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Abstract Let t be a block of an Haar-invariant orthogonal (β = 1), unitary (β = 2) or symplectic

(β = 4) matrix from the classical compact groups O(n), U(n) or Sp(n), respectively. We obtain

a close form for V ar(tr(t∗t)). The case for β = 2 is related to a quantum conductance problem,

and our formula recovers a result obtained by several authors. Moreover, our result shows that

the variance has a limit (8β)−1 for β = 1, 2 and 4 as the sizes of t go to infinity in a special way.

Although t in our formulation comes from a block of an Haar-invariant matrix from the classical

compact groups, the above limit is consistent with a formula by Beenakker, where t is a block of a

circular ensemble.

1 Introduction

We first describe a conductance problem revelent to a formula that will be obtained in this paper.

Suppose some electron fluxes travel through a wire with left and right edges. To be precise, let

the n-component vector
−→
I and m-component vector

−→
I ′ stand for the complex amplitudes of the

available plane wave states traveling into the left and right sides of the wire, respectively. Let
−→
O

and
−→
O′ be the m-component and n-component vectors for the same states traveling out of the left

and right sides of the wire. The so-called scattering matrix S connects the two pair of quantities in

the following way:

S

(−→
I−→
I ′

)
=

(−→
O−→
O′

)
. (1.1)

For convenience of discussion, write

S =

(
rn×n tn×m

t̃m×n r̃m×m

)
, (1.2)

where t and t̃ are transmission matrices, and r and r̃ are reflection matrices. Because of flux

conservation, one has to have |−→I |2 + |−→I ′ |2 = |−→O |2 + |−→O′|2. This requires that S has to be unitary.

Since S is unknown, it is reasonable to assume that S is random and unitary. There are three

cases in the system: a) there is no time reversal symmetry; b) there is a time reversal symmetry

with T 2 = 1; c) there is a time reversal symmetry with T 2 = −1. By the above statement, the

conductance G is described through t:

G/G0 = tr(t∗t) = tr(tt∗), (1.3)
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where (1/2)G0 = e2/h is the fundamental unit of conductance. Relating S to an evolution operator

or a Hamiltonian, one may think that S∗ = S. Assuming that S is a random matrix from the Circular

Orthogonal Ensemble (COE, β = 1), the Circular Unitary Ensemble (CUE, β = 2) or the Circular

Symplectic Ensemble (CSE, β = 4), it is shown in [2, 4, 18, 24, 34] that

V ar(G/G0) =
γm(m− 1 + γ)n(n− 1 + γ)

(N − 2 + γ)(N − 1 + γ)2(N − 1 + 2γ)
(1.4)

where N = m + n and γ = 2/β for β = 1, 2, 4. For definitions and properties of the three ensembles,

one can see chapter 9 from [28]. A formula of Etr((tt∗)n) for β = 2 and any n ≥ 1 is given in [31].

It is not difficult to see that (1.4) implies the following Beenakker’s formula ([3])

lim
n→∞

V ar(G/G0) =
1
8β

(1.5)

with α := n−m + 1− β−1 being fixed.

Note that an n×n random matrix from the CUE and an Haar-invariant unitary matrix with the

same size have the same probability distribution. An n×n Haar-invariant unitary matrix generates

the Haar probability measure on the unitary group U(n), which is one of the three classical compact

groups: the orthogonal group O(n) (β = 1), the unitary group U(n) (β = 2) and the symplectic group

Sp (n) (β = 4). Now, assuming S in (1.2) is not in general from a Circular Ensemble, but following

the three Haar probability measures, we next compute the corresponding variance of G/G0 as in

(1.3).

THEOREM 1 Assuming S in (1.2) is a random matrix which is Haar orthogonal from O(n) (β =

1), Haar unitary from U(n) (β = 2), or Haar symplectic from Sp(n) (β = 4), we then have

V ar(G/G0) =
γm2n2

(N − 1)N2(N + γ)
(1.6)

for any m ≥ 1, n ≥ 1 and β = 1, 2 and 4, where N = m + n and γ = 2/β.

Evidently, the formulas in (1.4) and (1.6) are the same for β = 2. This is because, as mentioned

earlier, a random matrix from the CUE and an Haar-invariant unitary matrix from U(n) of the same

size have the same distribution. Although the two formulas in (1.4) and (1.6) are generally different

for β = 1 and β = 4, fixing α := n −m + 1 − β−1, the limits of the two are identical. In fact, we

have the following corollary from Theorem 1.

