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Abstract Let I';, = (7;)nxn be a random matrix with the Haar probability measure on the or-
thogonal group O(n), the unitary group U(n) or the symplectic group Sp(n). Given 1 < m < n, a
probability inequality for a distance between (7;;)nxm and some mn independent F-valued normal
random variables is obtained, where F = R, C or H (the set of real quaternions). The result is

universal for the three cases. In particular, the inequality for Sp(n) is new.

1 Introduction

To study a statistic related to an image analysis problem in Donoho and Huo [7], Jiang [12, 13]
developed a method to approximate the entries of Haar-invariant orthogonal or unitary matrices
by i.i.d. (independent and identically distributed) real or complex normal random variables. With
the approximation result, the asymptotic distributions of the largest entries of Haar orthogonal or
unitary matrices are obtained in [13]. Moreover, by the same tool, the Marchenko-Pastur law for
the eigenvalues of the Jacobi matrices are derived in [11].

There are three classical compact groups: orthogonal group O(n), unitary group U(n) and
symplectic group Sp(n). The approximation results mentioned above are only for Haar-invariant
orthogonal and unitary matrices, which generate the Haar probability measures on O(n) and U(n),
respectively. Here, by saying “the Haar probability measure” on O(n), U(n) or Sp(n), we mean
the unique Haar-invariant measure p such that u(G) =1 for G = O(n), U(n) or Sp(n). Sometimes
we also call 4 a normalized Haar measure. The purpose of this paper is to study the entries of
random matrices generating the Haar probability measures on the three groups simultaneously. In
particular, we obtain a new result on the symplectic groups.

Before stating our main results, we will review some background about the classical compact
groups.

Let R and C denote the sets of real and complex numbers, respectively. Write H = {a = a1 +
azi+asj+ask; ai,as,asz and ay € R} for the set of real quaternions, where i2 = j2 = k2 = —1 and
ij =k, jk =1, ki = j. For a = a1 +asi+asj+ask € H, the conjugate of a is a* = a1 —azi—asj—aqk,
and the absolute value of a is |a| = Va*a = Vaa* = (a? + a3 + a3 + a2)'/2. Given matrix A = (a,q)
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with a,, € H, the transpose of A is AT = (ag,); the conjugate of A is A* = (aZ,). Recall

O(n) = {A = (apg)nxn: ATA=1, and ap, € R for all 1 < p,q < n};
U(n) ={A = (apg)nxn: A"A =1, and apy € C for all 1 < p,q < n}; (1.1)
Sp(n) ={A = (apg)nxn : A"A =1, and ap, € H for all 1 < p,q < n}.

They are in order called the orthogonal, unitary and symplectic groups, respectively, see p.111 and
p.113 from [14], or p.90 and p.92 from [17]. The symplectic group Sp(n) sometimes is also called
quaternionic unitary group. The three groups in (1.1) are all compact.

Now we recall three standard normal distributions that will be used later. Let &1,&2,&3 and &4
be i.i.d. random variables with distribution N (0, 1).

(a) The standard real normal distribution is simply N(0,1). For convenience of notation, some-
times we also write RN (0,1) for N(0,1).

(b) The standard complex normal distribution, denoted by CN(0,1), is the probability distribu-
tion of (&1 + i)/ V2.

(¢) The standard quaternion normal distribution, denoted by HN (0, 1), is the probability distri-
bution of (& + iy + jés + k&) / V4.

The following approximation results are obtained in Jiang [13].

THEOREM A.1 (Theorem 4 in [13]) For each n > 2, there exist matrices I's, = (7Vij)1<i,j<n and
Y, = (¥ij)1<i,j<n whose 2n? elements are random variables defined on the same probability space
such that

(i) the law of Ty, is the normalized Haar measure on the orthogonal group Oy;

(11) {yij;1 < i,j < n} are i.i.d. random variables with the real standard normal distribution;
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for any r € (0,1/4), s >0, t>0, and m < (r/2)n.
For the complex case, the following result holds.

THEOREM A.2 (Theorem 5 in [13]) For each n > 2, there exist two n x n matrices T'y, = (Vpq)
and Yy, = ((Tpg + Ypg)/V2) such that vp,’s, Tpy’s and y,e’s are random variables defined on the
same probability space, and

(i) the law of Ty, is the normalized Haar measure on the unitary group U(n);

(ii) the 2n* random variables {Tpq, Ypqe; 1 < p,q < n} are independent real standard normals;
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The above results are on orthogonal and unitary groups. In this paper, we will prove an approx-
imation result for the symplectic group Sp(n). In fact, unlike the method used in [13], which deals
with O(n) and U(n) case by case, here we are able to treat the three cases simultaneously. The

symplectic case is simply a corollary. The following is our main result.

