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1 Introduction

Motivated by comparisons of protein structures with three dimensional foldings (see [14]
and [18] for further details), we study maxima of partial sums of i.i.d random variables
with indices on d-dimensional lattices points (d > 2) as well as positive random numbers
generated by the uniform distribution over the three-dimensional cube. Before stating our
main results, let us recall a result for the one-dimensional case.

In our context, the random variable X is typically assumed to satisfy the following

condition:
X is non-lattice, F(X) <0, P(X >0) >0, and Fexp(tX) <oo forallteR. (1.1)
Under condition (1.1), there is an unique constant 6 > 0 so that
Eexp(0X) = 1. (1.2)

The following lemma was first proved probably by Spitzer (E4 in page 217 from [22]). See
also (5.13) from [11].

LEMMA A.1 Let {X,X,;n > 1} be a sequence of i.i.d. random variables with X satisfy-
ing (1.1). Set S = Zle X, k> 1. Then

K := lim eatP(Il?;ii(Sk >t)=CJ6,

t—400

where

_ Aexp{—237°, z(Elexp(8Sk); Sk < 0] + P(Sk > 0))}

¢ E[X exp(0X)]

and A = exp{d>_ 32, P(Sk > 0)/k}. The above expression for C follows from i.i.d. fluctua-
tion sum identities (Chapter 12, [11]).

Lemma A.l is important for i.i.d. partial sums. Iglehart ([13]) used this result in the
continuous i.i.d. case in the course of characterizing the asymptotic maximal waiting time

among the first n customers in a standard GI/G/1 queue. One such result is as follows:

THEOREM A.1 Let {X,X,;n > 1}, S and K be as in Lemma A.1. Set So = 0. Then

logn

p( max (S; — 8i) <

—Ke 0=
+z)] —>e as n— oo
0<i<j<n

for any z € R



For more information on oscillation phenomena for partial sums of i.i.d. random variables
see Deheuvels and Devroye ([5]), Rootzen ([17]), Siegmund ([19]) and the references therein.

In this paper, we study counterparts of Theorem A.1 for two or higher dimensional cases.
Due to the complexity of higher dimensional spaces, a discrete version and a continuous
version are studied separately. Now we state our results for the first part.

Denote the set of all positive integers by N and d-fold Cartesian product of N by N¢,
namely, N = {I = (41,42, ,iq); i € N,k =1,2,--- ,d}. For any n > 1, define the set of
all sub-cubes and that of rectangles in {1,2,--- ,n}¢ by O, and R, respectively. Precisely,
for any A € O,, and A’ € Ry, there exist {jx}¢_,, {lx}¢_, € N? and m € N such that

A:{(Zla 7Zd)€Nd7 ]-S]k:gzk S]k‘—l—mgna k:1a27 7d}7 and

AI:{(il"" aid) ENdv 1 S.]k: Szk Slk Sna k= 1523"' ad}
Assuming that {X, X7; I € N?} are i.i.d. random variables, let Sa = Y orea X1,

W, = max Sa and U, = max Sa.
A€ A

n ERn
We focus mainly on these two statistics in the first part of the paper. Strong laws and
limiting distributions of them are derived.
For the random variable X mentioned in (1.1), the corresponding log of the moment
generating function and its conjugate which is also called the rate function are

Ax(t) =log Eexp(tX), Ax(z):= igﬂg{m —Ax(t)}.

When there is no confusion, we may for the sake of convenience, write A(t) for Ax(¢) and
A*(z) for A% (z), respectively. To understand the limiting distributions of W,, and U, we
need the following local properties of partial sums corresponding to that of Lemma A.1 in
one-dimensional case. Recall S, = Ele X;, k > 1 are the partial sums of a sequence of
ii.d. random variables {X, X;;7 > 1}.

THEOREM 1 Suppose condition (1.1) holds. For z > 0, let y(z) = (z/A'(8))Y? and
8(z) = 04 exp{—pB(i + 2)?}, where 8 = 2A'(6)%/A" (9). Then

t=—00

o Jze 1 [ A9
B Sehi >2) = 4| ——.
Jm Sy T Sk 2 2) = G\ [ 5

Although we assume X is non-lattice in all of our results here and later, the lattice cases
can be treated similarly. We omit them in this paper. When d > 3, we have the following

result.



THEOREM 2 Suppose condition (1.1) holds. Let Gy,(z) = exp(—n?A*(z/n%)), where n :=
[(z/A'(6))4] (recall [x] is the biggest integer no larger than x). Then for any integer d > 3

A'(6)

1
: -1 >2) =~ :
Jim v/2(Gn(2) + Gy (2) ™ Plmax Spa 2 2) = gy [ 50

Why are the results for d = 1, d = 2 and d > 3 are so different? For ease of discussion,
assume that X is bounded. Compared to a given large number z, S is very small both
when k is small (because X is bounded) and when £ is large (because of the negative mean).
Let I'y be the set of integers k£ which essentially contribute to maxy>1 Sia. By a computation
given later in this paper, we know that T'; is the set of integers in (z —+/z log z, z ++/2z log 2).
The size of 'y is therefore roughly equal to

<z+ zlog z )l/d— (z— @)l/d o~ \/llole'

z2 d

Obviously, d = 2 is the critical value in which the size of 'y is roughly 1/log z in contrast
to v/zlog z when d = 1. When d > 3, T'y consists of at most some fixed set of integers. The
real calculation shows that the size of I'y in this case is at most two.

Now we turn to another case of local properties of partial sums. Let {X, X, ;; i > 1,5 >
1} be i.i.d. random variables and Sy, = >7_; >20_) Xi ;-

THEOREM 3 Let U = maxp>1,¢>1 Spq. Suppose condition (1.1) holds, then

1
lim e%*(log2) ' P(U > 2) = ——.
z2—+00 0 Al(g)

For the one-dimensional case, the proof of Lemma A.1 depends on classical fluctuation

theory. The proofs of the above theorems are totally irrelevant to that.

The following are strong laws for W, and U,,.

THEOREM 4 Suppose condition (1.1) holds, then for any d > 2,

(i) n]i)nolo Tog — g as and (i) nli}rgo Tog = g s

The following are limit laws of W, and U,,. As usual, log, n = log(logn), logs n = log(logy n).

THEOREM 5 Suppose that d = 2 and condition (1.1) holds. Let t, = logd(y(2logn/@)),
where the functions §(-) and () are as in Theorem 1. Define logyn = log(logn). Then

1 1 —6x
lim P (Wn <= {2logn— §log2n+tn} +$> = ¢ Kie™”

n—00 0

for all z € R, where Ky = 271,/A'(0)/(m0A" (9)).
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THEOREM 6 Suppose d > 3 and condition (1.1) holds. Let k, = inf{k € N;(log k)/2 +
ak? > logn}, where a = OA'(9)/d, and r,, = exp {dlogn — d(log k,)/2 — k20N’ (0)} . Then

(%]

P (Wn < N(9)kS + a:) — g Harne™"

where Ko = (04/27A"(6))7L.

It is easy to see that r, of Theorem 6 does not converge. Also P(W,, < A'(0)k& + z)

does not converge, but Theorem 6 gives a first order of approximation for the probability.

THEOREM 7 Suppose condition (1.1) holds, for d = 2, we have that

21 1 0
P(Un§ 00gn+ O%J’n—{—a:) s g Kae™ WV € R,

where K3 =1/6+/A\'(0).

From Theorem 4, we know that both U, and W, have the same scale. But evidently,
U, > Wy,. Theorem 5 tells us, loosely speaking, that W, ~ (2logn — (1/2)logyn)/6 when
d=2. The above theorem says roughly that U, ~ (2logn + logzn)/6 when d = 2. The
difference between them is obvious.

The analogue of Theorem 7 for the high-dimensional case is not derived in this paper
because a related number theoretic problem is unsolved. In fact, one of the key steps in

proving Theorem 7 is to show that

Z q(k)e_(k_yy)z ~ ay/ylogy asy — +o0 (1.3)
kel,
for some constant a > 0, where g(k) = #{(r,s) € N?;rs = k} and I, is an interval depends
on 7. To solve the analogue of Theorem 7 for the high-dimensional case, a calculation similar
to (1.3) must be done. See Remark 5.6 for further details.

The above results can also be thought as natural extensions of the classical Erdos-Rényi
law (see [10]) and its followups such as [5] to a higher dimensional setting.

In the second part of this paper, results in the “continuous” setting are obtained. They
are actually motivated by a procedure given by Karlin and Zhu [15], which studied clusters
of charged residues in protein structures. To focus on mathematics, we omit any details of
biology throughout this paper.

Assume that {Y,Y;;7 > 1} is a sequence of i.i.d random variables with uniform distri-
bution on [0,1]3. For any z = (z1, %2, z3) € R, ||z| = max{|z1],|z2|, |73|} is the maximum

norm. A ball centered at x and with radius 7 under this norm is denoted as B(z,r). We



denote by F the set of all sub-cubes inside of [0,1]? such that their six faces are parallel to
those of [0,1]3. Specifically,

F ={B(z,r) C[0,1]*; z € [0,1]*,0 < r < 1/2}. (1.4)

Let {X,X,;n > 1} be a sequence of i.i.d. random variables. For any B C [0,1]?, define
Sn(B) =Y i X;I{Y; € B}. We consider the following two statistics:

Wy, = max Sn(B), and U, = max Sn(B), (1.5)

where B:= {B = B(Y;,r) C[0,1]3; 1 <i<mn, 0 <r <1/2}.

THEOREM 8 Suppose condition (1.1) holds, then

THEOREM 9 Suppose condition (1.1) holds, then

logn

lim P (Wn <

n—oo

+ iL‘) = exp(—Ke %)
for any x € R, where K is a constant as in Lemma A.1.

