectives. A primary comparison is made with respect to accuracy of

probability estimation. However, when a method is suited for classification, its accuracy

with respect to the generalisation error is examined as well.

In simulated examples, the GKL loss over a test set is used for evaluating probability esti-

mation when the true p is known. In the benchmark examples, the cross entropy error (CRE)

over a test set is used when p is unknown, defined as CRE(p̂) = − 1
#{test set}

∑
test set

(
yi+1

2

log(p̂(xi)) + 1−yi

2
log(1 − p̂(xi))

)
, where #{A} is the cardinality of set A.

5·1. Simulation

The proposed method is examined for SVM and ψ-learning in the linear and Gaussian

kernel cases, where SVM is trained using the svm routine in package e1071 of R2.1.1 and

ψ-learning is trained as in Liu et al. (2005b) based on DCA. For PLR, training is performed

through routine StepPlr in R2.1.1. For NN, it is implemented in R2.1.1.

For our method, the Platt method and PLR, we seek the optimal λ by minimising (9)

through a grid search over interval [10−3, 103] with ten equally-spaced points in each interval

(10j, 10j+1]; j = −3, · · · , 2. For Gaussian kernel SVM, σ is set to be the median distance

between the positive and negative classes (Jaakkola et al., 1999), because λ plays a similar

role as σ2 and it is easier to optimise with respect to λ with σ2 fixed. For NN, the best

performance from {4NN, 9NN, 16NN, 25NN} with different neighbourhood sizes is used.

Example 1: Data {(Xi1, Xi2, Yi); i = 1, · · · , 1000} are generated as follows. First,

{(Xi1, Xi2); i = 1, · · · , 1000} are sampled from the uniform distribution over a unit disk

{(X1, X2) : X2
1 +X2

2 ≤ 1}. Second, Yi = 1 if Xi1 ≥ 0 and −1 otherwise; i = 1, · · · , n. Third,

randomly choose 20% of the sample and flip their labels to generate the nonseparable case.

This yields the first simulated example, where 100 and 900 randomly selected instances are
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for training and testing, respectively.

Example 2: Data {(Xi1, Xi2, Yi); i = 1, · · · , 1000} are generated as follows. First, ran-

domly assign ±1 to {Yi; i = 1, · · · , 1000} with equal probability. Second, generate Xi1 from

the uniform distribution over [0, 2π], and Xi2 = Yi(sin(Xi1) + 1 + N(0, 0.12)). This yields

the second simulated example with 100 randomly selected instances for training and the

remaining 900 instances for testing.

With regard to probability estimation, the true GKL loss in (5) is averaged over 100

simulation replications. Unfortunately, however, for PLR and NN, the value of GKL could

be infinity when the estimated probability becomes exactly 0 or 1. To overcome this difficulty,

we average over only 66 nondegenerate replications for PLR, and leave a blank for NN in

Example 2 in presence of nondegenerate replications. With regard to classification, the test

error (TE) is used to measure the performance, averaged over nondegenerate replications.

Finally, the result for CRE is given to see if CRE well estimates the GKL loss. The simulation

results are summarised in Tables 1 and 2.

Tables 1 and 2 about here

Our method outperforms the Platt method, original and tuned, in all the examples

with the linear and Gaussian kernels. The amount of improvement of our method over the

original Platt method ranges from 2.58% to 9.14%. In addition, our method outperforms NN

in probability estimation as well as classification, and outperforms PLR in classification but

yields a comparable performance in probability estimation. This says that a method targets

to classification such as SVM or ψ-learning is able to achieve the performance of PLR that

is designed for probability estimation. Also, it seems that the GKL loss is reasonably well

estimated by CRE.

Figure 1 about here
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Finally, we use Figure 1 to illustrate the piecewise linear solution paths of the coefficients

of linear weighted SVM in Example 1. Interestingly, there appears to have two roughly flat

regions of the coefficients for π in [0, 0.2] and [0.8, 1]. The corresponding solutions f̂π(x) are

approximately 1 and -1 for π in [0, 0.2] and [0.8, 1], respectively. This is due to the fact that

the true conditional probability in Example 1 is either 0.2 or 0.8.

5·2. Benchmarks

We now examine four benchmark examples: Liver, Mushroom, Ionosphere and Diabetes

(the UCI Machine Learning Repository, Blake & Merz, 1998). In each example, we randomly

choose 100 instances for training and the remaining for testing.