THEOREM 1 For eachn > 2, there exist matrices I'y, = (Vij)1<ij<n and Y, = (yij)1<i, j<n whose
2n? elements are random variables defined on the same probability space such that

(i) the law of Ty, is the normalized Haar measure on O(n), U(n) or Sp(n);

(11) {yij;1 <i,5 <n} are i.i.d. random variables with the standard real, complex or quaternion

normal distribution;

RN, 1I) S

P (e,(m) >rs+t)
< dme P16 | xs(n, s) - e B5°/2 4 3 xa(n,t) - (1 + t2> —pn/2
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for any r € (0,1/4), s >0, t >0 and 1 < m < nr/2, where x5(n, s) = 1/s, 1 or 8ns®> + 1 for
B =1,2 or 4 according to T',, € O(n), U(n) or Sp(n).

By taking 8 = 1 and 2 respectively in the above result, we see that the upper bounds of P (e, (m) > rs + t)
in Theorems A.1 and A.2 and those in Theorem 1 are almost the same except the coefficients, which
do not affect the orders of the bounds. The result corresponding to § = 4 is new.
Theorem 1 says that the first m columns of the n xn Haar-invariant matrices can be approximated
by i.i.d. normal random variables. How large m = m,, can be such that the error €, (m) goes to zero

in probability as n — co?

COROLLARY 1.1 Let €,(m) be as in Theorem 1. If m, = o(n/(logn)), then e,(m,) — 0 in

probability as n — oo for all of the three cases.

It is shown in [12] that, for the case of orthogonal group O(n), if m,, = o(n/logn), then €,(m,) — 0
in probability as n — co. Further, for any o > 0, take m,, = [na/logn], it is proved that €, (m,,) —
2/a in probability as n — oo. This concludes that m, = o(n/logn) is the largest order to make
€n(myn) — 0 in probability. We conjecture that the same is also true for unitary and symplectic
groups.

In this paper, for matrices A = (a;;) and B = (b;;), we use the maximum norm ||A — B|lmax =
max; j |a;; — b;;| to measure the distance between A and B. The variation norm is another way to
study approximations of the entries of Haar-invariant matrices. The variation norm, which is stronger
than the maximum norm, is used to investigate similar problems in [1, 2, 4, 5, 6, 9, 11, 12, 18, 19].
In particular, it is shown in [12] that, with the variation norm, the p x ¢ upper-left block of an
n X n Haar-invariant orthogonal matrix can be approximated by i.i.d. real standard normals, where
p =o(y/n) and ¢ = o(y/n). It is also proved in [12] that the order o(y/n) is optimal.

The proof of Theorem 1 relies on the Gram-Schmidt algorithm. In fact, there are several ways

to generate Haar-orthogonal, unitary and symplectic matrices, see, e.g., Mezzadri [16]. We find that



the Gram-Schmidt method is quite convenient to construct Haar-invariant matrices so that they can
be approximated by independent normal random variables efficiently. The Gram-Schmidt algorithm
transforms a matrix of i.i.d. real, complex or symplectic Gaussian entries to an Haar-invariant matrix
from O(n), U(n) or Sp(n). Theorems A.1 and A.2 were proved by the Gram-Schmidt algorithm
in Jiang [13]. However, Theorem A.1l (real case) and Theorem A.2 (complex case) were treated
separately. Here we are able to provide a universal inequality for the three cases.

We prove Theorem 1 in the next section; we provide some results on matrices with quaternion

entries in the Appendix.

2 Proofs of Main Results

Throughout this section, given n > 1 and F' = R, C or H, we assume that {y,,; 1 < p, ¢ < n} are
iid. random variables with common distribution FN(0,1). Write Y = (Ypg)nxn = (¥1,¥2: - 1 ¥n),
where the {y,; 1 <r <n} are n x 1 column vectors.

Review that h* = a3 — asi — a3 — auk if h = a1 + asi + asj + a4k € H. Moreover, if
a=(a, - ,a,)" € H" and b = (by, -+ ,b,)T € H", then a*b = >_'_, a’b,, and the Euclidean

1/2

norm of a is [|la]| = (321, |a,|?)!/2. We will use the Gram-Schmidt procedure to prove Theorem 1.

Let us first review it. Set

w1
w1 =y1 and e; = Tw ”,
1
p—1
w
Wy =Yp — Zeq . (eZyp) and e, = 7||WPH for2<p<n. (2.1)
q=1 p

In the real and complex cases, the positions of e, and e}y, in the product e, - (e;y,) are not vital.
However, it indeed makes a difference for the quaternion case (F = H) because the quaternion

numbers are not commutative. The following lemma is useful.