The method of proof of this result is a combination of the classical fluctuation theory in
the one-dimensional case and the “diffuse” property of high dimensional spaces. We may
think of Theorem 9 as one of the results of scan statistics, see [20] and [21] and the literature
therein.

One application of our results is the following change point problem. Suppose we have

independent observation on two dimensional lattice points:

-14 -33 —-18 —-28 —-02 —-23 —-30
-24 -31 —-12 —-25 —23 —-27 —1.6
-06 -11 -03 —-41 —-09 —-15 —-05
-28 -19 -30 -07 —-28 —-12 —-15
-12 —-14 —-26 1.2 14 1.3 —-0.7
-1.8 —-19 -25 1.6 1.3 14 —4.2
-15 -16 -11 —-15 —-01 —-29 —-1.2

Figure 1.1



One immediately notices that there is some zone where the data are significantly different
from those in the other parts ( The above data are actually sampled from the distribution
N(—2,1), and the data in the area enclosed by the fifth and sixth rows and the fourth and
sixth columns are later changed manually to the current ones). This is a typical setting in
change point problems. The goal is to detect whether there is a zone from which the data
are different from the data in other zones. Siegmund and Yakir in [21] studied this problem
recently by using the likelihood ratio test. Our Theorems 5, 6 and 7 provide another way
to study such a problem in which data are assumed from a population with negative mean
and essential positive part. So far we do not know which method is more efficient.

Finally, let us give the outline of this paper: We will prove results on maxima on squares,
rectangles and random cubes in Sections 2, 3, and 4, respectively. We give some concluding

remarks in the last section.

2 Proofs of Theorems 1, 2, 4, 5 and 6

2.1 Notations and some auxiliary lemmas

Throughout this paper, we use the following notations:
N : The set of all positive integers.
R := (—o00, +00).
[a] : The integer part of a.
|A| or #A: the cardinality of a set A.
I4o0r I(A)orlyor1(A) are the same function of z :=1if x € A, = 0 otherwise.
ap ~ by : an/b, — 1 as n — oo.
an = O(by) : limsup,_,q |an/by| < oc.
ap = o(by) : limy,_,o an /by, = 0.
a Vb := max{a,b} and a A b := min{a, b}.
EAf(&,&0,-++ ,&n) : Suppose &1,&9, -+ ,&, are random variables. For f(z1,z9, - ,2n),
a real-valued function on R", denote by EAf(£1,&, -+, &) the conditional expectation
E(f(&1,&2,--- ,&,)|B), where B is the o-algebra generated by {&x,k ¢ A}if A C {1,2,--- ,n}
or by {&1,--- ,&,}\A if A is a subset of {{x,1 < k < n}. The same interpretation applies to
P4 too.

Before proving the main theorems, we collect some tools which will be frequently used
in this and later sections. Some of those tools are quoted directly from the literature. They

will be denoted by Lemma A.2 and Lemma A.3 etc. as in the introduction. We use the



numbering such as Lemma 2.1 and Lemma 3.2 to denote those results which need proofs.
The following inequality provides us with bounds for tails of sums of independent and

bounded random variables, see Exercise 14 in page 111 from [4] or page 193 in [16].

LEMMA A.2 (Bernstein’s Inequality). Let {X;; 1 <1i < n} be a sequence of independent
random variables with EX; = 0, EXZ-2 = aiz and |X;| < 1. Denote s2 =" o?. Then

i=1"1¢
P(S, > z) < exp{—2%/2(s% +z)}, >0.

LEMMA 2.1 Let {X,;a € A} be a collection of i.i.d random wvariables, where A is a
finite set. Suppose that A, A1,B and B; are subsets of A satisfying |A| = |A1|, |B| =
|B1| and |[AN B| < |A1 N By|. Let ®(z) be a measurable function on R. If |A| = |B| or ®

is monotone, then
E®(54)®(SB) < E®(54,)9(5B,);
where Sc =) cc Xa for any set C.

Proof. We distinguish two cases.

(i) Suppose |A| = |B|. As mentioned earlier, E4(Y) := E(Y|Xq,« € A\A) for any random
variable Y. Take a subset D C A; N By for which |D| = |A; N B;| —|AN B|. Then from the
invariance property of the joint distribution of {X,;a € A}, it follows that

E(54,)8(5p,) = B4 (B4\P19(Sy,)) = ENENED (B4 9(5,y,))?
> E(AIOBI)\D(E(AI\BI)UD@(SAI))2 — EAOB(EA\BCI)(SA))Q — E(I)(SA)(I)(SB)

where the only ”>" appearing in the above argument is by virtue of the Cauchy-Schwartz
inequality.

(ii) Suppose that ® is monotone. As above, take a subset D C A; N Bj so that |D| =
|A1 N By| — |AN BY. It follows that

E®(S4,)®(Sp,) = EMNB{EANPI§(S,, ) EP & (Sp,)}
E(AlﬂBl)\DED {E’AI\BI ¢(5A1 )EBI \A1 @(SBI )}
> EAWNBINDpANB)UDg (g, \EBNADUDG (G, )} = ES(S,4)D(Sp)

where we use the easy fact that Ef(Y)g(Y) > Ef(Y)Eg(Y) for any two increasing functions
f, g and a random variable Y in the only inequality appearing above. N

The following Poisson approximation theorem is a straightforward application of The-
orem 1 in [1], which is a special case of the Chen-Stein method. The lemma is used quite

often in analyzing maxima of random variables.



LEMMA 2.2 Let Q2 be a finite set and A be a collection of some subsets of Q. Suppose
that {Xo, o € Q} is a collection of random variables. Write Sa = Y c 4 Xo and X =
Yo aea P(Sa > t) for a fived t € R. Then

|P(I}11a34(SA < t) — 67’\‘ < (1 A /\71)(1)1 + by + bg),
S

where

=>" > P(Sa>t)P(Sp>1), => > P(Sa>t Sp>t),

A€EA B:BNA#D A€EA B:BNA#D
= Y E|P(Sa > tlo{Sp; BNA=0}) — P(Sa > t)],
AcA

where c{Sp; BN A = 0} is the o-algebra generated by the collection of random wvariables
{S; BN A = 0}. In particular, if {Xa, a € Q} is a set of independent random variables,
then bz = 0.

Proof. Let Y4 = 1(S4 > t), and B4 be the set of all B such that BN A # (. Then the

result follows from Theorem 1 in [1]. W

The next lemma, whose proof may be found in Remark (a) below Theorem 3.7.4 in [§],

collects useful properties of A(t) and A*(z). Their definitions are given in the introduction.

LEMMA A.3 Suppose Eexp(tX) < oo for allt € R and X is non-degenerate. Then

(i) A"(t) > 0 for all t € R,

(ii) A*(x) is infinitely differentiable in the interior of the convex hull of the support of X.
(i11) If condition (1.1) holds, then A*(A'(0)) = OA'(9), (A*)'(A'(0)) =0 and (A*)"(A'(6))
= 1/A"(0), where 0 is as in (1.2).

LEMMA 2.3 Suppose condition (1.1) holds. Let Dy~ = {z € R;A*(z) < oo}. Then
I(z) := A*(z)/z is strictly decreasing on (0,A'(0)] and strictly increasing on [A'(0),+00) N
Dp~.

Proof. Obviously, the condition (1.1) implies that [0, +00) C {A(¢); t € R}. Moreover, A(t)
is a strictly convex function. Thus, for any zo > z1 > A’(6) such that A*(z;) < 00,7 =1,2,
there exist to > t1 > 0 such that z; = A'(;),7 = 1,2. It follows from #; > 0 that A(t;) > 0.
It is easy to see that A*(A(t)) = tA’(t) — A(t). Consequently,
A* At At A*
(1) — it - (t1) <t - (t)  A*(a2)

T T T2 T X2

(2.1)



If 0 < z1 < 2o < A'(0), then there exist 0 < t; < to < 0 such that z; = A'(¢;) and
A(t;) < 0,4 =1,2. By using the same argument as (2.1), we have A*(z1)/z1 > A*(z2)/z2.
|

Let {X,X,;n > 1} be a sequence of i.i.d. random variables with mean u. Recall
that S, = >, X; are partial sums. We always assume that X is non-degenerate. The
following proposition, which is slightly stronger than the usual Bahadur-Rao theorem (see
[2]), provides us with uniform estimates of tail probabilities. It is a pivotal tool in our

proofs.

PROPOSITION 2.1 Suppose X is non-lattice and A(t) < oo for all t € R. Then

sup |Cn(n)P(Sp >nA'(n)) —1] =0 asn — oo
a<n<b

for any two constants b > a > 0, where Cy(n) = n+/2xnA"(n) e (VM)
Proof. Obviously, A*(A'(n)) = supjy<q4s{tA'(n) — A(t)} for any 1 € [a,b]. Since X is non-
lattice, the random variable Z := e!X /Ee!X is also non-lattice. Denote the characteristic

function of Z by ¢z(s). Then ¢z (s) = Eeltts)X /EetX and |¢,(s)| < 1 for any s # 0. By

continuity, we have that

Eelttis)X
sup |————| <1
X
n<isi<a | Be'
[t|<a+b

for any constants 6; > 0,5 = 1,2. It follows from Theorem 3.3 and Remark 3.6 in [3] that
P(S, > nA(n,)) ~ Cp(nn)~! as n — oo for any {n,;n > 1} C [a,b], which implies our
desired result. W

A consequence of the above proposition follows. It will be used as a tool for finding accurate

estimates.

COROLLARY 2.1 Suppose the condition in Proposition 2.1 holds. Then, for any given
6 >0,

sup sup  |Cu(z,n)P(Sp >nA'(n)+2z)—1] =0 asn — oo,
a<n<b |z|<sy/nlogn

where Cp(z,n) = Cpn(n) exp{nz + (£2/2A"(n)n)}, and Cy(n) is as in Proposition 2.1.