For each pair of training and testing sets, tuning is conducted over λ for each method.

Particularly, the optimal tuning parameter λ is estimated using the same grids over interval

[10−3, 103] as in the simulated examples. For the Gaussian kernel case, σ2 is set to be

the median distance between the positive and negative classes. Moreover, the original Platt

method and the tuned Platt method are computed to illustrate that Platt’s original proposal

can be further enhanced by tuning.

The estimated GKL loss through CRE, averaged over 100 simulation replicates, is used

for evaluation.

Tables 3 and 4 about here

As suggested by Table 3, our method outperforms the Platt method in all cases except

in the Ionosphere example. The improvement of our method over the original Platt method

ranges from 3.49% to 48.2%. The amount of improvement over the Platt method varies

over different types of classifiers. On average, the improvement is more substantial for the

Gaussian kernel case than the linear case. The performance of our method with ψ-learning

appears to be slightly better than that of SVM. This indicates that the better classification

performance in these examples translates into better estimation of the class probability.

Furthermore, the tuned Platt method yields uniformly better performance than the original
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Platt method, with improvement ranging from 1.04% to 49.0%. Table 4 shows that our

method with ψ-learning outperforms both NN and PLR in classification and probability

estimation in these examples.

6. An application to microarray data

This section applies the proposed method to DNA microarray data – leukaemia (Golub et

al., 1999) available at http://www.broad.mit.edu/cgi-bin/cancer/datasets.cgi. This

leukaemia data consists of 72 patients with 7,129 genes expressed for each patient. Through

patients’ gene expressions, two types of acute leukaemia are discriminated, acute myeloid

leukaemia (AML) and acute lymphoblastic leukaemia (ALL).

One characteristic of this dataset is that the number of genes greatly exceeds the sample

size, which is typical for microarray data. As a result, a conventional method is incapable of

handling data of this type without removal of some “irrelevant” genes before discrimination.

See Golub et al. (1999) for a prescreening analysis, and Guyon et al. (2002), and Guyon &

Elisseff (2003) for feature selection.

For discrimination, we apply linear SVM and ψ-learning to all 7129 genes for three

reasons. First, SVM and ψ-learning are capable of processing this type of data efficiently

because of the usage of dual forms (Vapnik, 1998; Liu et al., 2005), whereas a conventional

method fails to do so. Second, prescreening does not take the joint behaviour of genes into

account. Third, linear classification appears adequate here, c.f., Guyon et al. (2002).

To cross-validate the performance of classification and probability estimation, we split the

dataset into a training set of 38 patients and a test set of 34 patients. For the training and

test sets, 11 and 27 patients, and 14 and 20 patients suffered AML and ALL, respectively.

The accuracy of classification is measured by the test error, where the accuracy of probability

estimation is measured by the estimated GKL loss. Note that we don’t include PLR and

NN in this example since both of them yield degenerate estimates in this high dimensional

example.
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Table 5 about here

For this dataset, SVM misclassifies two samples, which is in contrast to one misclassified

sample for ψ-learning. To see the strength of prediction, we compute the class probability

at each observed input value in the test set. For SVM and ψ-learning, an estimated class

probability of AML for each patient is near 0.975, except for patients 60 and 66 who are

wrongly classified by SVM with estimated probabilities of 0.025 for them and for patient 66

who is wrongly classified by ψ-learning with an estimated probability of 0.025. This indicates

strong confidence of the cancer discrimination.

We now examine the overall performance of our method and the Platt method in SVM

and ψ-learning. As indicated in Table 5, our proposed method yields a more accurate class

probability estimate than the Platt method in terms of the estimated GKL loss. The amount

of improvement of our method over the original Platt method is 29.7% for SVM and is 22.2%

for ψ-learning. Moreover, ψ-learning yields better performance than SVM in all cases.

In summary, our method appears to perform well in this “high dimension but low sample

size” situation. On the contrary, the Platte method deteriorates substantially, partly because

the link function (1) breaks down.

7. Asymptotic theory

In literature, fast convergence rates have been derived under various conditions for SVM

(Blanchard et al., 2004; Tarigan & Van de Geer, 2004; Steinwart & Scovel, 2005) and ψ-

learning (Shen et al., 2003). However, asymptotic results about probability estimation for

margin classification remain unavailable.