LEMMA 2.1 (Lemma in 2.1 in [10]) Let the notation be as in (2.1). Then (e1,--- ,e,) is an
Haar-invariant orthogonal, unitary or symplectic matrix according to F =R, C or H. Further, any

row or column of (e1,--- ,e,) has the same distribution as that of

. 1
() m

1
(44) 22 (11 +ib1a, -, En1 + ibn2)" for F=C;

(11,2 &m)" for F=TR;

(di7) W (&1 + &2 + j&iz + ks -+ & + &2 + Jéns + k§n4)T for F'=H,

where &pq; 1 <p <n, 1< q<4 are independent N(0,1)-distributed random variables and || Z2||* =
Yi<peni<qss Spg for B=1,2,4.

Set

0=0,%3;= (e, - ,er)(er, - ,er)", 1<k<n. (2.2)



Then,

k—1
S e (efyr) = {ler, - en1)(er, - er 1)}y
=1

= Xp_1Yk
for 2 < k <n. It follows that
k—1
we=yr— > e (efyr)=T-S 1)ys, 1<k<n. (2.3)
i=1
For x = (w1, ,x,)T € F", where F = R, C or H, set ||x|| = maxj<i<, |-

LEMMA 2.2 Let yi, er, Wy, and Xy, be as in (2.1)-(2.3). Set ap, = /n/||w||. Then

P (o 1View il 2 7s+ )

1<k<m

< P( max |ag — 1| > r) +P ( max ||wg| > s) —l—P( max || Xr_1yk| > t)
1<k<m 1<k<m 1<k<m
foranyn>m>1,r>0,s>0 andt > 0.

Proof. It suffices to show that

Ivner = yill < lar — 1] - [wiell + 1Zk-1yxl (2.4)

for 1 < k < n. Actually, if this is true, and |ax — 1| < 7, ||wg]| < s and ||Ex_1yx| < t, then the
left hand side of (2.4) is less than rs+¢. Thus, the lemma follows by taking the complement events.
Now we prove (2.4). Use w, = (I — Xj_1)yx to obtain

Vner —yr =awi —yr = (ax—1)wyi + (Wi —yi)
= (ar — )W — Zp_1y%

for 1 < k <n. Then (2.4) follows by the triangle inequality. |

In what follows, for convenience, we will use U LV or U ~ V to denote that random vari-
ables U and V have the same probability distribution. The notation x?(k) stands for the y-square

distribution with degree of freedom k.

LEMMA 2.3 Givenl <k <nand F =R, C orH. Recall (2.1)-(2.3). We have that A(Xi_1yx) 2
Yr_1yr and Awyg L wy for any A € O(n), U(n) or Sp(n). In particular, all the entries of Xp_1yx

have the same distribution. The same conclusion also holds for wy.

Proof. Since (e, e, - ,e,) is Haar-invariant, A(ej, ez, - ,€,) 4 (e1,e2,--+ ,ey,) for any A €
O(n), U(n) or Sp(n) according to that F' = R, C or H. Then, A(e;, ez, - ,ex) 4 (e1,e2, - ,€k)
for any 1 < k < n. Now, recall (2.2) and (2.3),

A(Zp_1yk) = Aler, - ,ex—1) (Aler, -+ ,ex—1))" Ayy;
Aw, = (I—-A(er, - ,ep—1)(Aer, - ,ep-1))")Ays.



Observe that (e, - ,ex—1) is a function of yi,--- ,yx—1, thus yx and (eq,---,er_1) are indepen-

dent, consequently Ay and A(eq,---,ex_1) are independent. Also, Ayy 4 yx by the invariance
of normal distribution. Then, A(Xg_1yx) 4 (e1, - ,ex—1)(e1, - ,ex_1)"yr = XTk_1yx. Similarly,

Finally, take A to be a permutation matrix, we see that the elements in the column vector

Y r_1Yr are exchangeable. This is also true for wy. |

Let A = (aij)nxn with a;; € H for all 1 <14, j < n. Set tr(A) = > 1" | a;.

LEMMA 2.4 Let F=R(8=1), C(8=2) orH(8 =4). Let A = A,,x,, be random, independent of
y1 and satisfy that A* = A, A2 = A and tr(A) = k for some constant 1 < k < n. IfO(Ay1) ~ Ay,
for any O € O(n), U(n) or Sp(n), then each entry of Ay ~ n - (Zlﬁjl £2/ ijl 53) 1/2, where
n~FN(0,1) and {&; i > 1} are i.i.d. N(0,1)-distributed r.v.’s.

Proof. If k = n, then A = I by the assumption A? = A. The conclusion obviously holds. So,
without loss of generality, assume 1 < k < n. We prove the lemma by three steps.

