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Abstract Let X, = (z;;) be an n by p data matrix, where the n rows form a random
sample of size n from a certain p-dimensional population distribution. Let R, = (p;;) be the
p X p sample correlation coefficient matrix of X;,. Assuming that z;;’s are independent and
identically distributed (z;;’s are required to be only independent when they are normals),
we show that the largest eigenvalue of R,, almost surely converges to a constant provided
n/p goes to a positive constant. Under two conditions on the ratio n/p, we show that the
empirical distribution of eigenvalues of R, converges weakly to the Marcenko-Pastur law
and the semi-circular law, respectively. This work is motivated by testing the hypothesis,

assuming population distribution Np(u, ), that the p variates are uncorrelated.

1 Introduction

Suppose a population distribution is an p-dimensional multi-normal distribution with mean
1, covariance matrix 3 and correlation coefficient matrix R. In modern data, p is quite large
and even close to a sample size. For such case, Johnstone [10] recently studied the test Hy :
3 = I assuming p = 0. That is, the p variates of the population distribution are independent
and identically distributed. Given a random sample of size n, the asymptotic distribution
of the largest eigenvalue of the sample covariance matrix generated by a data matrix is
obtained in [10] by using Random Matrix Theory (Soshnikov [11] later generalized this
result). Actually it is shown in [10] that suitable normalizations of such largest eigenvalues
converge weakly to the Tracy- Widom law of order 1, which is defined through the solution

of the (non-linear) Painlevé II differential equations.
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Note that the null hypothesis in the test is 3 = I. A more general test is R = I, i.e., the p
variates of the population are uncorrelated with both mean p and the p standard deviations
of those variates unknown. Suppose we have an n x p data matrix X,, = (z;;), where the n
rows form a random sample of size n from a certain p-dimensional population distribution.
Let R, = (pij) be the p x p sample correlation coefficient matrix of X,,; that is, the entry p;;
is the usual Pearson correlation coefficient between the i-th column and j-th column of X,.
An advantage to working on the sample correlation matrix is that they are invariant under
scaling and shifting. In other words, by shifting and scaling each column of a given data
matrix, the new matrix generates the same sample correlation matrix as before. Therefore,
if a population is Np(y, ) with g and ¥ unknown, under the null hypothesis that the p
components are uncorrelated, the distribution of the sample correlation matrix is the same
as that generated by a data matrix with independent standard normals as entries.

In an earlier work, the test statistic maxi<;<j<p|pij| for testing Hy : R = I is studied
by Jiang [9]. According to the PCA, the largest eigenvalue is a natural choice for a test
statistic. However, it seems very difficult to obtain the asymptotic distribution of the
largest eigenvalue Amax of the sample correlation matrix R,,. In this paper, we obtain some
properties of Amax and the empirical distributions of eigenvalues of R,, en route to a good
understanding of Amax.

We assume that both n and p are large. Traditionally, it is standard to assume that
the dimension p is fixed and sample size n is large. For example, a book-length treatment
of such data structures can be found in Anderson [1]. For modern data, Johnstone in [10]
provides four examples in which the sample sizes and the dimensions of data are very large
and comparable. In one case, the dimension is even larger than the sample size. Also,
Donoho gives many examples of such type in [6].

Now we state our results formally. Discussions will follow later.

Let X = (z;5) be an n by p data matrix, where z;;’s are complex random variables. The
p columns of X are denoted by x1,x2,--- ,zp, respectively. Let 7} be the sample average of
Ty, that is, 7y = (1/n) Y1, zik. We write z; —; for z; — Z;e, where e = (1,1,--- ,1)T € R",