COROLLARY 1.1 Under the assumptions in Theorem 1, we have that limm→∞ V ar(G/G0) =

1/(8β) for β = 1, 2 and 4, provided α := n−m + 1− β−1 is a constant.

As far as the mean values of G/G0, we know

E(G/G0) =





mn
N−1+γ , if S is from COE (β = 1), CUE (β = 2) or CSE (β = 4);
mn
N , if S is Haar-invariant on O(n), U(n) or Sp (n),

(1.7)
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where γ = 2/β. The first identity in (1.7) is from (8) in [34]; the second is from the Haar invariant

property, see the first assertion in (2.7). The two quantities on the right above are identical for

β = 2, and very close to each other for β = 1 and 4.

Remark 1. When S in (1.2) is an Haar-invariant orthogonal, unitary or symplectic matrix from

O(n), U(n) or Sp(n), respectively, the eigenvalues of t∗n×mtn×m forms a Jacobi ensemble for β = 1, 2

or 4. This connection is established recently by Collins [6]. For other results in this realm, one can

see [1, 7, 12, 14, 17, 30].

Remark 2. It is worthwhile to mention the difference and a connection between our model behind

formula (1.6) and the traditional models behind formula (1.4): our model t is based on a truncation

part of an Haar-invariant matrix from O(n)(β = 1), U(n)(β = 2) or Sp(n)(β = 4). The t in the

traditional model (see, e.g., [2, 4, 5, 18, 24, 34]) comes from a block of the Circular Orthogonal

Ensemble (β = 1), the Circular Unitary Ensemble (β = 2) or the Circular Symplectic Ensemble

(β = 4). However, for β = 2, the Haar-invariant matrix from U(n) and the n× n Circular Unitary

Ensemble have the same probability distribution, see [28].

Remark 3. The method of the proof of Theorem 1 is different than that in [2, 4, 5, 18, 24, 34].

Our method is based on the symmetry of the entries of Haar invariant matrices; the derivations

mentioned in the above literatures rely on the explicit expression of the joint density function of

eigenvalues λ1, · · · , λn of r∗r.

Remark 4. Now we discuss a possibility to generalize (1.6) for β = 1, 2 and 4 to that for any β > 0.

The classical random matrix models, as described by Dyson [11] (see also Dumitriu and Edelman

[10]), are the Hermite ensembles, the Laguerre ensembles and the Jacobi ensembles. In each of the

three ensembles, there are three cases: β = 1, 2 and 4, which correspond to the real, the complex

and the quaternion Gaussian distributions. Theorem 1 and Corollary 1.1 are based on the Jacobi

ensembles for β = 1, 2, 4.

Recently, Dumitriu and Edelman [10] construct special tri-diagonal matrices whose eigenvalues

have probability density functions for all β > 0 for the Hermite and the Laguerre ensembles, respec-

tively. In particular, the density functions are the same as those for β = 1, 2. Subsequent work can

be found in, e.g., [8, 9, 13, 19, 26, 32, 35]. A recent work of Lippert [25] constructs special matrices

(similar to the fashion Dumitriu and Edelman [10] used) which generalize the Jacobi ensembles for

β = 1, 2, 4 to those for any β > 0; Killip and Nenciu [20] propose certain matrix models for the

circular ensembles. One can see [27] and literatures therein for some similar considerations of the

circular ensembles. As mentioned in Remark 2, the proof of our main results rely on the symmetry

of the entries of the Haar-invariant matrices from the classical compact groups. Generalizations of

(1.6) for any β > 0 can be possibly worked out by using the constructions of the entries of the special

matrices proposed in the above literature.

On the other hand, though (1.4) is known to hold for any β > 0 (see, e.g., [34]), similar to the

discussion on the generalization of (1.6) above, it would be interesting to see another derivation of

(1.4) by using the construction in [20].
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2 Proof of the Main Result

To prove Theorem 1, we need some background about the Haar measures on the classical compact

groups.