Proof of Corollary 2.1. For any |z| < dy/nlogn, a < n < b and sufficiently large

n, there always exists an unique 7, , for which A’'(n, ;) = A’(n) + =/n. This is because
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z/n — 0 and A'(-) is strictly increasing. By the same reason, there exist a; and b; satisfying
a1 < a<b<band {n,s; |z| <dy/nlogn} C (a1,b1) for n large enough. Therefore

Cn(iE, )P(Sn > nAI("]) + .’L') = Cn(man)P(Sn > nAl(nn,x))

Cr(z,m) '
ety [Cnlma)(P(Sh 2 0 ()] -

By Proposition 2.1, it remains to show that

Cn(z,n)
Cn (nn,w)

uniformly in z and 7. By Taylor expansion and Lemma A.3,

Cn(z,m)  ny/A'(n)

= exp | ——=
Cn(nn,x) M,z \/ A”(nn,z) P [ 67

where &, is between A’(n) and A’(n)+n~'z. Obviously, we have that |(z3/6n2)(A*)®)(&,)] <
n=1/2(logn)3/? SUP,, <z<h, |A*®)(z)]. On the other hand, let h = infyca, 1] A" (n). Then
h € (0,00) and by the Mean Value Theorem §+/logn/n > |A'(n) — A (npz)| > hln — Mzl

Apply the Mean Value Theorem again to the function z1/A”(x) to obtain from (2.3)

= (e

-1 (2.2)

3

(A (&»] , (23

)
sup

-1 < —
‘ N (lall + |bl|)h a1 <n<by

Cn(nn,m)

Therefore, (2.2) is true. W

The following easy fact is called Chernoff’s bound (see e.g. p.p. 31 in [8]). It is weaker

than Proposition 2.1, but it is a simple and non-asymptotic bound.

LEMMA A.4 (Chernoff’s bound) For any x > EX,
P(S,/n > z) < exp(—nA*(z)), Vn > 1.

The following lemma is frequently applied when proving theorems on maxima of partial

sums via the Chen-Stein method.

LEMMA 2.4 Suppose A, B, and C are disjoint sets of indices. Let {X, X,;a € AUBUC}
be i.i.d. random variables with X satisfying condition (1.1) and p := EX. For any subset
D c AUBUC, we use the notation Sp := ), Xa- Then,

P(SsuB > 2,SBuc > z) < 2e7077mi¢ < 9gbz—mal,
where ¢ = sup,c,<o{A" () AO|z[} >0, mi = |A| V|C]| and mo = [AU C|/2.

11



Proof. Assume, without loss of generality, |A| > |C|. Then
P(Saus > #,Spuc > z) < P(Sa > z|A[)P(Spuc > z) + P(Sp > z — x| A|)

for any > p. By the Chernoff bound, P(Sa > z|A|) < exp(—|A|A*(z)). Also, by using
that Fexp(fX) = 1 and the Markov inequality, we have P(Spuc > z) < e % and P(Sg >
z — z|A]) < exp(—0z — 6|z||A|). Therefore,

P(SauB > z,Spuc > z) < 2exp{—0z — |A|(A"(z) A O|z|)}.
The lemma follows by choosing the smallest bound over z € (11,0). W

LEMMA 2.5 Assume X satisfies condition (1.1). Let d € N be a constant and S
Y ieq Xi. Then there ezxist constants r > 1 and to > 6 such that

Z P(Spa > z) + Z P(Sia > 2z) = o(e™%%) as z — oo.
k>rzl/d k<r—1zl/d

Proof. Let r; = (3A’(6)/2)'/¢. Recall the definition of I(x) in Lemma 2.3. Tt follows that
A =t infy>3p0(9)/2 I(z) > 0. Then by the Chernoff bound and Lemma 2.3,

Z P(Skd > z) < Z e—k:dA*(Z//cd) < Tflzl/d exp(—/\z) _ O(e—)\lz)
k<r[lzt/d k<rilzi/d
as z — 00, where A\; = (0 + A\)/2. On the other hand, for any ¢ > 0
Z P(8p > 2) < Z e_de*(o) o ctA*(0 /( )) :O(e—)\lz)
k>czl/d k>czl/d
for any given ¢ > ry = (A /A*(0))'/%. Take r = max{r;,r, + 1} to conclude the proof. M
LEMMA 2.6 Suppose condition (1.1) holds. For any two positive functions a(z) and b(z)

such that (a(z) 4+ b(2))/2"/% = 0, and two positive numbers r, s such that s < co < r, where
co = (A'(8))~Y4, we have that

zraed? Z P(Spa>2)=0 (e_c(z)221_2/d) as z — 00,
kel
where T, = {k € N; s2Y/% < k < co2'/% — b(2) or coz'/* + a(z) < k < rz'/%} and
c(z) = a(z) Nb(z), z> 0.
Proof. Let T, = {k € N;coz'/? + a(z) < k < rz'/4}. Then, by Proposition 2.1 and Lemma
2.3,

d A * 141 %y %
k; P(Spa > 2) < ck; = exp{—k*A%( d)} < Cz 2V exp{—h(z)A (W)}’

12



where h(z) = (coz/® +a(z))%. Here the constant C, which depends on A(-) and d, may vary
from line to line. Write A = z/h(z) — A’'(9). By Taylor expansion A = —dcya(z)z~+/¢ +
O(a(z)%2~%%). By Taylor expansion again and Lemma A.3

0z

A*(eh(2)™) = ON'(6) + A0 + SA2(A"(6) + o(1)) = e

+ O(a(z)%272/4).

Therefore, h(z)A*(z/h(z)) = 0z + O(a(z)?z'~?/?). Hence,

Z%—éeﬂz Z P(Skd > Z) -0 (e—a(z)2z1—2/d) .
kel,
By the same arguments, the above estimate is also true if I, and a(z) are replaced by T',\I",

and b(z), respectively. This completes the proof. H

2.2 Proofs

Recall N is the set of all positive integers. N is the d-fold Cartesian product. Capital letters
such as I, J, L, etc. will be used to denote points in N¢. The notation (i, 4, ,iq) = I <
J = (41,2, ,ja) means that 4 < j; foralll = 1,2,--- ,d, and I < J when all inequalities
are strict. Also, as convention, I+ J = (i1+j1,42+7j2, "+ ,ig+jq) and m = (m,m,--- ,m) €
N Let A=A, J)={LeN; I<L<J}, Ro={A=A(I,J); 1<I<J<n} We
now turn to the proofs of Theorems 1, 2, 4, 5 and 6. To prove Theorem 4, we need the

following two lemmas.

LEMMA 2.7 Define qq(k) = #{(i1, - - iq) € N%; dyigp---ig = k}. Then

m

> qa(k) < m (log(em))* !

k=1

form >2 and d > 2.

Proof. We prove the lemma by induction. When d = 2, it is easy to see that

m m m
D qoli) = [7]
Note that
q q—1
1 1
Z % < log 1 < %
k=p+1 p k=p



for any two positive integers p < g. Thus

Z(h

for all m > 2. So the lemma is true for d = 2. Observe that

- < mlog(em) (2.4)

Ms
.| =

1

ii

m
>l =) Z a1
Suppose the lemma, is true for d = > 2. Then it is easy to check that
m m [m/i] m m miy =1
Zqu Z Yoalk) <y [7] (108;6 [7])
j i=1 k=1 i=1

s|;_n

m
< m(log(em))~? Z < m(log(em))!,
=1

where the last inequality is from (2.4). The proof is done. W

LEMMA 2.8 Suppose that condition (1.1) holds. For any given ¢ > 0, there ezxists ¢ > 0
such that ¢ < A'(0) < 1/c and

> quk)P(Sk > 2) = 0(e™ ?)
kg (cz,z/c)

as z — +00.

Proof. First, by Chebyshev’s inequality and Lemmas 2.3 and 2.7, for any ¢ < A’(6), we
have

—kA*(2/k) < 41 —I(l/c)z
(}Cn;:): e )KZCZ qa(k) < cz(4log cz)4~

> aak)P(Sk > 2)

k<cz

IA

= 0()

for sufficiently large ¢ > 0. By Lemma 2.7, we have that gg(k) < k(4log k)41 < A" (0)k/2
for all £ large enough. It follows that for given ¢ > 0

Y aa(k)P(Sk > 2) < Y qa(k) exp(—kA*(0)) < e MO/ /(1 — MO,

k>z/c k>z/c

The result follows by choosing ¢ appropriately. B
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Proof of Theorem 1. Let a(z) = nvlogz, n > 1,and A, = {k € N; |[k—v(z)| < a(z)}.
Then by Lemmas 2.5 and 2.6, we know that

Vze" 3" P(Sj2 > 2) = O(/*7).
ke Ag

Therefore, to prove this theorem, we just need to prove the following two asymptotic for-

mulas:
VAN TS PS> 2) ~ g, (2.5
keA,
\/EeezP(llcTé%x Spz > z) ~ /ze% Z P(Si2 > 2). (2.6)
? keA,

By Corollary 2.1

(S > 2) ~ 2 — N (0)k?)? }

1
0\ 2nk2A (0) {_92 - SN ()2
uniformly for all k € A,. Note that for these k’s we also have that 1/k? = 1/c2z +
Ola(z)/23?), 1/VE2 = 1/3/2z + O(a(2)/z) and (z — A'(0)k?)? = O(2~/?a(2)?). Thus, it
follows that

Vze? Z P(Si2 > 2)

k€A,

S o 3 e { - (k) EEOER o (21 o

keA

By the definition of y(z), we have that

C-NORE ot 1)

¥4 z

(k—7(2))? = 40'(0) (k — 7(2))* + O((log 2)*/? /)

uniformly for all £ € A,. Therefore

N(O) \ (z — A (O)k2)2 b2
Z exp{— <2A"((;)> ( z( k) }N Z e PEE)" 4L O((log 2)?/2).

k€A, kEA,

Obviously, E|k\2a(z) e PR < 9 EkZa(z) e—Ba(2)k — O(z‘ﬂ”Z), which, together with the above
equality and (2.7), yields (2.5).

