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Abstract Let X,, = (z;;) be an n by p data matrix, where the n rows form a random sample
of size n from a certain p-dimensional population distribution. Let R,, = (p;;) be the p x p
sample correlation matrix of Xj,; that is, the entry p;; is the usual Pearson’s correlation
coefficient between the ¢-th column of X,, and j-th column of X,,. For contemporary data
both n and p are large. When the population is a multivariate normal we study the test
that Hy : the p variates of the population are uncorrelated. A test statistic is chosen as
L, = max;x; |p;ij|. The asymptotic distribution of L,, is derived by using the Chen-Stein

Poisson approximation method. Similar results for non-Gaussian case are also derived.

1 Introduction

Let X,, = (zi;) be an n by p data matrix, where the n rows are observations from a certain
multivariate distribution and each of p columns is an n observation from a variable of the
population distribution. Let p;; be the Pearson correlation coefficient between the i-th and

j-th columns of X,,. That is

Yot (@hi — Ti) (wp; — Z5)

Vo @ =2 S @y —E5)

where Z; = (1/n) Yy _; Tk i- Then R, := (p;;) is a p by p symmetric matrix. It is called the

Pij (1.1)

sample correlation matrix generated by X,,.
Suppose the population is a multivariate normal distribution with mean vector u, co-
variance matrix ¥ and correlation coefficient matrix R. When the sample size n and the

dimension p are large and comparable, Johnstone [14] studied the test with null hypothesis
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Hjp : ¥ =T under assumption that y = 0, where I is the identity matrix. The null hypothe-
sis is equivalent to that the population distribution is the product of p univariate standard
normal distributions. The test statistic is chosen as the maximum eigenvalue of the sample
covariance matrix X, X,, according to the method Principal Component Analysis (PCA). It
is proved that the asymptotic distribution of the maximum eigenvalue is the Tracy-Widom
law.

When both n and p are large we consider the test with null hypothesis
Hy:R=1. (1.2)

Equivalently, the population distribution is a product of univariate normal distribution
N (p;,02)’s for some unknown p;’s and unknown o;’s. The difference between this test and
the one in Johnstone [14] mentioned above is that all y;’s don’t have to be identical and
all g;’s don’t have to be identical, either. Besides, we don’t assume that u;’s and o;’s are
known. Our test seems to be more natural and practical. The maximum eigenvalue Amax
of the sample correlation matrix R, can be taken as the test statistic according to PCA.
But the distribution of Amax is not clear so far although there is an evidence that Amax
may also follow the Tracy-Widom law asymptotically as shown in [13].

In this paper, we don’t pursue the maximum eigenvalue Amax as the test statistic

because of its complexity. Instead we choose the following intuitive one:

Lo = max |pijl,
where p;; is as in (1.1). Barbour and Eagleson [6] provided a general idea of dealing with
the tail of L, by using the Poisson approximation method. In this paper, we will derive
the strong law and limiting distribution of L, via this method. In fact, we will prove
more general results; the observations z;;’s don’t have to be Gaussian. Our results will be
precisely stated next.

Suppose {£, x5, i,j = 1,2,---} are i.i.d. random variables. Let X, = (%i;)1<i<n,1<j<p-
Let z1,22, -+ ,zp be the p columns of X,. Then X, = (z1,z2,---,2p). Let Zy be the
sample average of z, that is, Zy = (1/n) Y 1, zik. We write z; — Z; for z; — Z;e, where
e=(1,1,--- ,1)T € R*. Then, pij, the Pearson correlation coefficient in (1.1) between z;

and z; can be rewritten as

— T —
pPij = ( ,Z —1) ( ! J) ; 1 S’Laj Spa (13)

where || - || is the usual Euclidean norm. Obviously, p; = 1 for each 3.

First, we obtain a strong limit theorem as follows.



THEOREM 1 Suppose E|£|>°~¢ < oo for any e > 0. If n/p — v € (0,00), then

lim LLR =2 a.s.
n—oo \/ logn

The above strong law of L, does not depend on p although X, is an n by p matrix. For
the limiting distribution the following holds.