Let R and C denote the sets of real and complex numbers, respectively. Write H = {a = a1+a2i+

a3j +a4k; a1, a2, a3 and a4 ∈ R} to denote the set of real quaternions, where i2 = j2 = k2 = −1 and

ij = k, jk = i, ki = j. For a = a1+a2i+a3j+a4k ∈ H, the conjugate of a is a∗ = a1−a2i−a3j−a4k,

and the absolute value of a is |a| = √
a∗a =

√
aa∗ = (a2

1 + a2
2 + a2

3 + a2
4)

1/2. Given an n×m matrix

A = (apq) with apq ∈ R, C or H, the conjugate of A is the m× n matrix A∗ = (a∗qp). Recall

O(n) = {A = (apq)n×n : A∗A = In and apq ∈ R for all 1 ≤ p, q ≤ n};
U(n) = {A = (apq)n×n : A∗A = In and apq ∈ C for all 1 ≤ p, q ≤ n}; (2.1)

Sp(n) = {A = (apq)n×n : A∗A = In and apq ∈ H for all 1 ≤ p, q ≤ n}.

They are in order called orthogonal, unitary and symplectic (quaternionic unitary) groups, see p.111

and p.113 from [21], or p.90 and p.92 from [33]. These groups are all compact.

We will need several lemmas to prove the main result. The first one is about a understanding

of the Haar measure on group Sp(n). The lemma is based on the Gram-Schmidt procedure on

independent and identically distributed (i.i.d.) normal random vectors. This method is used to

study the entries of matrices which generate the Haar measures on O(n) and U(n), and then is

applied for investigating the properties of eigenvalues of Jacobi matrices, see [15, 16, 17]. There are

other ways to generate Haar measures on the classical compact groups, see e.g., Mezzadri[29].

In the next, one will see some phrases such as “µ is the normalized Haar measure on Sp(n)”, it

means that µ is an Haar measure on Sp(n) and µ(Sp(n)) = 1.

LEMMA 2.1 Let An = (v1, v2, · · · , vn) be an n × n random matrix whose probability distribution

is the normalized Haar measure on O(n) (β = 1), U(n) (β = 2) or Sp(n) (β = 4). Then v1 has the

same probability distribution as that of

(i)
1

‖Xβ
n‖

(X11, · · · , Xn1)
T for β = 1;

(ii)
1

‖Xβ
n‖

(X11 + iX12, · · · , Xn1 + iXn2)
T for β = 2;

(iii)
1

‖Xβ
n‖

(X11 + iX12 + jX13 + kX14, · · · , Xn1 + iXn2 + jXn3 + kXn4)
T for β = 4,

where Xpq; 1 ≤ p ≤ n, 1 ≤ q ≤ 4 are independent N(0, 1)-distributed random variables and

‖Xβ
n‖2 =

∑
1≤p≤n,1≤q≤β X2

pq for β = 1, 2 or 4.

Proof. The first two cases are well-known, see, e.g., [15]. Now we prove case (iii).

Let Y = (Ypq) = (Y1, Y2, · · · , Yn) be an n × n matrix, where the Yi’s are n × 1 column vectors.

Now, assume that Ypq’s are independent and identically distributed (i.i.d.) with the same distribution
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as that of X11 + iX12 + jX13 + kX14. Recall the Gram-Schmidt orthogonalization procedures for

Yi’s in the real and complex cases. For the quaternion case, set

w1 = Y1 and e1 =
w1

‖w1‖ ; (2.2)

wp = Yp −
p−1∑
q=1

eq · (e∗qYp) and ep =
wp

‖wp‖ for 2 ≤ p ≤ n,

where ‖wi‖2 = w∗i wi for all i. The positions of eq and e∗qYp in the product eq · (e∗qYp) is vital since

the quaternions are not commutative. It is understood as the product of an n × 1 matrix and a

1× 1 matrix. Using the property (AB)∗ = B∗A∗, one obtains that e∗p eq = w∗p eq/‖wp‖ = 0 for any

1 ≤ q < p ≤ n. Thus, Γ(Y ) := (e1, e2, · · · , en) ∈ Sp (n). Now, take S ∈ Sp (n), define Ỹ = SY, and

Ỹp, w̃p and ẽp accordingly. First, we see that ẽ1 = Se1. Given 2 ≤ p ≤ n, suppose ẽq = Seq for all

1 ≤ q ≤ p− 1. Now, using the fact S∗S = SS∗ = I to have that

w̃p = Ỹp −
p−1∑
q=1

ẽq · (ẽ∗q Ỹp)

= SYp −
p−1∑
q=1

(Seq) · ((Seq)∗ (SYp) = Swp.