This section develops a novel theory for the proposed probability estimate p̂ as measured

by the L1-norm ‖p̂ − p‖1 = E|p̂(X) − p(X)|, in terms of tuning parameter λ, complexity

of F and (m,n), where F is the class of candidate functions and is allowed to depend on

n. Here the GKL loss is not considered because it suffers from the difficulty of degeneracy
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when p̂ = 0 or 1, thus requiring stronger assumptions.

7·1. Theory

Let eV (f, f̄π) = E(V (f, Z) − V (f̄π, Z)) with V (f, z) = S(y)L(yf(x)) a weighted margin

loss defined in (3). The following assumptions are made.

Assumption A. (Approximation error) For some positive sequence sn → 0 as n → ∞,

there exists f ∗
π ∈ F such that eV (f ∗

π , f̄π) ≤ sn.

Assumption A is analogous to Assumption A in Shen et al. (2003), which ensures that

the Bayes rule f̄π is well approximated by F .

Define a truncated V as V T (f, z) = V (f, z) if V (f, z) ≤ T and T otherwise for any f ∈ F

and some truncation constant T such that max(V (f̄π, z), V (f ∗
π , z)) ≤ T almost surely, and

eV T (f, f̄π) = E(V T (f, Z) − V (f̄π, Z)).

Assumption B. (Conversion formula) There exist constants 0 ≤ α < ∞, 0 ≤ β ≤ 1,

a1 > 0 and a2 > 0 such that for any sufficiently small δ > 0,

sup
{f∈F : e

V T (f,f̄π)≤δ}

‖ sign(f) − sign(f̄π)‖1 ≤ a1δ
α, (21)

sup
{f∈F : e

V T (f,f̄π)≤δ}

var(V T (f, Z) − V (f̄π, Z)) ≤ a2δ
β. (22)

Assumption B describes local smoothness of ‖ sign(f) − sign(f̄π)‖1 and var(V T (f, Z) −

V (f̄π, Z)) within a neighbourhood of fπ. The exponents α and β depend on the joint distri-

bution of (X, Y ). The mean-variance relationship here is implied by Tsybakov’s condition,

thus is weaker, c.f., Shen & Wang (2006). A similar assumption has been used in Shen &

Wong (1994) in quantifying the rates of convergence for classification.

Next, we define the L2-metric entropy with bracketing that measures the cardinality of F .

Given any ǫ > 0, denote {(f l
m, f

u
m)}M

m=1 as an ǫ-bracketing function set of F if for any f ∈ F ,

there exists an m such that f l
m ≤ f ≤ fu

m and ‖f l
m − fu

m‖2 ≤ ǫ;m = 1, · · · ,M . Then the

L2-metric entropy with bracketing HB(ǫ,F) is defined as the logarithm of the cardinality of
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the smallest ǫ-bracketing function set of F . Let FV (k) = {V T (f, z) − V (f ∗
π , z) : f ∈ F(k)},

F(k) = {f ∈ F : J(f) ≤ k}, J(f) = 1
2
‖f‖2

K and J∗
π = max(J(f ∗

π), 1).

Assumption C. (Metric entropy) For some constants ai > 0; i = 3, · · · , 5 and ǫn > 0,

sup
k≥2

φ(ǫn, k) ≤ a5n
1/2, (23)

where φ(ǫ, k) =
∫ a

1/2

3
Lβ/2

a4L
H

1/2
B (w,FV (k))dw/L, and L = L(ǫ, λ, k) = min(ǫ2 + λ(k/2 −

1)J∗
π, 1).

Theorem 3 Under Assumptions A-C, for the estimator p̂ obtained from Algorithm 1, there

exists a constant a6 > 0 such that

P

(
‖p̂− p‖1 ≥

1

2m
+

1

2
a1(m+ 1)δ2α

n

)
≤ 3.5 exp(−a6n(λJ∗

π)2−β),

provided that λ−1 ≥ 4δ−2
n J∗

π, where δ2
n = min(max(ǫ2n, sn), 1).

Corollary 1 Under the assumptions in Theorem 3,

‖p̂− p‖1 = Op

(
1

m
+ a1(m+ 1)δ2α

n

)
, E‖p̂− p‖1 = O

(
1

m
+ a1(m+ 1)δ2α

n

)
,

provided that n(λJ∗
π)2−β is bounded away from 0.