THEOREM 2 Suppose that E|¢[2°T¢ < oo for some € > 0. If n/p — v, then
P (nL2 — 4logn + log(logn) < y) — ¢ Kev?
asn — oo for any y € R, where K = (y?/87) 1.

The limiting distributions appearing in the above Theorem is called the extreme distri-
bution of type I.

For constants a; € R' and b; € R!, i = 1,2,--- , p, it is easy to see that the matrix (a;z1+
bie,aszs + boe,- - ,apzp + bye) and X, = (21,22, -+ ,zp) generate the same correlation
matrix R,. Also, if £ ~ N(0,1), then Ee®® < oo forall t < 1/2. We immediately have the

following result.

COROLLARY 1.1 Suppose {z;j;1 > 1,5 > 1} are independent and z;; ~ N(,uj-,ojg-) for
some pj and oj # 0 for all i and j. Let the sample correlation matriz R, be obtained from
Xy := (zi5;1 <4 <n,1 < j<p). Then the conclusions of Theorems 1 and 2 also hold.

The above corollary gives the distribution of the test statistic L, under the null hypoth-
esis in (1.2).

The following Theorem 3 is used in the proof of Lemmas 3.1 and 3.2. These two lemmas
are key to prove Theorems 1 and 2. It is a non-asymptotic inequality on the moderate
deviation of partial sums of independent random variables. Though sums of independent
random variables are well-understood we did not notice a similar result in the literature,
e.g., [19] and [20]. The usual moderate results such as those in [15] and Theorem 3.7.1 on
page 109 from [8] are not applicable in our case. The reason is that we do not have identical
distribution assumption. Second, asymptotic bounds do not work in our proof because
our case involves an uniform bound of infinitely many such probabilities. This is evident
from Lemma 2.1 in Section 3. There is a similar situation in the large deviation case. The
Chernoff bound (see, e.g., (c) of Remarks on page 27 from [8]) is a non-asymptotic bound of
sums of i.i.d. random variables. But the classical Cramér type large deviation is a limiting
result. The Chernoff bound is used in the proof of theorems in [10] and [11] for the same

reason of proving our Theorems 1 and 2 via the following Theorem 3.



THEOREM 3 Let {n;,1 <1 < n} be independent random variables with mean zero. As-
sume Maxi<i<n E\m|ﬂ < o0 for some B > 2. Then for any p >0 andt >0

1 & Mﬂ 2
P <_ Somi>t) < P 4 Kpe /M), (1.4)
NGE: — ) T neBl
=1
where

3 —(1/2
t np ( / )thnp—(1/2)/M2}

1 n
M, = EZ}EWJS for s € (0,8], and K, := exp{ 3M22

and t, =t — MgnP1=H+1/2),

In our applications, K, ~ 1, t, ~ ¢t and My = 1. Also, Mz/n?~! in (1.4) is smaller
than the term next to it. So the probability is roughly bounded by e t'/2,

The main tool used in proving Theorems 1 and 2 are the Chen-Stein Poisson approx-
imation method and probabilities of moderate deviations by Amosova [1], and Rubin and
Sethuraman [21]. They are listed in Appendix.

In traditional random matrix theories, eigenvalues are the primary concern. See, e.g.,
[18] and [5]. This paper together with [12], in which the maxima of entries of certain Haar-
distributed matrices were studied for an imaging analysis problem, suggests that the study
of entries of matrices are also important.

Now we state the outline of this paper. A couple of lemmas are given in Section 2 for

the preparation of the proofs of main results. We prove all main results in Section 3. In the

last section some known results used in the proofs of our theorems are listed.

2 Auxiliary Lemmas

Three lemmas are needed before we go to the proof of main results. The proof of the fol-

lowing relies on Theorem 3, which will be proved at the end. There is no circular reasoning.

LEMMA 2.1 Let {&,n, M.k = 1,2,---n} be i.i.d. random variables with mean 0 and
variance 1. Let {u,; n > 1} be a sequence of positive numbers such that u,/+/nlogn — a €
(0,00). If E|€1|9 < oo for some q > (a® + 1)(a® + 2), then

P ( > > &mk| > un) =0 (nbfaz) (2.1)
k=1 k=1

as n — oo for any b > 0.