Thus, ẽp = Sep. By induction, we know that Γ(SY ) = S · Γ(Y ) for any S ∈ Sp (n). Since all

the entries of Y are i.i.d., by the invariance, we know that SY and Y have the same probability

distribution, see, e.g. [36] or Theorem 1 from [23]. Therefore, Γ(Y ) and S · Γ(Y ) have the same

distribution for any S ∈ Sp (n). Note that Sp(n) is compact, the left and right Haar measures are

the same (up to a positive scaler), thus Γ(Y ) generates the normalized Haar measure on Sp (n). The

desired conclusion follows from (2.2). ¥
Suppose S is an Haar-invariant orthogonal, unitary or symplectic random matrix from O(n), U(n)

or Sp(n), respectively. We will use the following properties of S from time to time in our proofs:

Exchanging any two rows or two columns of S, the new matrix has the same

distribution as that of S; (2.3)

The distributions of S and ST are identical. (2.4)

LEMMA 2.2 Let rn×n = (rij)n×n be as in (1.2). Set σij = |rij | for 1 ≤ i, j ≤ n, and Wn =

tr(r∗n×nrn×n). Under the conditions of Theorem 1, we have that

V ar(Wn) = n2V ar(σ2
11) + 2n(n2 − n)Cov(σ2

11, σ2
21) + (n2 − n)2Cov(σ2

11, σ
2
22)

for β = 1, 2 and 4.
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Proof. Write Wn =
∑

1≤i,j≤n σ2
ij . Then

V ar(Wn) = Cov(
∑

1≤i,j≤n

σ2
ij ,

∑

1≤i,j≤n

σ2
ij)

=
∑

1≤i,j≤n

Cov(σ2
ij , σ2

ij) +
n∑

i=1

∑

1≤j 6=k≤n

Cov(σ2
ij , σ

2
ik) +

n∑

i=1

∑

1≤j 6=k≤n

Cov(σ2
ji, σ

2
ki)

+
∑

1≤i6=k≤n

∑

1≤j 6=l≤n

Cov(σ2
ij , σ

2
kl).

By (2.3) and (2.4), the first term above is equal to n2V ar(σ2
11); both the second and third are

identical to n(n2 − n)Cov(σ2
11, σ2

21); the last term is (n2 − n)2Cov(σ2
11, σ2

22). ¥

LEMMA 2.3 Let the conditions in Theorem 1 hold. Recall N = m + n. Then the following holds

for β = 1, 2 and 4 :

(i) V ar(σ2
11) = −(N − 1) · Cov(σ2

11, σ
2
21);

(ii) Cov(σ2
11, σ2

22) = −1/(N − 1) · Cov(σ2
11, σ2

21).

Proof. Since
∑N

i=1 σ2
i1 = 1, we have from (2.3) that

0 = V ar(
N∑

i=1

σ2
i1) = N · V ar(σ2

11) + N(N − 1) · Cov(σ2
11, σ2

21) = 0.

So (i) follows. Now, by the fact
∑N

i=1 σ2
i2 = 1 and by (2.3) again,

0 = Cov(
N∑

i=1

σ2
i1,

N∑

i=1

σ2
i2)

= N · Cov(σ2
11, σ

2
12) + N(N − 1) · Cov(σ2

11, σ
2
22). (2.5)

By (2.4), we know that Cov(σ2
11, σ

2
12) = Cov(σ2

11, σ
2
21), assertion (ii) is obtained. ¥

Recall notation (2m− 1)! ! = (2m− 1)(2m− 3) · · · 3 · 1 for any integer m ≥ 1, and (−1)!! = 1 by

convention.

LEMMA 2.4 Suppose n ≥ 2 and Z1, Z2, · · · , Zn are i.i.d. random variables with Z1 ∼ N(0, 1).

Define Ui = Z2
i /(Z2

1 +· · ·Z2
n) for 1 ≤ i ≤ n. Let a1, · · · , an be non-negative integers and a =

∑n
i=1 ai.

Then

E(Ua1
1 Ua2

2 · · ·Uan
n ) =

∏n
i=1(2ai − 1)! !∏a

i=1(n + 2i− 2)
.

Proof. It is known that (U1, U2, · · · , Un−1) follows the Dirichlet distribution whose parameters are

all equal to 1/2, that is, their joint density function is

f(u1, u2, · · · , un−1) =
Γ(n/2)
Γ(1/2)n

u
−1/2
1 · · ·u−1/2

n−1 (1−
n−1∑

i=1

ui)−1/2
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for ui ≥ 0 and
∑n−1

j=1 uj ≤ 1, see, e.g., chapter 49 from [22]. Then

E(Ua1
1 Ua2

2 · · ·Uan
n )