Theorem 3 and Corollary 1 provide probability and risk bounds for ‖p̂− p‖1. They also

suggest the ideal m to be of order O(δ−α
n ), yielding the fast rate O(δα

n) for E‖p̂− p‖1.

7·2. A nonlinear example

To illustrate the phenomenon mentioned in the Introduction, consider nonlinear clas-

sification by ψ-learning with the Gaussian kernel in Example 1. There X = (X1, X2) is

sampled from the uniform distribution over the unit disk {(X1, X2) : X2
1 + X2

2 ≤ 1}, and
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P (Y = 1|X) = 0.8 if X1 ≥ 0 and 0.2 otherwise. In this example, the candidate function class

F is {f : f(x) =
∑n

i=1 αiK(xi, x) + b} with Gaussian kernel K(s, t) = exp(−‖s− t‖2/σ2).

To apply Corollary 1, we verify Assumptions A-C. For Assumption A, note that F is rich

for sufficiently large n in that for any continuous function f , there exists a f̃ ∈ F such that

‖f − f̃‖∞ ≤ ǫ2n, c.f. Steinwart (2001). This implies that there exists a function f̃π ∈ F such

that ‖fπ − f̃π‖∞ ≤ ǫ2n. Choose f ∗
π = f̃π ∈ F , then ‖ sign(f ∗

π) − sign(fπ)‖1 = 2P (sign(f̃π) 6=

sign(fπ)) ≤ 2P (|fπ| ≤ ǫ2n) ≤ 4ǫ2n, where ǫn is defined below. By construction of f ∗
π , there

exists a constant c1 > 0 such that eV (f ∗
π , f̄π) ≤ E|V (f ∗

π , Z) − V (f̄π, Z)| ≤ c1ǫ
2
n.

For (21) in Assumption B, we have |fπ| = |p(x) − π| ≥ min{|π − 0.2|, |π − 0.8|} > η and

eπ(f, f̄π) = E(l(f, Z)−l(f̄π, Z)) = E|fπ|| sign(f̄π)−sign(f)| ≥ ηE| sign(f̄π)−sign(f)|I(|fπ| ≥

η) = ηE| sign(fπ)− sign(f)| with l(f, z) = S(y)(1− sign(yf(x))) for a sufficiently small con-

stant 0 < η < min{|π − 0.2|, |π − 0.8|}. Thus, E| sign(f) − sign(f̄π)| ≤ η−1eπ(f, f̄π) ≤

η−1eV T (f, f̄π), implying (21) with α = 1. For (22) in Assumption B, by the triangle in-

equality, var(V T (f, Z) − V (f ∗
π , Z)) ≤ TE|V T (f, Z) − V (f̄π, Z)| ≤ T (Λ1 + Λ2), where Λ1 =

E|l(f, Z)−V (f̄π, Z)| = E|S(Y )|| sign(f)−sign(f̄π)| ≤ ‖ sign(f)−sign(f̄π)‖1 ≤ η−1eV T (f, f̄π),

and Λ2 = E(V T (f, Z) − l(f, Z)) = E(V T (f, Z) − V (f̄π, Z)) + E(l(f̄π, Z) − l(f, Z)) ≤

2eV T (f, f̄π). Therefore (22) holds with β = 1.

By Lemma 2, we have HB(ǫ,FV (k)) ≤ O((log(k/ǫ))3) for any k. Furthermore, let

φ1(ǫ, k) = a3(log(1/L1/2))3/2/L1/2 with L = L(ǫ, λ, k). Solving (23) yields ǫn = ( (log n)3

n
)1/2

when C2/J0 ∼ δ−2
n n−1 ∼ (logn)−3.

By Corollary 1, E‖p̂ − p‖1 = O
(

1
m

+ a1(m+ 1)n−1(log n)3
)
. This also implies that

E‖p̂− p‖1 = O
(
n−1/2(logn)3/2

)
with a choice of m = n1/2(logn)3/2.