> U,




Proof. The two events in (2.1) are conditionally independent given £’s. Denote by P!

and E' such conditional probability and expectation, respectively. Then the probability in

(2.1) is
P! ( > un> ] : (2.2)

>
k=1
An(s) = {% < a}

for s > 2 and § € (0,1/2). Choose 8 € (a? +2, g/(a® + 1)) and 7 = a® + 1. Let () =
|&k|? — E|&x|P for k = 1,2,--- ,n. Then E|(;|” < oco. By the Chebyshev inequality and

Lemma A.1

E

Set

n

> (&l = Blgl)

k=1

T

P (4,(8)°) = P ( =0 (n*f“)) (2.3)

n n
> G > G
k=1 k=1
as n — oo, where f(r) =7/2ifr > 2,and f(r) =r—1if 1 <r < 2. Let {(;; 1 <k <n} be

an independent copy of {{x; 1 < k < n}. Thensince, from (2.3), P (|Y_5_; Ck| < nd/2) > 1/2

for sufficiently large n, it follows that

p<§yk>m)gw<

k=1
by repeating (2.3). Given an integer j > 1, let v = nd/4j. Then by Lemma A.2, there are

> 2j’l))
J
>v> .

Since E|(1|" < oo, P(maxi<g<y |Ck — (| > v) < nP(|¢ —¢{| > v) = O(n! 7). By the same
argument as the equality in (2.4), we obtain (P (| 7_, (Cx — ¢})| > v))? = O (n=9/(") . Take
j=[(r—1)/f(r)] + 1. It follows that

d

as n — 0o. Combining (2.3), (2.4) with (2.5), we obtain that

> n5> < (nd) "E

n

> (G =)

k=1

> n5/2> =0 (n_f(’")) (2.4)

positive constants C; and D; such that

p( >mm)zp(

< CjP (lgll?%(n ‘Clc — C]Ic| > ’U) + DjP (

n

> (G- ¢G)

k=1

n

> (G- G)

k=1

n

> -G

k=1

n

> =)

k=1

> n5/2> =0 (n'™") (2.5)

P(Ay(B)?) = O(n'™")



as n — 0o0. By the same arguments, the above still holds if 5 is replaced by 2. Consequently,

E P1< > >u”>]-|

> &
k1
2
> un> Li, )i | +0(n'7). (2.6)

Now we apply Theorem 3 to the last probability in (2.6). Note E!(&xnx) = 0 and EY|&my|® =
€| (E|&1]%) for any s > 0. In particular, E*(&gmg)? = &&. Thus

M, == (Zw) Blél”
k=1

Sol—6 < My <1+ 6 on Ay(2). Since § € (0,1/2), 1/2 < My < 2 on A,(2). Moreover,
Mg < (1+ E|&|P)E|&1|P < 00 on Ap(B). Choose t = u,/y/n and p € ((a® + 2)/(28),1/2).
It is easy to verify that d := —p(1 — ) — (1/2) > 0,

(1+ ElG|°)E|& )P

|t_tp| < nd

and K, <exp (2t3n"’_1/264mp71/2)

on A,(2) N A,(B) for each n > 1. Then there is a constant C > 0 such that the probability
in (2.6) under the restriction A,(2) N A,(S) is less than

C (n*a2/2 i n—az/(2(1+5))) _ <n7a2/(2+25))

for n sufficiently large, where the fact p8 > 1+(a2/2) is used. Note that, O(n'™") = O(n~%")
since 7 = 1+4a2. So the left hand side of (2.6), hence, the probability in (2.1) is O(n~"/(1+9))
by (2.2). The desired conclusion then follows by choosing ¢ small enough. B

For any square matrix A = (a; ;), define || A|| = max;<;£j<y, |a; |; that is, the maximum

of the absolute values of the off-diagonal entries of A.