The Pearson correlation coefficient between z; and z; is

(zi — 3;)*(x; — ;)

pij = - = 1<4,5<p L1
9 Tl Nyl =P ()
where ||-|| is the usual Euclidean norm. Then, the p by p sample correlation matrix, denoted
by Rx, is equal to (p;;). Clearly,
Ry = V*Y, whereyz(xl—wl | T2 ;) (1.2)
21— 21| ||lz2 — Z2| lzp — |
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Note that Z;’s are close to zero by the Law of Large Numbers provided all the variables in
the i-th column are i.i.d. with zero mean. For convenience, sometimes we look at a modified

version of Rx:

- o ~ z
Rx =YY, whereY:<$1 IR ”). (1.3)
@[] |2 |
For an n x n symmetric matrix A, suppose it has eigenvalues i1, 2, - , fin. Let FA (z) be

the empirical law of these eigenvalues. Precisely,
1 n
Fi(z) = E;I{W <z}, z€R
1=

Let X = {{,ziy;; ¢ > 1,j > 1} be a double array of ii.d. non-degenerate random

variables. For any integer p;,, define X, = (j)1<i<n,1<j<p,- For convenience, write
Rn = RXn and ﬁ’,n = Rxn. (1.4)

When there is no confusion, we simply write p for p, to save notation.

Let Amax(n) and Amax (n) be the largest eigenvalues of R, and R, respectively. Since
X, is an n X p matrix, R, is an p x p matrix. So if p > n, then the p—n smallest eigenvalues
of R,, are equal to zero. Considering this, let

- the smallest eigenvalue of Ry, if p<my
Amin(n) =

] (15)
the (p — n + 1)-th smallest eigenvalues of R,,, if p > n.

First we study the largest and smallest eigenvalues.

THEOREM 1 Suppose n/p — v € (0,00). The following is true.

(i) If E|¢|* < oo, then Amaz(n) — (1+ /v 1)? a.s;

(ii) If E|¢|* < oo and E¢ = 0, then Amaz(n) — (1 + /7 1)? a.s. and xmm(”) —
(1 -+ 1?2 as.

Similarly, let Ayip(n) be as in (1.5) when R, is replaced by Rj. It is reasonable to guess
from the second part of (ii) that A ;,(n) also converges to (1 — y/y~1)? almost surely. It
will be interesting to see how to prove this.

Second, the empirical distributions of R, and R, converge weakly.

THEOREM 2 Suppose n/p — v € (0,+00) and E|é|?> < oo. Then, almost surely, Ffn

converges weakly to a deterministic probability distribution with density function

% (b—.’II)(,T _a), me € [aa b]f

py(z) =
0, otherwise



and a point mass (1—~)* at =0, wherea = (1= Y2)2 and b= (1+~~/2)2. The above

conclusion is true for Fhn provided E¢ = 0 in addition.

The distribution with probability density function p,(z) is called the Marcenko-Pastur
law.

When p — oo and n/p — oo, the above law does not hold. Heuristically, assuming Theo-
rem 2, the probability density function is 0 for any = # 1. This means that a dominated num-
ber of eigenvalues of R,, and R,, are close to one. We then consider T}, := (1/2)+/n/p(R,—1I)
and T, := (1/2)y/n/p(Ryn — I). We have that

THEOREM 3 Suppose E|¢|* < co. Let p,, be such that p,//n — oo and p,/n — 0. Then,

almost surely FTr converges weakly to a distribution with density function

v1 _'TQa ’Lf |‘T| < ]-;

2
p(@)=q"
0, otherwise.

The above conclusion also holds for Fh provided E¢ = 0 in addition.

The distribution with probability density function p(z) above is referred to as the semi-
circular law.

Obviously, E exp(to|¢|?) < oo for some ty = t¢ > 0 for any Gaussian random variable
& ~ N(p,0?). For a population Np(u, ), a sample X,, = (74551 <i <n,1 <j <p)is
obtained to test the hypothesis that the p variates are independent. Note that, assuming
the hypothesis is true, R, is invariant under shifting and scaling. We then can assume,
w.lo.g., that z;;’s are i.i.d. with the law of N(0,1). Therefore, by the previous results, we
have that

COROLLARY 1.1 Suppose {z;j;1 > 1,5 > 1} are independent and z;; ~ N(,uj,(f?-) for
some pj and oj # 0 for all i and j. Then Theorems 1, 2 and 3 also hold.