Step 1. By Lemmas 3.2 and 3.3, there exists U € O(n), U(n) or Sp(n) according to F =R, C
or H such that A = U* diag (Ix,0)U. Since U is a function of A, U is independent of y;. We claim
that U and Uy; are independent. In fact, take bounded, measurable and real-valued functions
f(-) defined on the set of n x n matrices, and g(-) defined on F™. By the given condition and the
independence between U and y;, we have Uy; ~ y; conditioning on U or not, it follows that
Eg(Uy1) = Eg(y1), hence

E{f(U)g(Uy1)}

E{f(U) - E(9(Uy1)|U)}
E{f(U)-Eg(y1)} = Ef(U) - Eg(Uyn). (2.5)

This proves the claim.

Step 2. Take an Haar-invariant random matrix O € O(n), U(n) or Sp(n) according to F' =R, C
or H for which O is independent of U and y;. By the given condition, O(Ay;) ~ Ay; for any O,
this is evidently still true when O is a random variable independent of Ay;. Since U and Uy; are
independent by the claim, we know OU* is independent of Uy;. Also, OU* ~ O by the right-Haar

invariance. Therefore,

U
I, 0O I, 0
Ay, £ OAy, = (OU") (; 0) (Uy) 20 ((;C 0) Yy1=0nxx | ' |,
Yk
where O, is the first k& columns of O, and (y1,--- ,yx)? is the first k entries of y;. Thus, the first
entry of Ay; ~ Zle €1:Y:, where (e11,- - ,e1,) is the first row of O. Since O and {y;; 1 <i < n}

are independent, by Lemma 2.1, the first entry of Ay; has the same distribution as that of

koo AN
2 iz iYi _ <Zi—1 |7 ) ) Z Ay
i=1

iy i)\ iy Imil?



where {n;; 1 <i <n} are i.i.d. FN(0,1)-distributed r.v.’s, and A\; = 771‘(2?:1 I7:]?)~'/2. Obviously
Zle \iyi ~ FN(0,1). Moreover, since n;’s are independent and |n;|? ~ x?(3)/3 for each 1 < i < n,
to finish the proof, it remains to show that Zle Aiy; and Ele Imi|?/ >y |mi|* are independent.

Step 3. Since {y;, mi; 1 < i < n} are iid., and Y1 |2 = S, Imil? + Do Imil?, it is
enough to show Zle Ay; and Zle |n:|? are independent. Noticing \;’s and y;’s are independent,
and Zle Aiyi; ~ FN(0,1) conditioning on 7;’s or not. Take bounded, measurable functions f;(-)
defined on F' and ¢;(-) defined on R, by the same argument as in (2.5), we obtain that

k k k k
E {f1(z i) - 1) 771‘2)} =EAO_ i) Ea (Y Il
i=1 i=1 i=1 i=1
This implies that Ele Aiy; and Zle |n:|? are independent. |

LEMMA 2.5 Recall (2.1)-(2.8). For F=R(8=1),C(8=2) or H(S8 =3), letn and {&1,&2,---}

be as in Lemma 2.4. Then,
1/2
1) each entry of Xp_1Yk 4 - ’Q:(kfl) & ﬁz & for2 <k <n;
=1 7 =151

1/2
(ii) each entry of wy, 4 n- ( f:(?_kﬂ) &/53 53) for1<k<n.

Proof. Review X1 = (e, - ,ex_1)(e1, - ,ep_1)* for 2 < k < n, and wi, = (I — Xp_1)yx
for 1 < k < n. It is not difficult to see from the orthogonality of e;’s that A* = A, A? = A for
A=3, jorI—3;_1, 1 <k <n. By Lemmas 2.3 and 2.4, to prove the lemma, it suffices to check
that tr(3g) =k —land tr(I— ;) =n—k+1for 1 <k < n.

In fact, tr(Xy) = tr(Zf:_ll e;ef) = Zi:ll tr(e;ef) = k — 1 by (3.3) in the Appendix. Further,
tr(I—3g) = tr(I) —tr(Bg) =n—k + 1. [ |

LEMMA 2.6 Let wy, be as in (2.8). Let also B = 1,2 or 4 according to F = R, C or H. Then
[[well? ~ 8371 - x2(B(n — k+1)) for any 1 < k <n.

Proof. Recall wy, = (I — 3j_1)yk. As in the proof of (ii) in Lemma 2.5, (I —3;_1)* =1 — X;_1,
I-%41)?2=0-%41) and tr(I - X4_1) =n—k+ 1 for any 1 < k < n. So by Lemma 3.3,
I-3%,_1 =0diag(I,-x+1,0)O0* for some O € O(n), U(n) or Sp(n) according to F' =R, C or H.

By the invariance of normal distributions, we know O*y; ~ yy. Therefore, ||wy||? = ||diag (I,_x+1,0)O0*y]? 4
[ diag (T, _ks1,0)yel2 £ S a2 £ (1/8)x2(B(n — k + 1)), where 8 = 1,2 and 4 and 1y, 72, - - -
are i.i.d. r.v.’s with distribution FN(0,1). [ ]

With the above characterization of the distributions of various random variables, we now are

ready to derive some probability inequalities.