=
Γ(n/2)
Γ(1/2)n

∫
· · ·

∫
u

a1−(1/2)
1 · · ·uan−1−(1/2)

n−1 (1−
n−1∑

i=1

ui)an−(1/2) du1 · · · dun−1

=
Γ(n/2)
Γ(1/2)n

·
∏n

j=1 Γ(aj + (1/2))
Γ(a + (n/2))

since the integral is the reciprocal of the normalizing constant of a Dirichlet distribution with pa-

rameters aj + 1/2 (j = 1, · · · , n). Now, using the fact that Γ(x + 1) = xΓ(x) for x ≥ 0 to obtain

Γ
(
a +

n

2

)
=

(
a− 1 +

n

2

)(
a− 2 +

n

2

)
· · · n

2
Γ

(n

2

)

=
n(n + 2) · · · (n + 2(a− 1))

2a
Γ

(n

2

)
.

Substituting a = aj and n = 1 in the above formula, we have that

n∏

j=1

Γ
(

aj +
1
2

)
=

Γ(1/2)n

2a

n∏

j=1

(2aj − 1)!!.

The lemma is proved. ¥

LEMMA 2.5 Let Z1, Z2, · · · be a sequence of i.i.d. random variables with Z1 ∼ N(0, 1). Then

Cov

(
Z2

1 + · · ·+ Z2
β

Z2
1 + · · ·+ Z2

βl

,
Z2

β+1 + · · ·+ Z2
2β

Z2
1 + · · ·+ Z2

βl

)
= − 2

l2(βl + 2)
(2.6)

for β = 1, 2 and 4 and any integer l ≥ 2.

Proof. By Lemma 2.4,

E
Z2

1

Z2
1 + · · ·+ Z2

k

=
1
k

and E
Z2

1Z2
2

(Z2
1 + · · ·+ Z2

k)2
=

1
k(k + 2)

(2.7)

for all k ≥ 2. Then, by the bilinear property of covariance, the left hand side of (2.6) is identical to

β2 · Cov

(
Z2

1

Z2
1 + · · ·+ Z2

βl

,
Z2

2

Z2
1 + · · ·+ Z2

βl

)

= β2

{
E

Z2
1Z2

2

(Z2
1 + · · ·+ Z2

βl)2
− (E

Z2
1

Z2
1 + · · ·+ Z2

βl

)2
}

= β2

(
1

βl(βl + 2)
− 1

(βl)2

)
.

The conclusion follows. ¥

Proof of Theorem 1. Since the length of each row and that of each column of S in (1.2) is one,

we have that

tr(r∗n×nrn×n) + tr(t∗n×mtn×m) = n and tr(t∗n×mtn×m) + tr(r̃∗m×mr̃m×m) = m.
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Thus, V ar(tr(t∗t)) = V ar(tr(r∗r)) = V ar(tr(r̃∗r̃)), where t = tn×m, r = rn×n and r̃ = r̃m×m.

Now, reviewing (1.2), by using (2.4), we know that

S =

(
rn×n tn×m

t̃m×n r̃m×m

)
and

(
r̃m×m t̃m×n

tn×m rn×n

)
(2.8)

have the same distribution. Thus, without loss of generality, assume that n ≤ m. As in Lemma 2.2,

let Wn = tr(r∗r). It suffices to prove that

V ar(Wn) =
2β−1m2n2

(N − 1)N2(N + 2β−1)

for β = 1, 2 and 4. Recalling that r = (rij) and σij = |rij |, by Lemma 2.1 and (2.3),

(σ2
11, σ2

21), (σ2
11, σ2

12) and

(∑β
i=1 Z2

i∑Nβ
i=1 Z2

i

,

∑2β
i=β+1 Z2

i∑Nβ
i=1 Z2

i

)

are identical in distribution, where {Zi; i = 1, 2, ...} is a sequence of i.i.d. N(0, 1)-distributed random

variables. By Lemma 2.5,

Cov(σ2
11, σ2

21) = − 2
N2(βN + 2)

. (2.9)

This together with Lemmas 2.2 and 2.3 yields that

V ar(Wn) =
(
−(N − 1)n2 + 2n2(n− 1)− n2(n− 1)2

N − 1

)
Cov(σ2

11, σ
2
21)

= −n2

(
(N − 1)2 − 2(n− 1)(N − 1) + (n− 1)2

N − 1

)
Cov(σ2

11, σ
2
21)

= −n2 (N − n)2

N − 1
Cov(σ2

11, σ
2
21)

=
2m2n2

(N − 1)N2(βN + 2)
.

The proof is complete. ¥
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