Remark 1. In the above theorems, we assume that there is an infinite double array
of i.i.d. random variables {z;;;4,5 > 1}. If we have a sequence of finite double arrays
{f,z?j; 1 <i<mn,1<j<p} such that these np random variables are i.i.d. for each n, then
the above theorems are still valid provided some slightly stronger moment conditions are
assumed. For example, Theorem 2 holds if E|£]? < oo.

Our main results show that the matrices R,, and R, behave very much as X} X,,/n. This

is the reason we believe that the distribution of largest eigenvalues of R,, and R,, quite likely
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Figure 1: The two curves formed by two different kinds of points are kernel estimations of empirical
p.d.f.’s of largest eigenvalues of covariance and correlation matrices. The blacker one corresponds
to sample correlation matrices. The other one corresponds to covariance matrices.

converge to the Tracy-Widom law as does that of X, X,,/n. We make some simulation for
such case. See the explanation in the caption of Figure 1. Actually, a 500 random sample of
200 by 200 matrices with independent standard normals as entries are obtained. Normalize
all largest eigenvalues of the corresponding sample covariance and correlation matrices by
the formula (Amax —4n)/(16n)Y/? with n = 200. Kernel estimations of these two sets of 500
normalized values are presented in Figure 1. Observe that the two curves match quite well.
Since such normalized largest eigenvalues of Wishart matrices follow roughly the Tracy-
Widom law by Johnstone [10], Figure 1 seems to support our belief that the normalized
largest eigenvalue of sample correlation matrices also satisfies the Tracy-Widom distribution
asymptotically. But a rigorous mathematical proof has to be given to confirm this.

We use some known results about the sample covariance matrix X; X,, to prove our
theorems. The idea is approximating the sample correlation matrix R, by XX, /n. This
process is completed by using some random matrix tools such as rank inequality and differ-
ence inequality together with some matrix techniques. All the proofs are given in the next

section.

2 Proofs

Looking at (1.4) and (1.3), we see that the correlation coefficient matrix R, is invariant
under shifting and scaling. Precisely, for any constant «; and §; # 0, let z;; = (zi; — )/ 5,
for any 7 and j. Then the corresponding p;; for Z,, := (2;j)1<i<n,1<j<p is the same as that for
X, Particularly, choosing o; = E¢ and ; = (var(¢))'/?, then E(z;;) = 0 and var(z;) = 1



for any ¢ and j. It is also easy to see that R, is invariant under scaling (shifting is not
necessary because we assume F{ = 0 in this case). So in the rest of the paper, without loss
of generality, we assume that

{{, 55 4,5 > 1} are i.i.d. random variables with E{ = 0 and var(¢) = 1.

Proof of Theorem 1. Let umax(n) be the largest eigenvalue of n=1X*X,,. Let also
fmin(n) be as in (1.5) when R, is replaced by n~'X}X,. Since E|¢|* < oo, by Theorem
2.16 from [4] (also Theorem 3.1 from [13] and Theorem 2 from [3]),

Jim pmax(n) = (1+Vy™1)? as. and lm pgipn(n) = (1= V7% as. (21

To prove the theorem, it suffices to show that

VAmax(n) — Vimax(n) = 0 a.s. and \/Apin(n) — +/pmin(®) = 0 a.s. (2.2)

Vmax(n) — vpmax(n) = 0 a.s. (2.3)

Recall that X, = (%i;)1<i<n,1<j<p- For fixed n, for saving notation, let z1, z2 ---,x, be
the p columns of X,,. Then R, =YY, and R, = 17;17”, where Y,, is as Y in (1.4) and Y,
is as Y in (1.3) when X = X,,. Rewrite ¥, = (X, /+/n)D,, where