In summary, a fast rate n−1/2(logn)3/2 is realised by our proposed estimator p̂, whereas

the classification accuracy of ψ-learning as measured by the generalisation error in this

example is of order n−1(log n)3 (Liu & Shen, 2006). This confirms our discussion in the

Introduction.
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8. Discussion

This article proposes a novel methodology for estimating the conditional class proba-

bility for margin classification. In contrast to existing methods assuming a link function

between the class probability and the classification decision function, our proposed method

estimates the probability through interval estimation of classification. The theoretical and

numerical analyses demonstrate that the proposed method has a good rate of convergence

and outperforms several other competitors in numerical examples. The generalisation of our

proposed method to multicategory classification is under way, while the Platt’s method has

been generalised by Passerini et al. (2004).
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Appendix

Proof of Lemma 1: We first show the case of L(z) = (1 − z)+. The minimiser f̂(x) must

take values in [−1,+1], since ES(Y )L(Y f(X)) ≥ ES(Y )L(Y f±1(X)) with f±1 = f when

|f | ≤ 1 and sign(f) otherwise. When f(x) takes values in [−1,+1], (1 − Y f(X))+ =

1 − Y f(X). Thus minimisation of (4) becomes minf ES(Y )(1 − Y f(X)) = ES(Y ) −

maxf E(E(S(Y )Y |X)f(X)). Furthermore, E(S(Y )Y |X) = P (Y = 1|X)(1−π)−(1−P (Y =

1|X))π = P (Y = 1|X) − π, yielding the minimiser of (4) to be sign(P (Y = 1|X) − π).

For the case of L(z) = ψ(z), note that minf ES(Y )(1−Y sign(f(X))) yields sign(P (Y =

1|X) − π) following the same argument as in case of L(z) = (1 − z)+. The desired re-

sult then follows after the fact that ES(Y )ψ(Y f(X)) ≥ ES(Y )(1 − Y sign(f(X))) and

ES(Y )ψ(Y sign(P (Y = 1|X) − π)) = ES(Y )(1 − Y sign(P (Y = 1|X) − π)).

Proof of Theorem 1: It is easy to show that minimising (7) with respect to ζ yields that
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ζ(p̂, Xn) = E(GKLc(p, p̂)|Xn) −E(EGKL(p̂)|Xn), which can be simplified to

E

(
−E log(1 − p̂(X)) − E p(X) log

p̂(X)

1 − p̂(X)

∣∣∣∣X
n

)
−E

(
−n−1

n∑

i=1

log(1 − p̂(Xi))

−n−1

n∑

i=1

p(Xi) log
p̂(Xi)

1 − p̂(Xi)
− n−1

n∑

i=1

(
1

2
(Yi + 1) − p(Xi)) log

p̂(Xi)

1 − p̂(Xi)

∣∣∣∣∣X
n

)

= n−1
n∑

i=1

cov

(
1

2
(Yi + 1), log

p̂(Xi)

1 − p̂(Xi)

)
+ E

(
∆(p, p̂;Xn) − ∆̄(p, p̂)|Xn

)
.

where ∆̄(p, p̂) and ∆(p, p̂;Xn) are as defined in Section 3.1.

Proof of Theorem 2: The proof is similar to that of Theorem 2 in Wang & Shen (2006),

and thus is omitted.

Proof of Theorem 3: We first introduce some notations to be used. Let n−1
∑n

i=1 Ṽ (f, Zi)

be the penalised cost function to be minimised with Ṽ (f, z) = V (f, z)+λJ(f), and Ṽ T (f, z) =

V T (f, z) + λJ(f). We also define the scaled empirical process, En(Ṽ T (f, Z) − Ṽ (f ∗
π , Z)), as

n−1
∑n

i=1

(
Ṽ T (f, Zi) − Ṽ (f ∗

π , Zi) − E(Ṽ T (f, Zi) − Ṽ (f ∗
π , Zi)

)
= En(V T (f, Z)−V (f ∗

π , Z)). It

follows from the definition of f̂π and V T ≤ V that

P (eV T (f̂π, f̄π) ≥ δ2
n) ≤ P ∗

(
sup

e
V T (f,f̄π)≥δ2

n

n−1
n∑

i=1

(Ṽ (f ∗
π , Zi) − Ṽ (f, Zi)) ≥ 0

)

≤ P ∗

(
sup

e
V T (f,f̄π)≥δ2

n

n−1

n∑

i=1

(Ṽ (f ∗
π , Zi) − Ṽ T (f, Zi)) ≥ 0

)
= Γ,

where P ∗ denotes the outer probability measure.