Now, we turn to prove (2.6).

For any (i,j) € A, = {(i,j) € N : cgv/z —a(z) < i < j < cov/z + a(2)}, set
Cij = (% —i%)|u|/2. Then, min; jea, C;j ~ co|p|y/z as z — co. By Lemma 2.4 there exists
a constant C' > 0, so that

P(Sp» > 2,85 > 2) < Cz~ 2 exp{—0z — C~'\/log z} (2.8)

15



uniformly for all ,j € A,. Therefore, by the Inclusion-exclusion formula,

Vze' (Z P(Sk2 2 2) — P(max 8> > z)) < Vze Z P(Sp 2 2,85 > 2)
keAZ (’L,])GA;
O(e—C\/@/Z).

Then, (2.6) follows. W

LEMMA 2.9 Suppose condition (1.1) holds. Let g(t) = tA*(z/t),t > 0. Recall n =
[(z/A'(0)Y4, d >3 and Gi(z) = exp(—g(k%)), k > 1 as in Theorem 2. We have that
(1) ligjénf eaZ’chliz/d(Gn(z) + Gpy1(2)) >0 for some constant C > 0.

(i)  liminfz 12/4 (g((n —1)%) - g(nd)) >0 and

Z2—+00

lim inf 7~ 1+2/4 (g((n +2)%) — g((n + 1)d)) > 0.

Z2—+00

Proof. (i) It is easy to check that

dg(t) * *\/ dQQ(t) _ 2 *\1!
B2 =N ft) - WY 611, S5 = P ). (29)

Let m be n or n 4 1 so that |m — (z/A’(8))*/¢| > 1/2. By Taylor’s expansion and Lemma
A3,

g(m) = 0z + Z(A")" (N'(6) + o(1)) m(z/m* — N'(6))”

Then (i) follows from that (z¢ — y?)/(z —y) > dy® ! for any = >y > 0.

(ii) We only need to prove the first liminf inequality. The second one is proved similarly.
By (2.9), Taylor’s expansion and Lemma A.3, g(m?) = 0z+(Cx /z)(m%—z/A'(0))%(1+0(1))
for some constant Cy > 0 and m = n — 1,n. Note that (m¢ — z/A'(0))(1/z) = O(z'~%/4)

for m =n — 1,n. Thus

ol — 1)) — gln?) = X { (-1 )~ (e m)} Fo(et2/%).

Consequently, the desired result follows by using the formula that a? — b*> = (a + b)(a — b)
and n? < z/AN(@) < (n+1)%. N
Proof of Theorem 2. By Lemma 2.5, there exists r > 0 and #y > € such that

> z) — > 2)| < e W, :
‘P(Il?gf( Sia > 2) P(r—lzl/rdnglzcgrzl/d Spa>2z)| <e (2.10)
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By the Chernoff bound and (iii) of Lemma A.3, there is a constant Cx such that

|P( max Spa > 2) — P(max{S,q, S 11ya} > 2)|

T_lzl/dSkSTzl/d

IN

Z + Z eIk < Oy 2 /(e 9 =1 4 e=0((n+2)D)) (2.17)

r=1z1/d<k<n—1 n4+2<k<rzl/d
By the same arguments as are used to obtain (2.8), we have that P(Spa > 2,5, 1)¢ > 2) =
O(exp(—0z — Cz'1/%)) for some C > 0. Therefore

P(Spa > 2) + P(S(uyaya > 2) — P(max{S,a, Spy1ya} > 2) = 0(e 7). (212)

Also, by Proposition 2.1, P(S,4 > z) ~ 0~ 1\/A(0)/2rA"(0) 2= /2Gp(2), m = n,n + 1.

Collecting (2.10), (2.11) and (2.12), we obtain from Lemma 2.9 that

V2(Gn(2) + G (2)) " Plmax Sga 2 2) ~ % 27:&7(0()9) .

Proof of Theorem 4. To prove (i) and (ii) at the same time, it suffices to prove the

following two inequalities:

n

lim sup < g a.s. liminf

nsup 7 a.s. (2.13)
n—oo

We first prove the lim sup inequality in (2.13).

Given n > 0, set z, = (1 + n)d(logn)/0. Choose € in Lemma 2.8 small enough so that

nle=¢'#n < p=2. Note that the number of rectangles with the same upper-left corner and

area k is at most ¢4(k). By Lemma 2.8, there exists ¢ > 0 so that

1+ n)dlogn 1
P (Un > %) <Ltnt Y wkPs > )
czn<k<zn/c
S (logn)?
S p‘}'ne Z Z qd(k):O( nnd )

czn<k<zn/c

where we use Eexp(6X) =1 in the second inequality and Lemma 2.7 in the only equality

above. Put I, = [n?/"4]. Then the above inequality implies that

P (Uln > %) — O((logn)?/n?). (2.14)

The Borel-Cantelli Lemma implies that lim sup,, U;,, /logl, < (1+n)d/6 a.s. for any n > 0.
Observe that U, is increasing in n, and l,41/l, — 1. The lim sup inequality in (2.13) then

follows.
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Now, we turn to the proof of the liminf inequality in (2.13). Set k, = [(c1dlogn)/9]
and m,, = [n/k,]¢, where ¢; = (0A’())~*. Let {Y;;1 <4 < m,} be i.i.d. random variables
with the same law as that of Sys. We break the cube {1,2, - ,n}¢ into m,, many disjoint
sub-cubes. Then, the partial sums of X;’s over these disjoint sub-cubes are i.i.d.. Therefore,
for any given 7 € (0, 1),

1— 1 1—n)dl
P (Wn < (”)%) <P (1 max Y; < (”)Tog”> < exp(—muP(Sgg > tn)),

where t, = (1—n)dlogn/6. For any n < 1/2, we find § > 0 such that A’(§) = (1—n/2)A'(0).
Note that t,/k% — (1 —n)A’(#). Then, by Proposition 2.1,

Skd C(0)  _paps(nr
> t,) > no> A ~ ) kR AT(A(9))
P(Sga >tn) > P ( 2 A (5)) g’

n
Now A*(z) is strictly increasing on [0, A’(6)], hence A*(A'(6)) < A*(A'(0)) = 6A'(6), which
implies that my, P(Sga > t5) > n for some 7' = 1(6) > 0 and all n large enough. Combining

all the above inequalities, we obtain

P (Wn < L= mdlogn ")edlog”> <e”

= I

for all n large enough. It follows from the Borel-Cantelli Lemma that

NP % d
hnn_1>1£f logn 2 (1- n)é a5

for any 1 > 0 small enough. Then the liminf inequality in (2.13) is proved. N

Proof of Theorem 5. Let a,, = 2h(logyn)/?,h > 1 and fo = (A'(6)/2) /2. Denote
by E, the set of all sub-squares in {1,2,--- ,n}? with side lengths between fov/logn — a,

and fov/logn + a,. More precisely, E, = {A € Op; |[/|A| — fov1ogn| < a,}. Define

_ 1
W, = max Sn, and z, = =

1
max 0(2 logn — 3 logyn + ) + .

Throughout the paper, when we do computations with W,, or its counterparts, we always
view it as two iterated maxima. The first maximum is that of Sa over all sub-cubes A with
fixed upper-left corner, and then the second maximum is the maximum of the former ones

over all n? corners. Based on this observation, by Lemmas 2.5 and 2.6
P(Wy > z,) — P(W,, > z,) = e %20((logn) ~3). (2.15)

Now we use Lemma 2.2 to get the asymptotic distribution. First, we need a lemma as

follows.
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LEMMA 2.10 §((t + O(logt))Y/2)/6(t'/?) = 1 as t — oo.

Proof. Just note that §(¢) is a positive, continuous and periodic function with a period
1. Also, inf;cr 6(t) > 0. Obviously, (t + O(logt))'/? = /2 + O((logt)t~'/?). Then the
conclusion follows from the uniform continuity of §(¢). W

Let us continue the proof of Theorem 5. Let Q, = {k € N; |k — fov/logn| < a,}. By
(2.5) and Lemma 2.10, we have that

A= > P(Sa>z)= Y (n—k+1)2P(Spe > z) =n® Y P(Sk2 > zy) + o(1)
A€E, keQ, ke,

~ 022,279 §(y(2,))(1/0)1/ A (0) /27 A" (6) ~ K1e 7%, (2.16)

where Ky = (1/2)4/A'(0)/70A" (0). By Lemma 2.2, to complete the proof, we just need
to show that the corresponding b; and b; in the lemma go to zero. Actually, for any
particular A € E,,, the number of squares which intersect A is at most 8|A|a,,. Moreover,
P(S2 > ;) = e %20(n~2y/logn) by using the fact Fexp(6X) = 1. Consequently,

by <n?-8Alay - Q> max  P(Sp > 2,)P(S;2 > z,) = O(n %(logn)?).
~ Vv J(izj)e(ﬂn)2

O(n?(logn)?)