LEMMA 2.7 (Lemma 8.3 in [13]) The following holds:

(i) z —1—logz > (z —1)?/2 for x € (0,1];

(ii) 2o — log(1 + 2z) > 22 for x € (0,1/4];

(iii) (1 —x)™2 > 142z and (1+2) 2 <1 -z forz € (0,1/4].



LEMMA 2.8 (Lemma 3.2 in [13]) Let £ ~ N(0,1) and I(z) = supger{0z — log(E exp(6€?))} for
z €R. Then (i) Eexp(0¢2) = (1 —20)"'/2 for 0 < 1/2;
(i)
x—1—logx)/2 ifx>0;
R C e
“+o0 otherwise.
(iii) Define J(x) = I(x)/x for x > 0. Then both I(x) and J(x) are increasing on (1,00) and

decreasing on (0, 1].
LEMMA 2.9 For F=R(f=1),C(8=2) orH(8=4), let Zg ~ FN(0,1). Then
P(|Zp] > ) < () - e/
for any x> 0, where pg(z) = 1/x, 1 or 22% + 1 for 3 =1,2 or 4.

Proof. First, in view of (a), (b) and (c) in the Introduction,

B 2
P(|[FN(0,1)| > z) =P (Zi; & > x2> (2.6)

for 1 < k < n, where &, &, &3, & are i.i.d. N(0,1)-distributed random variables. If 5 = 1, then, by

the well known inequality, we have

6—12/2 < 16—512/2

2rx x

P12z 2) <

for any x > 0. If 8 = 2, since (&7 + £3)/2 ~ Exp(1), we obtain
P(|Zs] > z) = e =/

for any = > 0. If 8 = 4, we know that &2 + &3 + €2 + &3 ~ x*(4), which has probability density
function ze=*/2I(z > 0)/4. Thus, use ((y + 1)e™¥) = —ye~¥ to obtain that

oo t [o'e)
P(|Z4] 2 x) = / 1e*t/Z dt = /2 ye ¥ dy = (227 + 1)67&2/2

4x2 2

for any x > 0. The desired inequality follows by combining the three cases together. |

LEMMA 2.10 Let {&; ¢ > 1} be a sequence of i.i.d. N(0,1)-distributed r.v.’s. Forn >m >3, set
W= (0 &/ 51 62 Then E(W™?) < n.

Proof. The conclusion obviously holds for m = n. Now, assume 3 < m < n. Write W2 =
L+ 1 &2/ 200, & Then, by independence,

n

1
EW™2) = 1+ (F B R -
(W) +( i:%lm s

1

< 1+(n—m)Em.



Now,
e_(w2+y2+z2)/2

$2+y2+22

2
/ // 1 e 2. (r 51n91)drd91d02

= (Vo2m) '5/700 e 2 dr . /0 sinf; do, - (27) = 1

drdydz

s - V7

Ei
84+6+¢32

where the spherical coordinate transform x = rsinf;cosfy, y = rsinfisinfy, z = rcosb; for
(r,01,02) € [0,00) x [0, 7] X [0, 27] is used above. Combining the above two assertions, the conclusion
follows. |

LEMMA 2.11 Let {&; i > 1} be a sequence of i.i.d. N(0,1)-distributed r.v.’s. Forn >m > 1, set
W= (221 512/ Z?:l 51»2)1/2. Then

Eve—a/W2 <3 (1 + 2(1) B
- 3(m + v2an)

for any a > 0.

Proof. Write W2 =14 (3, _,, 1 &) Oy &)~ " Since {&mi1, Empas -+ ,En} and Y0, & are
independent, we have Ee=aW "~ = e~ E(M"~™), where

. ag, > }
M‘E{ep< S g ) ety

By (i) of Lemma 2.8, Fexp(—£¢2) = (1 + 28)-Y2 for B > —1/2. Tt follows that M = (1 +
2“(22;1 513)71)71/2. Hence,

—(n—m)/2
2a
Ee~/W* — ¢—af <1 + m> . (2.7)
{ S8

By (ii) of Lemma 2.8 and the Chernoff bound, see, e.g., Remark (c) on p.27 from [3], we get

1 m
P (m > &e A) < 2e~mI(4) (2.8)

k=1

where I(A) = infyea I(x) and I(x) = suppep{fr — log Be?$'} = (z — 1 — logz)/2 for z > 0;
I(z) = 400 for < 0. Thus

P (Z > x) <20 ™M @M g > m, (2.9)
k=1

since I(x) is increasing on [1,00). By (iii) of Lemma 2.8, J(x) := I(z)/x is increasing on (1, +00)
and decreasing on (0, 1]. Set g = 2m + 41/a(n — m). Then