To bound Γ, we partition {f ∈ F : eV T (f, f̄π) ≥ δ2
n} into a union of As,t, with As,t =

{f ∈ F : 2s−1δ2
n ≤ eV T (f, f̄π) < 2sδ2

n, 2
t−1J∗

π ≤ J(f) < 2tJ∗
π} and As,0 = {f ∈ F : 2s−1δ2

n ≤

eV T (f, f̄π) < 2sδ2
n, J(f) < J∗

π}, for s, t = 1, 2, · · · . Then it suffices to bound the corresponding

probability over each As,t. Toward this end, we need to bound the first and second moment

of Ṽ T (f, Z) − Ṽ (f ∗
π , Z) over f ∈ As,t. Without loss of generality, assume that 4sn < ǫ2n < 1,
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J(f ∗
π) ≥ 1, and thus J∗

π = max(J(f ∗
π), 1) = J(f ∗

π).

For the first moment, using the assumption that λJ(f ∗
π) ≤ 1

2
δ2
n, we have infAs,t E(Ṽ T (f, Z)

−Ṽ (f ∗
π , Z)) ≥ M(s, t) = 2s−1δ2

n + λ(2t−1 − 1)J(f ∗
π) and infAs,0 E(Ṽ T (f, Z) − Ṽ (f ∗

π , Z)) ≥

(2s−1 − 3/4)δ2
n ≥M(s, 0) = 2s−3δ2

n, for any s, t = 1, 2, · · · .

Similarly, for the second moment, it follows from Assumption B and the fact that

var(V T (f, Z) − V (f ∗
π , Z)) ≤ 2

(
var(V T (f, Z) − V (f̄π, Z)) + var(V T (f ∗

π , Z) − V (f̄π, Z))
)

that

supAs,t
var(Ṽ T (f, Z) − Ṽ (f ∗

π , Z)) = supAs,t
var(V T (f, Z) − V (f ∗

π , Z)) ≤ a3M(s, t)β = v2(s, t)

for any s, t = 1, 2, · · · and some constant a3 > 0.

Now we obtain Γ ≤ Γ1 + Γ2, with Γ1 =
∑∞

s,t=1 P
∗(supAs,t

En(Ṽ T (f, Z) − Ṽ (f ∗
π , Z)) ≥

M(s, t)) and Γ2 =
∑∞

s=1 P
∗(supAs,0

En(Ṽ T (f, Z)− Ṽ (f ∗
π , Z)) ≥M(s, 0)). Next we bound Γ1

and Γ2 separately using Theorem 3 of Shen & Wong (1994). For Γ1, we verify the conditions

(4.5)-(4.7) there. Using the fact that
∫ aM(s,t)

v(s,t)
H

1/2
B (w,FV (2w))dw/M(s, t) is non-increasing

in s and M(s, t); s = 1, · · · , we have

∫ aM(s,t)

v(s,t)

H
1/2
B (w,FV (2t))dw/M(s, t) ≤

∫ a3M(1,t)β/2

aM(1,t)

H
1/2
B (w,FV (2t))dw/M(1, t) ≤ φ(ǫn, 2

t),

with a = 2a4ǫ. Then Assumption C implies (4.5)-(4.7) with ǫ = 1/2, the choices of M(s, t)

and v(s, t) and some constants ai > 0; i = 3, 4. It follows from Theorem 3 of Shen & Wong

(1994) that for some constant 0 < ξ < 1,

Γ1 ≤
∞∑

s,t=1

3 exp

(
−

(1 − ξ)nM2(s, t)

2(4v2(s, t) +M(s, t)T/3)

)
≤

∞∑

s,t=1

3 exp(−a6n(M(s, t))2−β)

≤

∞∑

s,t=1

3 exp(−a6n(2s−1δ2
n + λ(2t−1 − 1)J∗

π)2−β)

≤ 3 exp(−a6n(λJ∗
π)2−β)/(1 − exp(−a6n(λJ∗

π)2−β))2.