Similarly,

by < O(nQ(logn)z) P(Sa, > 2, SAy, > 2n).

max
A1#A2,A1;A2€En

For any two A1,Ay € E,, A1 # Ay, their symmetric difference, i.e., (A1\Ag) U (A2\A1) is
at least fov/logn —a, (this is the key observation in handling such type of high dimensional
problems in this paper). By Lemma 2.4, P(Sa, > 2n, SA, > 2n) < n~2exp(—(fo/2)+/logn)
for all n large enough. Thus, by = O((logn)? exp(—(fo/2)y/logn)). M

Proof of Theorem 6. Obviously, k,, depends on n, is either [((logn)/a)Y4] or
[((logn)/a)'/?] 4 1. Define E, as the set of all sub-cubes in {1,2,--- ,n}% with side length
ky, ie., B, = {A € O,;|A|"% = k,}. Also,

W, = max Sa.
" ACE,

Let 2z, := A'(0)k% + z. By Lemma 2.9 and a proof similar to those of (2.10) and (2.11)
(replacing max{Spa, S 1y¢} in (2.11) by Spa), we have that

P(Wy,, > z,) — PW, > 2,) = 0
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as n — oo. Hence, to prove our theorem, it is enough to show that
P (Wn < N0k + x) — exp (—Kgrne_az) — 0. (2.17)
Note that

Ani= D P(Spa > 2n) = (n = kn + 1)*P(Sga > z0).
A€E,

But, by Corollary 2.1,

e—Bz
=y 2rAn () exp { =

Now we prove the theorem by Lemma 2.2, i.e., the Chen-Stein method. It is easy to check

d/2) log kn — kgeA'(e)} — Korpn~%e 2.

by < nt - (2kn)"P(Ska > 2)* = O(log n/n?).

For any two different overlapping sub-cubes with side lengths k,,, their symmetric difference

is at least 2k¢~!. By Lemma 2.4,
by < ”d(Qk”)dAl,Azé?zif‘A1¢A2 P(SA, > zn, Sa, > zn) = O((nky)? exp{—0A' (0)kE —CkI™1})
for some constant ¢ > 0. By definition, 0A'(0)k% > dlogn — (d/2) log ky. Tt follows that,

by = O((log n)d/2)e—C(10g n)l=1/d .

Therefore, (2.17) follows. N

3 Proofs of Theorems 3 and 7.
For any constant «, denote E, = {(p,q) € N?; |pg — A'(0)"'z| < av/zlogz } and
Ul = max S,,.
T poen. I

The definition of S 4 is given before the statement of Theorem 3 in the introduction.

LEMMA 3.1 Suppose condition (1.1) holds. Then
PU > 2)—P(U} >2z)=0(1/2), z— o0
for large a.
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Proof. Recall g(k) = #{(r,s) € N?; rs = k}. Obviously, ¢(k) < Vk. Therefore
PU>2)—PU} >2)< Y P(Spg>2)< Y. VEP(Sp > 2),
(Pa)¢E= k¢Q.
where Q, = {k € N; |k — A'(0) 2| < ay/zlogz} and Sy = >_» ; X1, By comparing
2 ongo, V/nP(S, > z) with similar expressions in Lemmas 2.5 and 2.6 (d = 1), we see that
the only difference between them is that y/n appears in the former term. But this term

does not dominate the sum. So by checking the proofs of Lemmas 2.5 and 2.6 (d = 1), we
have that

for some constant C >0. W

LEMMA 3.2 Suppose condition (1.1) holds. Recall E, = {(p,q) € N?; |pg — A'(6) 'z| <
av/zlogz }. Then for any a > 0

Zkglooe (log z)~ Z P(Spq>2) =
(p.9)€E.

1
0 /N (0)

Proof. We write z = A'(0)pg + A'(0)(z/A’(0) — pq). Then by Corollary 2.1, we have

e 97 AI(9)2 P 2
P(Spg>2)~ ——————=exp | — — 3.18
Bra =2~ G eviams "\ " 2al @) (A'(e) pq) 1%
uniformly for all p, ¢ € E,. For simplicity, set y = z/A’(#). Then E, = {(p, q) € N?; |pg—y| <
ay/zlog z }. Thus,

0+/2wA"(0) /N (0)e’* (log )™t Y~ P(Spq > 2)

(p,9)EE;

m T exp (_R(pq;yV) _ \/gllogz 3" qk)exp (—f(@) :

(p,9)EE, keQ,

where K = A'(9)2/2A"(0) and Q, = {k € N; |k — y| < av/zlogz}. To finish the proof, we

need to show that

1 - (k —y)? 7r
Jilogz kg;: q(k) exp (_KT> — RN ) (3.19)

Given any v € (0,1), let A =~v4/y/logy and

Ai={keN y+iA<k<y+(i+1)A}, i =—iy,—iy+1,--- iy,
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where i, = [ay/zlog z/A] ~ ay ' /N (0) logy. Since maxyeq, (k) = O(v/z),
a2
> q(k)exp (—f(( ) Z > q(k)exp ( %) +0(z). (3.20)

ke, 1=—1, kEA;

Now we estimate the part » ;. 4. in (3.20). Note that for any k € A;,

e K—9?fy _ o~ KGAY [y — = K(8)/y(eoev) _ 1),

where ¢, (y) := K(k—y+iA)(k—y—iA)/y. It is easy to check that p; := maxye 4, |dx(y)| <
K(2]i| +1)A?/y < Cv for some constant C' depending on X and « only. Therefore, since
le? — 1| < |z|el®l for any = € R, we have that

_ (k — y)? Ry
5 amyexp (~KEZI) — (1 e RO S o), (3.21)
kEA; Yy kEA;
where pf := e+ — 1. By Theorem 320 on p. 264 of [12]

n

Zq(z) =nlogn + cn + O(v/n),

i=1
where c¢ here is a universal positive constant. Therefore, for any m = m, ~ n,

n

> q(k) = (n—m)logn+ (c+ 1)(n — m) + O(v/n). (3.22)

i=m+1

As a consequence,

[y+(i+1)A]
Yoak)= Y alk) =vvylogy + O(/). (3.23)
kEA; [y+iA]+1

y (3.20), (3.21), and (3.23), we obtain

\/Ellogz Z a(k) oxp <_f{(k ;y)2>

ke,

Z (14 pl)e K@) logy (3 24
log

where p! = p' + O(1/log z) < C7. Because of the monotonicity of e on (0, +00), it is
not difficult to see that

log Z R(i)?/logy _>/ e KO gt — ,/%, Yy € (0, 00). (3.25)

It follows that

i,—1

E phe K@) /logy < 1y (3.26)

lim sup

y—+oo V log
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Thus, combining (3.24), (3.25) and (3.26), we obtain that

1 7 2 T
li — ke Kk=v)/y _ [ <C
| Jtogz 2 ) ‘ne| =

for arbitrary given v > 0. Let v | 0, then (3.19) follows. W

LEMMA 3.3 Suppose condition (1.1) holds. Given any o > 0 and any function p, > 0,
let

ES={(p,q) €N’; |pg — A'(0)"'2| < ay/zlogz , pAq>p,}

and E, be the same as in Lemma 3.2. Then

- log p,
0z l 1 P > = .
e”?(log z) E (Spqg>2)=0 ( —logz>

(p,q)€EE.\ES

Proof. Set 7 = z/A'(0) £ ay/zlogz. Then by Corollary 2.1, we know that P(S,, > 2) <
Cpz~ /%79 where Cy is a constant depending on 6. Set B,, = {¢ € N; B, < pg < B}
Then

P
Z P(Spq>2) <2 Z P(Spq>2) < 2Cyz /2e % Z Z 1

(p,9)EE\E? (lpﬁg)sezg, p=1g¢€B, ,
Dz
1
< Coz VP (B -8,)) 5 = 0(Wlog ze logp,). M
p=1

Proof of Theorem 3. Combining Lemmas 3.1, 3.2 and 3.3 we have that for any ¢ > 0
there is > 0 such that

limsup e’ (log 2) ™! (P(U > z) — P(U? > 2)) < e, (3.27)

Z2—r00

where U2 = max,, g\cps Sp,q and E? is as in Lemma 3.3 with p, = exp(ey/log z). We claim
that

zll)lgo P (log2) 1 | P(U? > 2) — Z 5P(Sp’q >z)| -0, Va>0. (3.28)
(n,a)€E2

If the claim is true, then by Lemmas 3.2, 3.3 and (3.27),

1
limsup |P(U > z) - ———| < 2¢
2300 0/ A\ (6)
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for any ¢ > 0. Therefore the theorem follows by letting ¢ | 0. Now we prove the claim.
Observe that

P(lgré% Sr>z) > Z P(Sr > z) — Z P(Sr, > 2,5, > 2).
TeES I‘1,I‘2€Ez5,
T1#T

To prove the claim (3.28), it suffices to show that
e®(logz)™ > P(Sr, >2,8r, >2) =0 (3.29)
I'y,T2€ES,

Ty 2T,

as z — +00. By definition of E2, the size of the symmetric difference of any T'y and Ty, i.e.,
|T'1 ATy is at least exp(ey/log z). Thus, by Lemma 2.4, there is ¢ > 0 such that

P(SF1 > ZaSI‘z > Z) < 2€Xp(—92 - Cee logz)’ (330)
as z is sufficiently large. Therefore

> P(Sr, > 2,8, > 2) < 2|E,|* exp(—0z — 6eV°E ),

Iy, I2€E3,
T1#T2

where E, = {(p,q) € N?; |pg — A'(0)7'z| < ay/zlogz } is as before. By (3.22), we have
that

Bl < ) qi) = 0(Wa(log 2)*?),

Bz <i<BF

where 38, and 3} are as in the proof of Lemma 3.3. It follows that

Z P(Sr, > 2,81, >2) =0 (Z(log z)% exp(—0z — 566\/@)) ,

Ty,T2€E3,
T1#T2

which implies (3.29). W

1/4 .
in

Proof of Theorem 7. Denote z, = (2logn + logz n)/0 + z. Take p, = e(9822)
the definition of E? in Lemma 3.3. Of course EZ is a subsequence of E?. Let R}, be the set
of all the rectangles in {1,2,--- ,n}? whose length and width, say, p, q, satisfy (p,q) € E;:’n
Accordingly, W} := maxaery Sa. By Lemmas 3.1, 3.2 and 3.3, there is @ > 0 such that

e(logz)™t Y P(Spq>2) = O((logz)"*) (3.31)
(p,q) EN*\EZ
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for large z, where E? is as in Lemma 3.3 corresponding to p, = exp((log z)'/4). As before,
we view R, as the union of rectangles with fixed upper-left corners for all such possible
corners. It follows by (3.31) that

> P(Sa > z0) = O (n%e *(log z)*/*) = O ((1ogym)/4).
A€RL\RL
Thus, to finish the proof, we just need to prove that

@

PW!>z,) > 1—e K™ (3.32)
First, it is easy to see that
(n — Ly)® Z P(Spq =) < Z P(Sa = zp)
(p,0)€E:, A€eR},
< n? ) P(Spg > ), (3.33)
(pyq)EEzn

where Ly, := max{pVg; (p,q) € EZ }. Obviously, L, < A'(8) 'z, +ay/zn log zn, = O(logn).
By Lemmas 3.2 and 3.3,

n2e~%n log z, e 07

n? P(S,,> z,) ~ ~ .
(p,q)ie:@n (Spa 2 20) 0/ (0) 0/ (0)

Thus, (3.33) and (3.34) imply that Ap := Y} Acr1 P(Sa 2 2n) = e=92/0/N (0) as n — co.
Now we use the Chen-Stein method to complete the proof.