D,, = diag <|‘/ﬁ - |‘/ﬁ ) : (2.4)

jzall” 7l

We first prove the first limit in (2.2). For any matrix C, let ||C|| be the spectrum norm of
the linear operator C. Of course, ||C|| is equal to the squared root of the largest eigenvalue
of C*C. By the triangle inequality of the norm and that ||C1Cs|| < ||Ci|| - ||C2| for any Cy
and C5, we have that

|/ Amax(n) — v/pmax (1))

IVa = (Xa/ V)l < 0~ X0 (Dn = D)

< n7V2 Xl - 1Ds - 1) (2.5)
By Lemma 2 from [3], since E|¢|* < oo,
112
X sV 1‘ —0 a.s. (2.6)
1<j<p| n

This implies | Dy, — I|| = maxi<j<p |(n1/2/||$]||) — 1| = 0 a.s. Thus the first part of (2.2)
follows from (2.1) and (2.5). The inequalities in (2.5) still hold if the “max” sign is replaced
with “min” by Corollary 7.3.8 of Horn and Johnson [8]. So the second limit of (2.2) also
follows from (2.1).



Now we turn to prove (2.3).
Recall e = (1,1,---,1)) € R". Then zje is a column of which every entry is equal to
(1/n) 3%, zij. Set X, = (T1e, T2e, - -+, Tpe). Rewrite Y,, = ((X,, — X,,)/v/n) Dy, where

Dn:diag< \/ﬁ_ RO \/ﬁ_ )

lz1 — 21| |zp — Zp|

We claim that
lim ||n~Y23(X, — X,)| =14+~ Y? a.s. (2.7)
n—o0

Let vmax(n) be the largest eigenvalue of (X,, — X,,)*(X,, — X,,)/n. If (2.7) is true, then by

the same arguments as in (2.5), we have that

1/2

|V Amax(n) — v/rmax(n)| < [[n2(X, — X,)[ - max “ 1.

1<j<p (28)

|z — 2]l

Note that ||z; — z;]|? = ||z;]|*> — n|z;|?. It follows from Lemma 2 in [3] that

i |zi* 1‘

+ max |7;]* = 0 a.s.
n P

1<5<

under E|¢[* < co. The assertion (2.3) is then concluded from (2.7) and (2.8).

Now we prove claim (2.7). First, it is not difficult to see that (X, — X,)*(X, — X,) =
XX, —nX}X,. Since both X}X,, and X}X,, are nonnegative definite matrix, by the
definition of operator norm || - ||, it is easy to see that || XX, — nX:X,| < | X;Xn], we
obtain from (2.1) that

limsup [~ ?(X, — X)) <1+ "% a.s. (2.9)

n—oo

For a symmetric matrix A, recall that F4(z) is the empirical distribution function of eigen-
values of A. Set E, = n~'/?(X,, — X,,). By Lemma 2.6 from [4],

* * 2 % 2
”FEnEn — FXan/nH < Erank(Xn) <-—=0
p

as n — 0o, where || f|| := sup,cg | f(2)| for a function f(z) defined on R. Thus, by Theorem
2.5 from Bai [4], we know that under the condition E¢ = 0 and E¢2 =1

FEnEn converges weakly to a distribution function F (2.10)

with F'(z) = p,y(z) as in Theorem 2. On the other hand,

2 * 1 * k 1k * kpEXE 1k
120 = 1Bl > (Sr (EB0")) - = ([ et FPesnan
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for any k > 1. By Fatou’s lemma and (2.10), we have that

_ b 1/(2k)
lim infn /2| X,, — X,|| = liminf || B, | > (/ z*p. () d:E) a.s.
n—oo n—oo a

for any k > 1. Note that the right end of the support of p,(z) is b. Let k 1 co. We obtain
that

liminf |[n~Y2(X, - X,)[| > 1+~"Y? a.s.

n—oo

This together with (2.9) proves (2.7). [ |

We need the following lemma to prove Theorem 2.