Similarly, Γ2 ≤ 3 exp(−a6n(λJ∗
π)2−β)/(1− exp(−a6n(λJ∗

π)2−β))2. Combining the bounds for

Γi; i = 1, 2, we have Γ1/2 ≤ (5/2 + Γ1/2) exp(−a6n(λJ∗
π)2−β). Then Γ = P (eV T (f̂π, f̄π) ≥
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δ2
n) ≤ 3.5 exp(−a6n(λJ∗

π)2−β) because Γ1/2 ≤ 1. It follows from (21) that,

P (‖ sign(f̂π) − sign(f̄π)‖1 ≥ a1δ
2α
n ) ≤ 3.5 exp(−a6n(λJ∗

π)2−β). (24)

Next we establish a connection between ‖p̂ − p‖1 and ‖ sign(f̂π) − sign(f̄π)‖1. For j =

1, · · · , m + 1, let ∆j = {x : sign(f̂πj
(x)) 6= sign(f̄πj

(x))}, then ‖ sign(f̂πj
) − sign(f̄πj

)‖1 =

2EI(∆j). It can be showed that
{
2EI(∆j) ≤ a1δ

2α
n , j = 1, · · · , m + 1

}
⊂
{
EI
(⋃m+1

j=1 △j

)

≤ 1
2
(m+ 1)a1δ

2α
n

}
. Moreover, {x : |p̂(x) − p(x)| ≥ 1

2m
} implies {x : |π∗ − π∗| >

1
m

or p(x) /∈

[π∗, π
∗]} and {x : |π∗−π∗| >

1
m

or p(x) /∈ [π∗, π
∗]} occurs only if there is some 1 ≤ j ≤ m+1

such that sign(f̂πj
(x)) 6= sign(f̄πj

(x)). Specifically, we have
⋃m+1

j=1 △j ⊃
{
x : |π∗ − π∗| >

1
m

or

p(x) /∈ [π∗, π
∗]} ⊃

{
x : |p̂(x) − p(x)| ≥ 1

2m

}
= B. Therefore,

{
EI

(
m+1⋃

j=1

△j

)
≤

1

2
(m+ 1)a1δ

2α
n

}

⊂

{
EI(B) ≤

1

2
(m+ 1)a1δ

2α
n

}
⊂

{
‖p̂− p‖1 ≤

1

2m
+

1

2
(m+ 1)a1δ

2α
n

}
.

Finally, P (‖p̂− p‖1 ≥
1

2m
+ 1

2
(m+ 1)a1δ

2α
n ) ≤ P (∃j : ‖ sign(f̂πj

)− sign(f̄πj
)‖1 ≥ a1δ

2α
n ). The

desired result follows from (24).

Lemma 2 (Metric Entropy in Section 6.2.2) Under the assumptions in Section 6.2, we have

HB(ǫ,FV (k)) ≤ O((log(k/ǫ))3).

Proof: Using the result of Example 4 in Zhou (2002), H∞(ǫ,F(k)) ≤ O(log(k/ǫ)3) under

the L∞−metric: ‖f‖∞ = supx∈R2 |f(x)|. Note that for functions fl and fu, ‖V T (fl, ·) −

V T (fu, ·))‖2 ≤ ‖fl − fu‖2 ≤ ‖fl − fu‖∞, implying HB(ǫ,FV (k)) ≤ H∞(ǫ,F(k)). The desired

result then follows.
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Table 1: Averaged true and estimated GKL losses of our method, the original and tuned
Platt method in the simulated examples over 100 simulation. GKL and CRE denote the true
GKL loss and the CRE over the test set, with tuning performed as in Section 3.2. Improv.
denotes the percentage of improvements of our method and the tuned Platt method over the
original Platt method.

Platt’s Tuned Platt’s Our
Data Classifier

GKL CRE GKL CRE Improv. GKL CRE Improv.

SVM G .581 .548 .569 .547 2.06% .566 .540 2.58%

E
x
am

p
le

1

(.0028) (.0027) (.0015) (.0015) (.0014) (.0013)
SVM L .587 .553 .585 .551 0.34% .570 .547 2.90%

(.0014) (.0014) (.0013) (.0013) (.0015) (.0017)
ψ G .582 .551 .569 .549 2.23% .562 .539 3.44%

(.0031) (.0029) (.0015) (.0015) (.0015) (.0014)
ψ L .586 .553 .584 .550 0.34% .561 .536 4.27%

(.0014) (.0013) (.0013) (.0013) (.0015) (.0018)

SVM G .158 .154 .153 .150 3.16% .153 .148 3.16%

E
x
am

p
le

2

(.0016) (.0014) (.0013) (.0013) (.0010) (.0010)
SVM L .172 .173 .171 .171 0.58% .160 .158 6.80%

(.0010) (.0010) (.0009) (.0009) (.0009) (.0009)
ψ G .167 .163 .157 .154 5.99% .153 .151 8.38%