LEMMA 2.2 Recall z; in (1.3). Let h; = ||z; — Z;||/+/n for each i. Then
InRn — XT X, || < (b2 + 2b1) Wi,y 2 + by 202,
where

by = max |h; —1|, W, = max |zz;|, b3= min h;, by = max |7
1<i< 1<i<j<n 1<i<n 1<i<n



Proof. As in (1.3), the (i, j)-entry of R, is

o (.’I,'Z — .Q_IZ')T(.’L‘J' — .’I_,‘j) _ .’IIT.’I?]' — niiij
P9 = N — &l - g — 2] nhih;

The (i, j)-entry of X X, is 2] z;. So
_ z
npij — o wj| < |(hihy) ™" = 1] - |27 5] + 0=
Take maximum for both sides, we obtain

_ 2
T -1 T |‘1Z|

Write 1 — (hih;)™t = (hihj)™t ((hi — 1)(hj — 1) + (hi — 1) + (h; — 1)) . Then the desired
inequality follows. |

Next we estimate b;’s.

LEMMA 2.3 Suppose that {€,xij,4,j =1,2,---} are i.i.d. random variables with E§ = 0
and Var(€) = 1. Suppose also n/p — v € (0,00). If E|¢]*(1=%) < 0o for some o € (0,1/2)
then

n*b; -0 a.s., b3 —1 a.s. and n%4 — 0 a.s.

as n — oQ.

Proof. The second limit follows from the first one. Easily, |lz; — z:]|? = zz; — n|z:|?.
Using the fact that |z — 1| < |22 — 1| for any z > 0, we have that

T
TiTi—Mn

n%b; < max |—5—-r
n —Q

T 1<i<n

2
+ (naﬂ max |:zi|> . (2.7)

1<i<n

Note 2] z; = Y p_, z2;. By Lemma A.5, the first and the second maxima above go to zero
when E|¢|*/(1-%) < co. So the first limit is proved. Under the condition that E|¢[%/(1-) <
oo the limit that n®bs — 0 a.s. is proved by noting the relationship between n®bs and the
right most term in (2.7). W

The analysis of W, is given in the next section.

3 Proof of Main Results

Recall the definition of p;; in (1.1) and (1.3). To prove Theorems 1 and 2, we assume

throughout this section, without loss of generality, that

{& 2554, =1,2,--- } are i.id. with E{ =0 and Var(§) = 1.

7



The proofs of Theorems 1 and 2 rely on an analysis of the covariance matrix X! X,,.
The (i, j)-entry of X1 X,, is Yp_; zxizk;. Recall

n

E TkiTkj

k=1

W, = max

1
1<i<j<n (3 )

as in Lemma 2.2. The first step in proving our main theorems is approximating R, by
XT'X, as shown in Lemmas 2.2 and 2.3. The second step is deriving the corresponding

results for X1 X,,. We actually will prove the following two lemmas.

LEMMA 3.1 Suppose that E|¢|3°¢ < oo for any € > 0. If n/p — v € (0,00), then

(2) limsupL <2 a.s. (i) liminf ———= >2 a.s.

n—oo Vnlogn n—oo y/nlogn

The above lemma actually says that W, /y/nlogn — 2 a.s. as n — co. The reason we did
not combine (i) and (ii) as a single limit is that the proof of the combined one is relatively

long. We will prove the two parts separately.

LEMMA 3.2 Suppose that E|£[3°T¢ < oo for some € > 0. If n/p — v € (0,¢), then

P (Lfg — % y) g Kev?
- <

as n — oo for any y € R, where a,, = 4nlogn — nlog(logn) and K = (v?v/8r) L.

Assuming Lemmas 3.1 and 3.2 we next prove Theorems 1 and 2. The proof of the former
two lemmas are given later.
Proof of Theorems 1 and 2. Choose a = 1/3. Under the condition that E|£|® < oo

we have from the triangle inequality, Lemmas 2.2 and 2.3 that
InLy, — Wy| < |[nRyn — XTI X, || < 4n~'PW, + 20'/3 a.s. (3.2)

as n is sufficiently large. Applying Lemma 3.1, it follows that 4n~'/3W, = O(n'/%logn)
almost surely. Hence nL, — Wy, = O(n'/3) a.s. Theorem 1 then follows immediately from
Lemma 3.1. Now, Theorem 1 and Lemma 3.1 imply that nL, + W,, = O(y/nlogn). Conse-
quently,

2
1
nL? — % = ﬁ(nLn — W) (nLy + Wy) = O(n"/8(logn)'/?) a.s.
Theorem 2 then follows from Lemma 3.2. |



Now we turn to prove Lemmas 3.1 and 3.2.