P <Z 5[% > $0> < QefmI(a:g/m) _ 2679:0J($0/m) < 2679:0](2) < 267@)/16
k=1



since zo/m > 2 and J(2) = I(2)/2 = (1 — log2)/4 > 1/16. Considering {>_,—, & < xo} and its

complement event, and noticing (1 + 2a/(> -, £))~("~™)/2 < 1, we have from above that

—(n—m)/2 —(n—m)/2
2 2
E (1 - ma2) < <1 + a) + 2¢7%0/16,
> k=1 6k o

Easily, 1 +2 < e for any « € R, then e~20/16 < (14 (2a/z0))~0/(329) Also, 23/(32a) > (n—m)/2.
The above implies that

—(n—m)/2 —(n—m)/2 —n/2
2a 2a 2a
FE 1+ = ) §3<1+) §3e“<1+) ,
{ ( dohe &7 } T 3(m+ v2an)

where the facts (1 + 2azy)™/? < exp(azy'm) < e and 29 < 3(m + v2an) are used in the last
step. This and (2.7) conclude the inequality stated in the lemma. |

LEMMA 2.12 Let yi, e, Wi and Xy be as in (2.1)-(2.3), and let B = 1,2 or 4 according to
F=R,C orH. Then

t2 _ﬁ"/z
. > $) < . . S
P(max [Zi-1yill = t) < 3mn - xs(n, 1) (1 + 3(m+t\/ﬁ))

forany 1 <m <n andt > 0, where

¢t ifB=1
xp(n,t) =q1 if B=2; (2.10)
8nt? +1 if B=4.

Proof. Since ¥ = 0, without loss of generality, we now assume 1 < m < n. By (i) of Lemma 2.5,

. > < . W >
P(max [|Biayill 2 6) < mn- max Pyl Wi 1)

IN

mn - P(|n| - Wipg1 > t) (2.11)

. 1/2
where 7 ~ FN(0,1) and W; = (zfﬁ;” g/ gg) < 1 are independent, 2 < i < n + 1. By
Lemma 2.9, P(|JFN(0,1)| > z) < pg(x) - e=87*/2 where () =1/x, L or 222+ 1 for f=1,2 or 4.

Thus,

P Winss 20 < B {patW ) -exp (w22, ) . (2.12)

Therefore,
(i) If 8 = 1, then @g(tW,;_l‘_l) < 1/t. Taking a = (t?/2, replacing m by Bm, and n by 3n in

Lemma 2.11, we obtain

P(In] - Wipqp1 > t) <

| w

ﬂtQ —pBn/2 3 £2 —fBn/2
(1+3(ﬂm+tﬂ\/ﬁ)> Sf<1+5’)(77”H'75\/77)) .
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(ii) If B = 2, then ¢g(tW,, ) = 1. By (2.12) and Lemma 2.11, choose a = 3t/2, replace m with
Bm, and n with On in Lemma 2.11 to get

62 t2 —Bn/2
>t) < FE - < 14+ — )
i 20 on (it 53 s )

(iii) If 8 = 4, then @g(x) = 22% +1. Notice pg(z) is increasing and ¢ (z) := e=87"/2 is decreasing
over [0,00), respectively. By the well known inequality, F (¢(Z2)¥(Z2)) < Ep(Z) - Ey(Z) for any
random variable Z > 0. Since 1 < m < n, we know Sm > 8. By (2.12) and Lemmas 2.10 and 2.11,

B2,
o mi

—pBn/2
< 3(8nt2 +1)(1+ L / .
- 3(m +ty/n)

Collecting (2.11), (2.12) and the inequalities in (i), (ii) and (iii), we eventually conclude that

P(nl - Wins1 21) - < E{so/a(twn:il)}ﬂexp(

t2 Bn/2
> < -
P 151l 2 0 < 3mn - xa(n )+ (14 5o )

for any t > 0, where
t1 if 6=1;
xp(n,t) =q1 if B =2 (2.13)
Snt? +1 if B8 =4. [ ]

LEMMA 2.13 Let wy be as in (2.3), and ar = /n/||wk| be as in Lemma 2.2. Let also § = 1,2
or 4 according to F =R, C or H. Then

P( max |a; — 1| > r) < 4dme~ pr?/16
1<i<m

for all r € (0,1/4) and m < nr/2.