For any A € Rl define An = {A’ € RL; A'N A # (}. Tt is easy to see that |Aa| =
O((logn)logyn). By Lemma 2.2, to prove (3.32), we need to verify that b; and by in the
lemma go to zero. Recall P(Sa > z,) < e %% for all A € RL. Then

(3.34)

2 2 (logn)logy n
bi < n?Asl max P(Sa > )" =0 (T) ,
By (3.30)
P(Sa > zn, Sar>2n) =0 (n_2(10g2 n) "L exp(—Celo82 n)l/“)) _

for some ¢ > 0 uniformly for all A, A’ € RL. Since |RL| = O(n?(logn)log,n), it follows
that

by < [Ryl|Aal  max | P(Sa > zn, Sae > 2n) = O ((logn)’ (logy ) exp(~¢et*= ")) . m
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4 Proofs of Theorems 8 and 9

We first prove an inequality on empirical processes which will be used later. First, we review
some basic definitions and facts about empirical processes. Let S be a set and G a class of
subsets of S. Define AY(sq,--- ,s,) = #{GN{s1,--- ,s,}; G € G} for any {s1,--- ,8,} C S.
Also, let

m9(n) = max{Ag(sl, <, 8p); 8 €8,i=1,2,--- ,n} and V(G) = inf{n : m(n) < 2"}

Of course, by convention, V(G) = +oo if m9(n) = 2" for all n > 1. Dudley ([9]) calls G a
Vapnik-Cervonenkis (VC for short) class of sets if V(G) < oo. The quantity V() is called
the exponent of the VC class G. A result on VC class given by Vapnik-Cervonenkis is the
following inequality from [23]:

mé(mn) <n’ 9, vn>2 (4.35)

LEMMA 4.1 Let L4 = {[]%,[ai,b] € [0,1]% 0 < a; < b; < 1,i =1,2,--- ,d} be a VC
class for any d > 1. Then, F, as in (1.4) and as a subset of L3, is a VC class with some
exponent vs. Therefore, for any (y1, - ,yn) € R* and n > 2, #{(y1,y2, - ,yn) N F; F €
F} < nvs.

Proof. We just need to prove the first part of the lemma. We show it by induction. Obvi-
ously, £; is a VC class with exponent 3. Suppose the lemma is true for any 1,2,--- ,d — 1.
We now prove that £, is also a VC class. Define vy, = V(Lg), k > 1. For any ng := 2dvg—1+1
distinctive points y1,--- ,yn,, let Hle[ai,bi] be the smallest rectangular solid to contain
those ng points. If there is a point, say, y1, in the interior of H?:1[az‘a b;], then no rectangular
solid can separate y; from {ys, - - - yn, }. If there is no such point, then {y,--- ,yn,} must be
in the following 2d sets: {a1}x[ag,ba] X+ -X[ag,bg], {b1}x[az,bo] X+ --X[ag,bal, - ,[a1,b1] %
-+ X [ag—1,b4-1] X {aq} and [a1,b1] X --- X [ag—1,b4—1] X {bg}. Then, there is such a set,
say, {a1} x [ag,b2] X -+ X [ag, bg], containing at least v4_1 + 1 points of {y1,---yn,}. By
assumption, {a1} X [ag,b2] X -+ X [ag,bg] is a VC class with exponent no more than vg_1,
so no n — 1 dimensional rectangular solid can separate these v4_1 + 1 points. This implies

that m¥%d(ng) < 2"¢. Actually, it is easily seen that vg < 2¢(d+1)!. W

Suppose that {Y,Y;;¢ > 1} is a sequence of i.i.d.random variables with the uniform

distribution on [0, 1]3. For any C' > 0, define

Fn1={B(z,e) € F, € (0,1)®, 0 < e < C(logn/n)'/3}.
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LEMMA 4.2 For any class of subsets C, define I'c = #{{Y1,--- , Yo} NF; F € C}. Then
there is a constant v > 0 such that for any C > 0, there is a constant D > 0 for which

P(#T#,, > Dn(logn)") = O(n™°).

Proof. Let r, = (logn/n)'/3 and G; = {B(Y;,Cr,) N F;F € F} fori = 1,2,--- ,n. Since
F is a VC class with exponent no greater than v = v3, so is G;. By (4.35),

#I'g, < {ZIB(YhCTn)(Yi)} : (4.36)
i=1

Therefore, for ¢ > 0,

P(#T'7,, 2t) <nP(#I'g, >t/n) <nP (Z Ip(vi,0rm) (Yi) > (t/n)l/v> :

=1

Substituting Dn(logn)? for ¢ in the above inequality, we have that
g g

n
P(#T'x, , > D'n(logn)") < nP (Z Iy, ony(Y:) > Dlogn — 1) . (4.37)
=2

By Lemma A.2, for any D > 20C",
n
P (Z Ip(yv,,cr,) (Yi) > Dlogn — 1) < 2exp(—KDlogn)
=2

for large n, where K is a constant depending only on C. The above inequality and (4.37)
yield the desired inequality by choosing D sufficiently large. B
Let {X, X;; i > 1} be a sequence of i.i.d. X-valued random variables with law P, where

X is a metric space. Let P, be the empirical law of {X,}, i.e.,

1 n
=1

We assume that H, a class of subsets of X, is a VC class with exponent v. Let {H, C
H; n > 1} be a sequence of subclasses of sets and #,, be countable for each n > 1. Set
pn, = infy ey, P(V) and
(P — sup P =P
veH, /P(V)(1 - P(V))/n
The classical exponential inequality (see e.g. P.16 of [16]) is

P (sup \zn:Pn(V) - P(V)| > e> < 8nlene’/32, (4.38)

It is not sharp enough in our later proofs because we need to take {P(V),V € H} into

account. The following inequality provides us with a result for this case.
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LEMMA 4.3 Suppose supycy, P(V) <1—4dq for some & € (0,1), then

11 v+1 2 9 -1
P(f(Pn)Ztn)sniexp{ Doty (1+ t”) }

(1 = 602t 32 o
for any positive t,, satisfying n > pnt2 + 2.

Proof. Let {¢;; i > 1} be a sequence of i.i.d. Bernoulli sequence. By the argument of (11)
on p.15 of [16],

(4.39)

| D0 €y (X3)| In
P(f(Py) > ty) < 4P <Vs€u?1{>n NI > 4>

for all n > 1, where Iy (-) is the indicator function of V. By Hoeflding’s inequality (see, e.g.,
p.91 of [16]), P(| Z:il €| > z) < 2exp(—z%/2m) for all z > 0. It follows that

D >0 6 & R R {_%ti (P(V) )} w
P (mvxl ~ P/ 4) SEP T \mn) S (440
Set A, = {f(P,) < 2t,}. Note that by (4.35), #{{X1, -+, Xpn} NV; V € H,} < n? for
n > 2. It follows from (4.39) and (4.40) that

tn

v X € |Z?:161]V(XZ)|
P(f(Pa) > tn) < 4n"EX sup P (\/P(V)(I—P(V))/n

VeEHR
< n¥exp 0t | 4 Zn B +4P(f(P,) > 2tp) (4.41)
S 1Y 39 oy n n -

for n > 2. Repeat (4.41) to obtain
P(f(Pn) > tn)

i l { 4l50t2 2ltn -1 k+1 k-l—l
< 8n? -4 exp< — L (1 + ) +A5TP(f(Py) > 2° T ty,). (4.42)
P 32 NS

Note that f(P,) < {n/(un(1 — 0))}/? for all n > 1. Let kg = [log, (n/(unt2(1 — &p)))]-
Then 2k0+1¢, > f(P,). Consequently, the probability in the RHS of (4.42) is zero. Since
22 /(1 + zy) is increasing in z € (0, 00) for any y > 0 and Zfooéll < 4kot1/3 by (4.42),

vt1 2 -1
P(f(Pn)ztn)SllnieXP{—éggn (1422 ) }
n

(1 = do)tapin i

for all n such that n > 2 and kg > 0. The fact that n > unt% implies that kg > 0. N

Before proving Theorem 8, we need the following lemma.