Proof of (i) of Lemma 3.1. Given ¢§ € (0,1), let w, = (2 4+ d)v/nlogn. Define
yf;) = 22:1 TkiTkj, %, J,0 > 1. Then yg) is a sum of [/ i.i.d. random variables with mean
zero and variance one. By Lemma A.3, under the condition that E|¢|¢ < oo for some
d>2+(2+46)2,

0 _of-L
s )| > w) =0 (15 ) ()

as [ is large, where we also use the fact that

|~ d(z) = \/% / 12 gt ﬁewzﬂ (3.4)

as x — +0o (see e.g. p. 49 from [7]). Review the expression of W,, in (3.1). For any integer
m > 4/6,

max W, < max ( max ‘yz( Jl') |)

nm<I<(n+1)™ T 1<igj<(nt1)m \nm<I<(ntl)m
(n™)
= L 3.5
S X g (3.5)
where

- W) _ ). ‘o
n lﬁiij%%:b(—kl)m nm S}Iglz(i;ﬁ_l)m |y1] yzy | ( )

By (3.3),

(n™) 2m (n™) _ —om
P(mae ™ ) < o402 (7] ) =0 (n70m).

Since 3, n 9™ < oo, by the Borel-Cantelli lemma,

(n™)
MaX] <44 m\dij
1<i#j<(n+1) |y” | <246 a.s. (3.7)

lim sup
n—o0 nm log (nm)

Now let’s estimate 7, as in (3.6).
Let {z1, 22, - - } be i.i.d. random variables with the same law as 11212 with partial sums
So=0and S, = Zle z;. Clearly, Ez; = 0 and E'z% = 1. Observe that the distribution of
0 ™) is equal to that of S;_,m for all [ > n™. Thus,

P(rn > 6y/n™ log(n™))
< (n+1)?P ( max |Sk| > d4/n™ log(nm))

1<k<(n+1)m —n

IA

20 + 1) P (|S(us1ym—nm| > (6/2)v/n log(nm) (3.8)

9



as n is sufficiently large, where Ottaviani’s inequality (see Exercise 16 on page 74 in [7])
is used in the last inequality. Set k, = (n + 1) — n™. Note that, for fixed m and
8, (6/2)y/n™log(n™) > (2+ &)vknlogk, as n is sufficiently large. By (3.4) and Lemma
A.3, the last probability in (3.8) is equal to O(exp(—(m — 1)(2 + 6)?(logn)/2)) provided
E|¢]? < oo for some d > 2 + (2 + §)2. Therefore,

P(r, > d4/n™log(n™)) = O(n™ "),

where v = (m — 1)(2 + 6)?/2 — 2m > 1, since m is chosen such that m > 4/§. By the

Borel-Cantelli lemma again,
Tn

limsup —————= < § a.s. (3.9)
n—oo 4/n™log(n™)
By (3.5), (3.7) and (3.9), we obtain that

maxpm<i<(nt1)m Wi <2426 as

lim sup
n—00 n™ log(n™)

for any sufficiently small § > 0. This implies inequality (i) in Lemma 3.1. |

Proof of (ii) of Lemma 3.1. We continue to use the notations in the proof of (i) of
Lemma 3.1. For any ¢ € (0,1), define v, = (2 — §)y/nlogn. We first claim that

P(Wy <vy)=0 (nid) (3.10)

as n — oo for some positive constant ¢’ depending on § and the distribution of ¢ only. If
this is true, take an integer m such that m > 1/§’. Then P(Wym < vym) = O(1/n%™).
Since ), n=m < 00, by the Borel-Cantelli Lemma, we have that

liminfL >2-46 as. (3.11)
n—oo  /n™mlog(n™)

for any ¢ € (0,1). Recall the definition of r,, in (3.6), we have that

inf Wy > Wym — 7y
n™<k<(n+1)™

By (3.9) and (3.11), we have that

lim inf i <k<inm Wi

>2—-26 a.s.
n—00 n™ log(n™)

for any ¢ small enough. This implies (ii) of Lemma 3.1.