Proof. First, P(maxi<;<m |a; — 1| > r) < m-maxi<;<m P(|la; — 1| > r). By (iil) of Lemma 2.7,

P(la; —1]>7) < P( vn <1—7~>+P( vn >1+r)

[[will [[will
2 112
2 112
< P(”WZ” >1+2>+P(M§1—r) (2.14)
n n

for any 1 < i < n since 7 € (0,1/4). From Lemma 2.6, we know ||w;[|? ~ Z’Bn ) {2/5 <
Z 2163/ for all 1 <i <m, where {{;; j > 1} are i.i.d. N(0,1)-distributed r.v.’s. Therefore,

2 pn ¢2
max P< wi >1—|—2> <M21+2r>§26ﬁ"/\
n Bn

1<i<m

11



for r € (0,1/4) where A := infy;>149, I(x) and I(z) is given in (ii) of Lemma 2.8. Since I(z) is
increasing on [1,00), A = I(1+ 2r) = (2r —log(1 + 2r))/2 > r?/2 for r € (0,1/4) by (ii) of Lemma
2.7. Thus

12
max P (”W” >14 2r) < 2 Pr*/2 (2.15)
n

1<i<n

for any r € (0,1/4). Now we estimate the last probability in (2.14). Since ||w;|*/n ~ Zﬁ n=itl) &/(nB) >
Zﬁ(" ™) &3/(np) for any 1 < i < m, we have

2 ﬂ(n m)
max P M <l—-r| <P Z § b
1<i<m n ﬁ(n—m)

by (2.8), where b :=n(1—r)/(n—m), B = (—00,b] and I(x) is as in Lemma 2.8. Here the fact that
I(x) is decreasing on (0,1), and that 0 < b < 1 since m < nr/2 are used in the last step. From (i)

9e—Bn—m)1(B)

IA

= 2¢ A=) (2.16)

of Lemma 2.7,

2 2

(1-0)2 _ (nr—m) nr

—m)I(b) > (n — . > —_— 2.17
(= m)10) 2 (n=m)- BP0 > (2T 1 .7
for all 1 < m < nr/2. The inequalities in (2.16) and (2.17) imply that
112 .
max P (M <1- r> < e~ PnT/16, (2.18)
1<i<m n
The desired conclusion follows by combining (2.14), (2.15) and (2.18). ]

Proof of Theorem 1. By Lemma 2.2,

P( Sher II\fek—yk|||>7’5+t)

1<k<

< P -1/ > P > P Y >t
< P (o o =112 r) 42 (e Tl 2 5) + 2 (o 12l 2 )

for any > 0,s > 0 and ¢ > 0. Recall (ii) of Lemma 2.5, Zﬁn k1) 52/2 €2 < 1 for all
1 < k <n. It follows from Lemma 2.9 that

> < . >
P (o il 2 5) < e max Pllwal > o)
< mn-P(|FN(0,1)] > s) < mn-@g(s) e P52 (2.19)

for 1 < k < n, where ¢g(s) is as in Lemma 2.9. Now, (2.19) together with Lemmas 2.12 and 2.13
yields

P< max Ilvner — ye| > rs—|—t>

1<k

Bn/2
: , t2
S 4m6_6”’"2/16+mn-4p5(8) .6_552/2+3mn.xﬁ(n’t) <1+3(W|_W>
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for any r € (0,1/4), s >0, t >0and 1 <m < nr/2, where x3(n,t) is as in Lemma 2.12. The result
follows since pg(s) < xg(n,s) forall s >0, n>1and §=1,2,4. [ ]

Proof of Corollary 1.1. Choose r = 1/logn, s = (logn)®/4, t =t, m = m!, = [on/logn] for
some & < min{1/4,¢2/100} in Theorem 1. It is easy to see that t?/(3(m + v/n)) > t?(logn)/(4nd)
and 1/s <1 for all 5 =1, 2, 4 as n large enough. Noting that

xg(n,t) < xs(n, (logn)3/4) <nd

for § =1,2,4 as n is large enough, we get

P(en(my) > 3t) < P(en(ml) > 3t)
< dpe/ log n)? +n2. xs(n, (log n)3/4) . ¢~ (logn)®/?/2
430 - xa(n, 1) (1 N ﬁlogn>n/2 »
46
as n — oo by the choice of 6. |

3 Appendix

Recall that H is the set of real quaternions stated in the Introduction. For a = a1+asi+asj+ask € H,
its conjugate a* = a; — agi — azj — ask, and its norm |a| = (a? + a2 + a3 + a?)V/2. Let A = (a,,)
be a matrix with entries a,, € H for all p and g, the conjugate of A is A* = (a;,). We say a square
matrix A is self-dual if A* = A.

The following statements and lemmas about matrices of quaternion entries, as in the linear
algebras, look quite familiar. However, since the multiplication operation of the elements in H is not
commutative, the statements need to be verified. It seems hard to find their proofs in the literature,

we collect and prove them next.

LEMMA 3.1 Leta,b € H, and A and B are matrices of quaternion entries. Then (i) (ab)* = b*a™;
(ii) |ab| = |a| - |b|; (i) (ab)™' =b"ta™t if a # 0 and b # 0; (iv) (AB)* = B*A*.