28



LEMMA 4.4 Suppose condition (1.1) holds. Let F and F, 1 same as in Lemmas 4.1 and
4.2, respectively. Then, there exists C > 0 such that

P L(B) >0) = —2
(Bé}l?‘%n,ls( ) >0)=0(n"),

Proof. Set A, = {31, Ig(Y;) > Tnr®} for any B = B(z,r) € F. Since by Lemma 4.1, F

is a VC class with exponent vs,

P(_max S,(B)>0)<n®EY { max P (S,(B) > 0)(Ia, + L )}
BE]'-\]:n,l n

For each B(z,r) € F\Fpn1, Tnr® > Tnrd ~ 7C3logn as n — oo. It follows that

PX(Sn(B) > O)IAn < max P(Sn > O) < €—4C3A*(0)10gn

n>4C3logn

for large n. The last inequality is from the Chernoff bound. Therefore

n”3EY{ max PX(S,(B) > O)IAn} < pUsAOA0) < /2 (4.43)
BeF\Fn,1

if C > ((v3 +2)/(4A*(0)))'/3. On the other hand, note

EY{ max PX(S,(B) > O)IAC} < EY { max I } + EY{ max I }
BG]'—\]'—n,l " Be}-n,2 " BE-7:TL,3 "

where

Fno={B(z,¢) € F,z € (0, 1]3,6 €[1/3,1/2)} and
Fns ={B(z,€) € F,x € (0,1, ¢ € [ry,1/3]}.

Apparently, AS C {|(1/n) 31, 15(Y;) — Vol(B)| > r3}. Therefore,

n
Y e V< ) — > V) < gpvae /2 :
E {Brgja._zc,2 IAn} <P 321;:1212 | Zz_; 15(Y;) — nVol(B)| > o7 | < 8n"e ,  (4.44)
where the last inequality follows from (4.38) because F, 2 is a VC class with exponent no
larger than v3. Finally, by Lemma 4.3,
|(1/n) 325z, Is(Y3) — Vol(B)) nry,

P(Upger, Ay < P sup >3/ —2 | < Cln86—clc3logn
(Uper,adn) sers  PB)1_P(B)/n 8

for sufficiently large n and some universal constant c¢; (there is no problem in applying
Lemma 4.3 because the above “sup” equals that over all subcubes in F;, 3 with rational ra-

dius almost surely). The above inequality together with (4.43) and (4.44) yields the desired
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result by choosing a large C. W

Proof of Theorem 8. We only need to prove that

n 1 ... Wy 1
35 a.s. and llnrggflogn 25 a.s. (4.45)

lim sup
n—oo logn

By Lemma 4.4, choose C' so that

P S,.(B) > 0) =0(n?2).
(BEI??Z,I n(B) > 0) (n*)

Therefore, by Borel-Cantelli Lemma, to prove the limsup inequality in (4.45), it is enough
to show that

Sp(B 1
lim sup 2XEEFns Sn(B) 1 (4.46)
n—00 logn 0
For any € > 0, let ¢ = 2 + 2¢~!. Define
Vo= max max Si(B),n=1,2,---

ni<k<(n+1)? BEFg 1

By Lemma 4.2, choose D such that By := {#I'5,, > Dk(log k)®} has probability O(k2).
It is easy to check that #{(S1(B), S2(B), -+ ,Sm(B)); B € G} = #{Sn(B); B € G} for any
VC class G. This is because the set {Y1,Ys,---,Y,,} N B determines sets {Y1,Y5,--- ,Yx} N
B,k=1,2,--- ,m — 1 for any B and m. Therefore, since F}, ; is decreasing,

Tn
N

PV, > (14 €)(log(n +1)9)/6 )

< gYlpX e —2q
< E {P (Bren]%};,l nqgl?%%/}z(—i—l)q Sp(B) > zp) Iz, } + O(n™"9)
< 2D¢%n%(logn)®P( max Sy > z,)+ O(n"29) = O(n™?),

1<k<(n+1)

where we use the submatingale inequality and the fact Fexp(6X) = 1 in the last inequality.
By the same arguments as in (2.14), we obtain (4.46).
Now we turn to prove the liminf inequality of (4.45). For any integer p (which will be
chosen specifically later), let s, , = (logn?/8nPOA’(9))'/3 and
(n+1)P

L, = U B(Y;,28np) and J, = {1 <5 <nP; Y € [snp,1 — 8np°\Ln}- (4.47)
t=nP+1

Note that L, may not be necessarily a subset of [0,1]® although with a large probability it

is. Evidently,
inf Si(B) ¢ > S (B, 4.48
n?<k1§n(n+1)1ﬂ {%13%‘ k( )} = ;Iéi}f e (Bj), (4.48)
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where Bj := B(Y}, sy p). Define
N,, = max {k; 3 different 41,--- ,i; € J, such that inf ||Y;, - Y| > 23n,p}.
1<s<t<k

It is not difficult to check that N, < 8 's;3 = 0A'(0)p~'(n?/logn) deterministically. We

claim that the reverse is almost true in the sense that there exists a constant C' > 0 so that
P(N, < C'n?/logn) = O(n™?) (4.49)

for large p. Indeed, list all subcubes [2_, [(3%: + 1)snp, (3K +2)snpl, 0 < ki < [(35np) "] —
1, i=1,2,3 as A1, A2, -+, Ap,,- It is easy to check that infyea,, yea; d(z,y) > 280 a.s.
for all pairs i # j. Obviously, m, = 2C'nP(logn)~! + O(1) for some constant C' > 0.
Pick all those A; such that ¥} ¢ A; for all | = n? 4+ 1,--- ,(n + 1)P, and list them again
as Ay, Ag,--- ,A;,. Then I, > m, — ((n + 1)? — nP) = 2C'nP(logn)~" + O(nP~'). So, by
Chebyshev’s inequality,

ln
P (ZI (at least one of {Y;,1 < j <nP} e fii) < C'nP/ logn)
i=1
In
ln, — C'nP(logn)~!
for p > 160A’(#). Thus claim (4.49) follows.
For any given € € (0,1/4), set b, = (1 — €) logn?/6. Then, by symmetry and (4.49)

<

(1-s2 )" =0(n?) (4.50)

Nn
P(I%%X Snp(Bj)/ < bp) < EY H PX(SHP (Bj) < bp)I(Yj € [snp, 1 — Sn,p]3)
J&Jn ;
j=1

N,
B C'nP
< EY exp{— ;PX(SHP (Bj) > bp)I(Y; € [snpy 1 — supl®)H (Nn > oz n

) +0(n7?)

< max +0(n?
T C'n?/logn<k<nP Sk ( )’

where
k
Gk = EY {exp <_ ZPX(SRP(BZ') > bn)I(Y € [snp,1— SH,P]3)> } .
i=1

Lemma 4.5 below will prove that maxcrpp/iog n<k<nr Gk = O(n~?2) for some p = p.. So by
Borel-Cantelli Lemma, max;c s, Sp»(Bj)/lognP > (1 — €)/0 eventually. Combine this with
(4.48) to complete the proof of liminf inequality of (4.45). W

LEMMA 4.5 Suppose condition (1.1) holds. Set G, = {k € N; C'n?/logn < k < nP}.
For any given ¢ € (0,1/4), there exists p > 0 such that maxyeq, ¢ = O(n~2).
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Proof. Recall B; = B(Y,spp). Set N; = #{1 < j < nP; Y; € B;}, 1 < i < k. By

Bernstein’s inequality (Lemma A.2), for any given z € (0, 1),

(1 —z)logn? (1+ z)logn? 9 ,
P(N; < — 0A'(0))1 4.51
vt (S S ) S el /0N @) logn) (451
O
uniformly for i = 1,2,--- , k and for large n. It follows from Chebyshev’s inequality (similar

to (4.50)) that
k
sup P (Z Tou(N3) < (C'/2)?  og n) — 0(n?) (1.52)
keGnp i=1

for p > 120A'(9)/x2. If N; € O, by Proposition 2.1, there is a constant C, such that

A% (b 1)
PX(Sup(Bi) > by) > min 226 "7

€0, Vi
for large n. Since A*(¢) is increasing on (0, +00), lim, ,q+{maxjco, IA%(by/1)/lognP} =
A*((1 — €)A'(9))/6A'(6) < 1 uniformly for any n > 2 by Lemma A.3. So, for the given
e € (0,1/4), choose a suitable zy € (0,1) in the definition of O, such that

(4.53)

'Nirelfo PX(Spo(B;) > bp) > Cpzon®P/+/logn
N €Uz

for some constant Cp 5, and a¢ € (0,1) and large n. Consequently, by (4.52), we have that

max (r < exp{—Cn{172P(logn) %2} + O(n2).
€Gn

The desired equality follows by taking p sufficiently large. W

We need the following two lemmas to prove Theorem 9. Define

1 logn 1/3 logs n
l'r:i: =5 1+ /8 )
2 \OAN'(O)n logn
where the sign on the left matches the sign on the right. Let Q, = {(r,i) € [I,;,l}] X
{1,2,--- ,n}; B(Y;,L}) C[0,1]*}, and

Wni = (ngzé,}én Sn(B(Y;,T)).