10



Now we turn to prove claim (3.10) by Lemma A.4.
Take I = {(4,7); 1 <i < j<p}.Fora=(i,j) € I,set B, = {(k,l) € I; one of kand | =
ior j, but (k1) # a}, e = |yZ(]n)|, t=wv, and A, = Ajj = {|yZ(Jn)| > v, }. By Lemma A.4,

P(W,, < vp) < e + by y + oy (3.12)

Evidently

P(A12), bipn < 2p°P(A12)? and by, < 2p3P(A12413)- (3.13)

(n)

Remember that y,
(3.4). By Lemma A.3,

is a sum of i.i.d. random variables with mean 0 and variance 1. Recall

1 1
(2 —0)v2rlogn " n(2-6)2/2
as n — oo provided E|n|® < oo. Note that P(A12413) = P(\yg)| > Up, |y§g)| > v,) and
vp/v/nlogn — 2 — 6. By Lemma 2.1, P(A12A13) = O(nb_(2_5)2) for any b > 0 provided
E|¢|7 < oo for some ¢ > ((2 — §)2 +1)((2 — 6)? + 2) < 30. Choosing both b and § small

enough, we obtain

P(Aq3) ~

(3.14)

1

1
6_’\7'- S €_n6’ b]_,n S % and b2,n S % (315)
for sufficiently large n. Then (3.10) follows from (3.12) and (3.15). [ |
Proof of Lemma 3.2. We need to show that
P( max |yij| < Vo, +ny) = efKeiy/z, (3.16)

1<i<j<p
where y;; = >} _; Zkizk;- Now we apply Lemma A.4 to prove (3.16). Take I = {(¢,5);1 <
i < j <p}. For a = (i,5) € I, set Xo = |yi;| and By = {(k,I) € I; one of k and | =
i or j, but (k,I) # a}. Choose t = \/ay, + ny. We first calculate A\ = A, in the theorem.
Since {yi;; (i,j) € I} are identically distributed,

2 o
= X Plusl> van s =S p (s o) e

1<i<j<p

Observe that g2 is a sum of i.i.d. random variables with mean 0 and variance 1. Since
(an/n) +y ~ 24/logn as n — oo, it follows from Lemma A.3 that

P (M >/ (an/n) +y>

\/ﬁ
= yi2 An /T Y12 an /N Ne_y/Q’rf?
= P(L2> Ve 4y ) +P (2 > Vi 4y ) ~ Sn? @1y

11



provided E|¢|? < oo for some g > ¢? + 2 = 6. Thus

e_y/2

An — (3.19)

v2/871
Obviously, X, is independent of {Xg; 8 € I\B,} for any a = (4,5) € I. To complete (3.16),
by Lemma A.4, we have to verify that by — 0 and by — 0 as n — oo. It is easy to check
that the size of B, is less than 2p. Thus

(172—1))-(2:0)‘]3(%>\/%Y:O(%>

by (3.18). Also, by symmetry,

b <

N =

by < p(p* — p)P(ly12| > Vam + ny, |y13| > Vo + ny). (3.20)

Here, \/a, + ny/v/nlogn — 2. By Lemma 2.1, the above probability is O(n®~*) for any
b > 0 provided E|£]? < oo for some g > (22 + 1)(22 + 2) = 30. Now choose b < 1, then
by — 0. By Lemma A.4, (3.16) is concluded. |

Proof of Theorem 3. Define
i = il (|ni| < n”) — Enil(|ni| < nf)

for p > 0. It is easy to see that

1 n 1 n _ n | i
P<%izz1m2t)SP<<%;m)+MZt>+;P(|m|Z P,

where r, = (1/4/n) >°i | En;I(|ni] > nf) because En; = 0. Clearly, by Markov’s inequality,

> Plmil 2 n") < 2575 and || < ==

Thus, to prove the lemma, it suffices to show that

i (% > tp> < Ky /02, (3:21)
i=1

By the Chebyshev inequality and independence, we obtain that

1 - oty TT .07 /v
P(%Zmth)ge /’HE'e"/f (3.22)

i=1 =1

12



for any 6 > 0. Since ® < 1+ =z + (22/2) + (|z|>/6)el®! for any z € R,

63

62
Eeli/Vn < 1+ E~2+ P E (|7;]® exp(0]7i| /v/n)) - (3.23)

Obviously, E7j? < En? and || < 2n”. It follows that
~ ~ —(1/2)
E (|7l exp(0]75:] /v/n)) < 207" By .