Proof. (i) Let a = oy +agitazj+ask and b = 314 02i+F55+ B4k, where oy, §; € Rfori =1, 2, 3, 4.

Then, by the identities that i2 = j2 = k2 = —1, ij = k, jk =14, ki = j, ij = —ji, ik = —ki and
jk = —kj, we have

ab= (11 — aafla —a3f3 —asfs) + (0qf2+ a2fi + azfBs — asfs)i
+  (oufs+ asf + asfe — asf)j
+

(0184 + aafi + asfs — asfa)k. (3.1)

13



Thus,
(ab)” = (1f1 — azfa — azfs —aufBs) — (1fe+ B +azfs — auf3)i
— (103 + agfr + aafe — a2f4)]
— (o fs+ aaf + azfs — azfa)k.

Notice that a* = a3 — a2t — azj — ask and b* = 81 — Bai — B35 — Bsk. Applying formula (3.1) to

b*a*, we see (ab)* = b*a*.

(ii) Note that (|a| - [b])? = (3,1 a2) - Y25y B2, It is trivial to verify that [ab]? = (|a| - [b])?
(3.1).
(iii) Since cc* = c¢*c = |c|? for any 0 # ¢ € H, then ¢! = ¢*/|¢|?. It follows from (i) and (ii) that
b bt b a*
b_lz(aizizi.izb_l —1
O =@ = fap =P T =

(iv) Let A = (ape) and B = (b,,). For matrix C = (¢p,), we use C,, to denote the (p, ¢)-entry
of C. Recall C* = (c,,). First, obviously, (B*A*),, = >, by,az.. It is easy to see that

((AB)")pq = Z aqkbrp)” Z bkp qk>

where (i) is used in the last step. Thus, ((AB)*),, = (B*A*),, for any p and ¢. That is,
(AB)* = B*A*. |

Let A = (a;j)nxn with a;; € H for all 1 < 4, j < n. Define tr(A) = 3", a;;. Obviously,
tr(A 4+ B) = tr(A) + tr(B) for any A and B. If A* = A then {a;; : 1 <i < n} are real numbers,
so tr(A) is a real number.

LEMMA 3.2 Let A* = A. Then tr(U*AU) = tr(A) for any U € Sp(n). In particular, tr(A) =
S N, where {\i; 1 < i < n} are eigenvalues of A, that is, there exists x; € H" such that
Ax;, = \ix; foralli=1,2,---,n

Proof. By the spectral theorem for hermitian quaternion-real matrices (see, e.g., Theorem 2 on
p.145 from [8] or Theorem 3.2.1 on p.59 from [15]), there exists a matrix V € Sp(n) such that
A = V*diag(A1,--- ,\n)V, where \;; 1 < i < n, are eigenvalues of A, and they all are real

numbers. So it suffices to prove the first conclusion. We claim
Re(tr(ST)) = Re(tr(TS)) (3.2)

for any two multiplicable (not necessarily square) matrices S and T, where Re(a+bi+c¢j+dk) =a
for any a, b, ¢, d € R. If this holds, then

tr(U*AU) = Re(tr(U*AU)) = Re(tr(AUU*)) = Re(tr(A)) = tr(A).

We now verify (3.2). Let S = (s;;) and T = (¢;;). Recall (i) in the proof of Lemma 3.1 and (3.1),
we have Re(a + b) = Re(a) + Re(b) and Re(ab) = Re(ba) for any a,b € H. Therefore,

Re(tr(ST)) = Re( Zs” i) = Re( ZtﬂS” = Re(tr(T8S)). |
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Let e € H" be a unit vector, since (ee*)* = ee*, by (3.2),
tr(ee*) = Re(tr(ee”)) = Re(tr(e*e)) = 1. (3.3)

LEMMA 3.3 Let the entries of an n x n matriz A be in H such that A* = A and A? = A. Then
there exist an integer 0 < r < n and a matriz O € Sp(n) such that

I. 0
A=0" (0)
0 0

Proof. By the spectral theorem for hermitian quaternion-real matrices (see, e.g., Theorem 2 on
p.145 from [8] or Theorem 3.2.1 on p.59 from [15]), there exists a matrix B € Sp(n) such that
A = B*diag(\1, -+ ,A\,) B, where \;, 1 < i < n, are real numbers. Since A2 = A, we have
diag(A\?,--- ,A2) = diag(\1,---,\,). This says that \; = 0 or 1 for any i = 1,2, - ,n. Write
diag(A1, -+, Ay) = P*diag(1,1,---,1,0,---,0) P for some (real) permutation matrix P. The con-
clusion follows by taking O = PB € Sp(n). |
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