LEMMA 4.6 Suppose condition (1.1) holds. Let z, = logn/0 + x. Then, for any a > 0,
there ezists B > 0 such that

P(Wy > zn) — P(Wp1 > 2zn) = O((logn) ).
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Proof. By Lemma 4.4, it is enough to show that

P((Tgﬁgz Sn(B(Yi, 1)) > z5) = O((logn)™%)

for some 8 > 0, where Q! = {(r,4) € ((0, Lry)\(,,1.1)) x {1,2,--- ,n}; B(Y;, 1) C[0,1]*}

for some constant Cr,. By Lemma 4.2,

EY {PX (( max S,(B(Y;,r)) > zn> }

r,i) e,

< n(logn)®EY {(Tr,gg)é' PX(S,(B(Y;,r)) > zn)} +0(n?). (4.54)

Set co = (OA'(9))~1/3. Note that |n-vol(B(Y;,r)) — g logn| > 26¢3((log n) logy n)'/? for any

(r,3) € Q! when n is sufficiently large. Consequently, for such (r, 1),

1> Ip, ) (Y5) = n - vol(B(Y;,r))| < (Bch)+/(log n) log, n)
j=1

n
C 1D Inwin(Y)) — cglogn| > (Bed)+/(logn) logy m) ¢ := A,
j=1

So, by Bernstein’s inequality, P(A¢) < 2e~#CL 10827 for some constant Cy, and large n. It

follows that for any (r,i) € €2,

PX(Su(B(Yirr)) > ) < PX(Su(B(Yi,r)) > zn)Ia, + 2o

Inc, (4.55)

where the second term above is obtained by using the Chernoff bound for PX (S,,(B(Y;,r)) >
zn). By Corollary 2.1, there exists a constant C'x such that

e—é’m

n(logn)Cxp*+1/2

PX(S,(B(Y;,r)) > zp)Ia, <

uniformly on (r,7) € ). Combining this with (4.54) and (4.55), we finally get

6—01' 4e~ %

; <
P(('I‘fgg}é% Sn(B(YZ’T)) > z") - (logn)CXﬂ2*5.5 + (log n)ﬂCL—G

for n large. The proof is completed by choosing g sufficiently large. W

LEMMA 4.7 Suppose condition (1.1) holds. Let T, = {1 < i < mn; Y; € [I},1 —1}]3}.
Then,

Ap 1= Z PX( max Sn(B(Y;,7)) > zn) — Ke % in probability,
ity Iy <r<if

where K is as in Lemma A.1.
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Proof. First, recall S, = >°7 | X;, by Lemma A.1,
An < nP(I?Zale Sy > 2z,) = Ke % q.s. (4.56)
By Bernstein’s inequality (Lemma A.2),
P(T, <n(l1—205)% —logn) <n ¢ (4.57)

for some constant & > 0. Define h,, = (8n(l;LL)3 log, n)1/2 and
n
A= D I -Vl <L) = 8n(lh)P < hnp, i=1,2,---,n.
j=1

It is easy to check that

max P(A7) < 2exp{—Cx log, n}
ASEES

for some constant C'x and large n. Consequently, by Chebyshev’s inequality,

P (Z I(A;) < T, — np(A§)1/2> =0 ((1og n)*CX/Z) a.s. (4.58)

1€Ty,

Also, 8n{(})? — (17)*} ~ (68/0A'(0))+/{log n) Tog, n. Set A, = ((log n) logy n)" and

n
L=< I, <IIY; =Yill <) = 8n((1D)P = (1)) < hppy i=1,2,-- ,n.
j=1

By Bernstein’s inequality again,

m%xP(Lf) < 2exp{—Cx(logn)*'} a.s. (4.59)
1€ln

for n large. Thus, by an argument similar to that used in establishing (4.58), we have

P (Z I(L;) < T, — np(Lg)W) = O(exp(—(Cx /2)(logn)*)) a.s. (4.60)

€Ty,
From (4.57), (4.58) and (4.60), it follows that with probability approaching 1, at least
n —o(n) of {Y;;1 < i < n} satisfy the following conditions:
a) fall into [I;7,1 — [.1]3;
b) every box centered at every such Y; and with radius /] contains at least 8n(I;7)3—h,, ~

(6A'(0)) 1 (logn + 38+/(logn) log, n) elements of {Y1,Ys,--- , Y, };
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¢) For every such Y;, B(Y;,l7)\B(Y;, 1, ) contains at least (6/6A’(6))8+/(logn)logyn
elements of {Y1,Ys,---,Y,}.
By Lemmas A.1, 2.5 and 2.6, there exists v > 0 for which

nP(max Sy > z,) — Ke™%%, (4.61)
keQn

where @, = NN{k; |k —logn/0OA'(0)| < v+/(logn)logyn}. Therefore, by a), b), ¢) and the
definition of \,,,

Py (An > (n — o(n))(1/n){Ke=? + 0(1)}) S

for sufficiently large /3, which together with (4.56) proves the Lemma. N

Proof of Theorem 9. We continue to use the notation of Lemmas 4.6 and 4.7. Define
Vi = max;- ., .+ Sn(B(Yi,r)), i=1,2,-++ ,n. Then W, ; = max;er, V,, ;- By Lemma 4.6,
to prove the theorem, it is enough to show that

P (mz%x Vg > zn) — 1 —exp(—Ke 7). (4.62)
1€ n
By Lemma 2.2, we have
1€1n

where

By=E" ¢ PX (Vi > 20) PY (Vi > 20)1(d(Y;,Y;) < 21F) 3 and
1€Ty, jJET,

by=E" S>> PX(Vay > 20, Vi > 2)I(d(Y;, Vi) < 20)
1€y, jET,
Evidently, EY e=*» — exp(—Ke %) by Lemma 4.7. Also,

6—293:

b < n?. P(d(Y1,Ys) < 20F) = e" 220 (log n/n)

n2
since PX(V,,; > z,) < €79 /n. Moreover,

by < n?EY {PX (Vo1 > 20, Voo > 2) (Tw, + Iur ) }
where

Uy

n_l(logn)_‘s <d(Y,Ys) <20F, Y1, € 11,1 - l;'l']?’} and

U= {d(Yl,Yz) <n Y3(logn)=%, Yi,Ys € [I},1 l:{]g}
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for some § € (0,1/6). Obviously,
n’EY {PX (Va1 > 2, Voo > zn)Tw } < 8¢ (logn) ™. (4.63)
Define k,, = the volume of B(Ys,[,,;)\B(Y1,l;}). It is easy to check that on ¥,
i > (2)2{(n= Y2 logm)~0 — (1 — 1)} ~ Cn~(log n)?/3 (4.64)

for some constant C' > 0 because I} — I~ = o(n~/3(logn)~%) with § € (0,1/6). By Bern-

stein’s inequality, conditionally on Y7,Ys € [IF,1 — [F]3,

P(Z IB(Yz,lg)\B(Yl ,l;*;)(Yz') < nkp — (log n)7/1276/2) < exp(—C(log n)l/Gié)- (4.65)
i=1

~

-~

En

Recall the definition of L; appearing between (4.58) and (4.59). We have by (4.59)
’fLQEY {PX(Vn,l > Zn, Vn,z > Zn)Iq/n}

< nyﬂnQ(logn) logs nEY{ max PX(Sn(B(Yi,ri)) > zp, 1= 132)I\IJmLmL2}

Iy <r1,r2<lf

+ 0PV (T,) (n e %) 4= Cx (logm)®h (4.66)

/

v

O((log n)e—(ogn)0-1)

For any ri,ro € (I,,,0}), on ¥, B(Y2,71)\B(Y1,72) D B(Y2,l;)\B(Y1,;}). Therefore, by

n

Lemma 2.4, (4.64) and (4.65), there exists a positive { depending on X and f such that
P (Su(B(Yi,73)) > zn, i = 1,2)Ipg < n~lem¢losm”*™

for any fixed Y7,Ys € [I;7,1 — [,}]3. Consequently, the first term of (4.66) is less than

2/3-6

Cn?(logn)(logyn) - PY1Y2(T,) - (n—le—C(logn)

= 0 ((log n)? exp{—¢(log n)l/ﬁ_‘s}) .

n~le™% . exp(—C(log n)l/s_‘s))

Combining the above equality with (4.66) and then (4.63), we conclude that o, — 0. W

5 Concluding remarks

In this short section, we comment on some results obtained in this paper and list an open

problem.
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REMARK 5.1 The one-dimensional setting of Theorem 5 originally arose from studying
GI/G/I queue in [13] and was latter applied to the CUSUM method and the BLAST program.
It would be interesting to know any possible applications of Theorems & and 6 to queuing

theory.

REMARK 5.2 Let {X;;i > 1} be a sequence of i.i.d. random variables and Sy, = Zle X;.
Let f : N — N be an increasing function. We studied in Theorems 1 and 2 the asymptotic
behavior of maxg>1 Syky when f(z) =aP,p=2,3,---, and the case f(x) = x is treated in
Lemma A.1. It would be interesting to see what happens for general f(z), particularly, the

case when f(z)/z — oo but the fluctuation theory still works.

REMARK 5.3 We impose the condition EeX < oo for any t € R in almost every one
of our theorems. It would be interesting to see what happens in the case that the moment

generating function does not exist, e.g., X is a a-stable variable (0 < a < 1).

REMARK 5.4 One of basic assumptions in this paper is that random variables {X1} are
i.i.d. It would be interesting to know what happens if random variables { X1} are not indepen-
dent, but instead are related in a Gaussian manner. Also, X; and X; become asymptotically

independent as the distance between I and J goes to infinity.

REMARK 5.5 We dealt with the mazimum indezed by squares and rectangles in Theorems
b and 7. One should not have much difficulty in handling general convex sets by under-
standing the local behavior as in Theorems 1 and 3 and then using the Chen-Stein method

globally.

REMARK 5.6 Theorem 7 is a result for d = 2. It is interesting to ask what happens
when d > 3. The key is to address the following number theoretic question: Set qq(k) =

#{(p1, -+ ,pd) € N¢; p1---pg = k}. What is the asymptotic behavior of > r_, qa(k)? If

there exist two constants ¢ and co such that
n
> " qa(k) = cin(logn)*! + can(logn)* (1 + o(1))
k=1

as n — oo, then the following result can be proved: under condition (1.1), there ezist a

constant K > 0, an integer m > 0, and coefficients a1, a9, ,a,, such that

m
P (Un < Zak logy(n) + a:) — e*Ke_ex, Vr € R,
k=1

as n — oo, where log,(n) := log(log(- - - (logn))) with k iterated natural logs.
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Open problem. Suppose condition (1.1) holds. Do there exist a constant K’ > 0 and a

sequence of numbers {a,;n > 1} such that 0 < a,, = o(logn) and

logn
0

lim P (ﬁn >

n—oo

+ap + x) =1 —exp(—K'e %)

for all x € R?
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