Since 1 4+ z < €® for any z € R, by (3.23), we have that

~ 62 63 E|n;|? —ay2
i //n v 2 i~ 2one—1/2)
Ee < exp { 2nE(m) + 30627 ¢ )

Substituting this back to (3.22), we obtain

Mz 3May  9pne-1/2)
(\FZmzt> <exp< 0t, + —-6 + 3 35

for any 6§ > 0. Choosing 6 = t,/M, it follows that

1 & 2 3pp—(1/2) —(1/2) ,
P N Zﬁi > t, | < e /M) exp ’)3762”’” M2 % < K, et/ (2M2)
n
=1 2

since t, < t and t > 0, where K, is as in the statement of Theorem 3. Then (3.21) follows.
The proof is completed. |

4 Appendix

For the proofs of the main theorems, we quote some results from literature in this section.
The following is a corollary of the Marcinkiewicz-Zygmund inequality, see, e.g., corollary

2 on page 368 for p > 2 and theorem 2 on page 367 for p € [1,2) from [7].

LEMMA A.1 If{n,,n > 1} are i.i.d. random variables with En; = 0, E|n|P < oo, p > 1,
and Sy, =Y ;"1 ni. Then,

B|S, [P = O, ifp>2;
P =

O(n), if1<p<2.

The following is lemma 2.2 from [17], which is a useful version of the maximal inequality of

Hoffmann-Jggensen, see [9] or proposition 6.7 from [16].
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LEMMA A.2 Let {ng,1 < k < n} be independent symmetric random variables and S, =
> %_1Mk- Then, for each integer j > 1, there exist positive numbers C; and D; depending
only on j such that for all t > 0,

P(|Sn| > 2jt) < C;P( max |n;| > t) + D;j(P(|Sa| > 1))’
1<k<n
The following lemma is from [1]. It is a refinement of Theorem 2 from [21]. See also
page 254 from [20].

LEMMA A.3 Let{ni,n2, -} be a sequence of independent random variables with En; = 0
and En? = 02 > 0 for all i. Define S, =Y 1, mi and B, =Y 1, oZ. Suppose

B 1 o«
liminf{—n} >0 and limsup{— ZE|m|q} < 00
" " " i
for some q > 2. Let ®(x) = ffoo(27r)_1/26_t2/2 dt. Then

P2 >z
SJ—B_&)(Q;) b

uniformly on [0,c\/logn] for any ¢ € (0,4/q —2) as n — oo.

The following Poisson approximation result is essentially a special case of Theorem 1 in
[3], which is again a special case of the general Chen-Stein Poisson approximation method.
One application of the following lemma is studying behaviors of maxima, of random variables.

See, for example, [10] and [11].

LEMMA A.4 Let I be an index set and {By,a € I} be a set of subsets of I, that is,
B, C I for each o € I. Let also {ng,a € I} be random wvariables. For a given t € R, set
A=3 er P(na >1t). Then
\P(malgw]a <t)—e A < (LAXTY)(by + by + b3)
ac

where

b= > P(na>1t)P(ng >1),

a€l BEB,

bQZZ Z P(77a>t,77,8>t)7
a€l a#£BEB,

bs = E|P(na > t|o(ng, B ¢ Ba)) — P(na > 1),
acl

and o(ng,B ¢ Bg) is the o-algebra generated by {ng,B ¢ Ba}. In particular, if ng is
independent of {ng,B ¢ By} for each «, then bz = 0.
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The following is lemma 2 from [4].

LEMMA A.5 Let {v,v;;, i,j =1,2,---} be a double array of i.i.d. random variables and

let >1/2, >0 and M > 0 be constants. Then as n — oo,

n

n=¢ Z(’Uij — E’U)

=1

max

-0 a.s.,
1<j<Mn#

if and only if E|v|A+TD/® < oo,
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