(.0024) (.0026) (.0015) (.0015) (.0018) (.0019)
ψ L .175 .174 .171 .170 2.29% .159 .157 9.14%

(.0018) (.0019) (.0010) (.0010) (.0014) (.0015)

Table 2: Averaged GKL losses and prediction errors of our method with ψ-learning, penalised
logistic regression and nearest neighbour in Examples 1 and 2 over 66 simulation replications.
Here TE denotes the test error, with tuning performed as in Wang & Shen (2006), and PLR
and NN represent the penalised logistic regression and the method of nearest neighbour
respectively.

GKL for probability estimation TE for classification
Method

NN PLR Our NN PLR Our

Example 1 .582(.0014) .579(.0021) .552(.0010) .232(.0015) .258(.0053) .217(.0021)
Example 2 - .138(.0024) .149(.0013) .089(.0020) .075(.0018) .069(.0014)
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Table 3: Averaged estimated GKL loss of our method, the original Platt method and the
tuned Platt method in the benchmark examples over 100 simulation replicates, with tuning
performed as in Section 3.2. Improv. denotes the percentage of improvement over the original
Platt method.

Data Classifier Platt’s Tuned Platt’s Improv. Our Improv.

SVM G .305(.0035) .243(.0038) 20.3% .234(.0031) 23.3%
SVM L .325(.0066) .296(.0054) 8.92% .223(.0062) 31.4%

Mushroom
ψ G .297(.0038) .242(.0029) 18.5% .232(.0034) 21.9%
ψ L .315(.0072) .281(.0052) 10.8% .215(.0050) 31.7%

SVM G .724(.0053) .655(.0028) 9.53% .648(.0025) 10.5%
SVM L .663(.0051) .647(.0031) 2.41% .635(.0021) 4.22%

Liver
ψ G .690(.0021) .650(.0019) 5.80% .643(.0017) 6.81%
ψ L .672(.0026) .665(.0024) 1.04% .628(.0019) 6.55%

SVM G .587(.0053) .542(.0038) 7.67% .536(.0020) 8.69%
SVM L .545(.0026) .526(.0024) 3.49% .526(.0027) 3.49%

Diabetes
ψ G .591(.0057) .546(.0041) 7.61% .536(.0021) 9.31%
ψ L .573(.0028) .528(.0029) 7.85% .528(.0029) 7.85%

SVM G .430(.0062) .242(.0052) 43.7% .250(.0040) 41.9%
SVM L .526(.0102) .383(.0045) 27.2% .384(.0039) 27.0%

Ionosphere
ψ G .469 (0067) .239(.0046) 49.0% .243(.0048) 48.2%
ψ L .466(.0089) .383(.0045) 17.8% .382(.0039) 18.0%

Table 4: Averaged estimated GKL losses and prediction errors of our method with ψ-learning,
penalised logistic regression and nearest neighbour in the benckmark examples over nonde-
generate simulation replications. Here TE denotes the test error, with tuning performed as
in Wang & Shen (2006).

CRE for probability estimation TE for classification
Method

NN PLR Our NN PLR Our

Mushroom - - .215(.0050) .482(.0008) .085(.0034) .065(.0021)
Liver - .665(.0049) .628(.0019) .578(.0017) .335(.0032) .316(.0034)

Diabetes - .553(.0052) .528(.0029) .348(.0007) .252(.0017) .232(.0021)
Ionosphere - - .243(.0048) .642(.0014) .195(.0033) .083(.0024)

Table 5: Estimated GKL losses of our method with m = 19, the original Platt method and
the tuned Platt method for the leukaemia data over a testing set, with tuning performed
as in Section 3.2. Improv. denotes the percentage of improvement over the original Platt
method.

Classifier Platt’s Tuned Platt’s Improv. Our Improv.

SVM L .343 .343 0.00% .241 29.7%
ψ L .171 .171 0.00% .133 22.2%
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Figure 1: The solution paths of β0(π), w1(π) and w2(π) as functions of π in Example 1,
where f̂π(x) = β0(π) + xi1w1(π) + xi2w2(π) is the minimiser of (3) with linear kernel.
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