LEMMA 2.1 Let A = (a;5) be ann by p complex random matriz with a; as its j-th column.
Define B = (a1/l|ar[l, az/llazl,--- , ap/llapll). Then

%tr((% —B>* (% _B)> — by — 2by,

1 e 9 1< aj
bl:n_pzzﬂaij' —1) and@z—Z(”\/?ﬂ—l).

i=1 j=1 L=

where

Proof. Let v; be the j-th column of n~/24 — B. Then v; = (||a;|| — v/n) aj/(v/nl|a;||) for
j=1,2,---,p. Thus,

P P
_ o 1
w((n24-B) (n24-B)) = sl = 523 el = v
j= =
_ ISyl
n = et Vn
Note that ) laj||? = dij laij|%. Then the conclusions follows. [ |

Proof of Theorem 2. By Theorem 2.5 in Bai [4] (the real case is obtained by Yin
[12]), the conclusion of Theorem 2 holds for FX#X»/™ under the condition that E¢ = 0 and
E|¢|2 = 1. Again, let E, =n '/2(X,, — X,,) as in the proof of Theorem 1, Y, and Y,, be as
in (1.4) and (1.3), respectively, where X = X,,. Recall R, =Y,Y,,. Let L(-,-) be the Levy

distance; see e.g., exercise 2.15 on page 91 from [7]. By the triangle inequality, we have that

L(FR",FX;;Xn/n) < L(FY;Yn’FE,’ELEn) +L(FE:’E’1,FX;;X”/")



By (2.10), to prove the theorem for R,,, we need to show L(FYa»Yn FEaFn) — () q.s. Obvi-
ously, tr(Y,}Y,) = p and (X,, — X,,)*(X,, — X,,) = X} X,, — nX;}X,,. Thus
1 &

_ 1 1 2 2
n—ptr((Xn—Xn)*(Xn—X w) < ot (X Xa) = ;;wal = ElE[F =1 as.

by the law of large numbers. Therefore, to prove the theorem for R,, by the difference

inequality Lemma 2.7 from [4], it is enough to show

%tr (En =Y,)"(En—Yn)) =0 a.s. (2.11)

Similarly but easily, to prove the part for R, it suffices to prove that
1 - .
—tr ((n_1/2Xn —Y,)*(n"?X, — Yn)) —0 a.s. (2.12)
p

To do so, by Lemma 2.1, we need to verify that the corresponding b; and by go to zero.
To avoid confusion, let b; correspond to (2.11) and bi correspond to (2.12) for i = 1,2. We
prove them by distinguishing these two cases.

(i) The proof of (2.12). Evidently,

R T

bi=—2% > (o>~ 1) =0 as.
P 5=
by the law of large numbers since E|£|? = 1. To show by — 0, it suffices to show that
P
Z | ==L Dizt |£””' —1 as. (2.13)

J:1

Since the function /z is concave over [0, o],

,/ l “‘ (2.14)

by the law of large numbers again. On the other hand,
P
Z \/ D |w”| (min up ;)2 (2.15)
— 1<5<p
J_

for any C' > 1, where u,, j = > |z4j|*I{|zij| < C}/n. By Lemma 2 from [3], minj<j<p un; —
Ex? I{|z11| < C} as n — oo. Letting n — oo for both sides of (2.15), followed by letting
C 1 400, we obtain that liminf, . I, > 1 a.s. This and (2.14) yield (2.13).



(ii) The proof of (2.11). First,

1 G 1 -
bl:n_pZZ|$ij—fj|2—1 and 5225% (1/n) Y |aij — 252 — 1.
J

j=1i=1 j=1

It is easy to check that

B LA N2
|by — by| = ) 2:1 |z;|* < (fgfgp \a:]|) —0 a.s. (2.16)
]:

under E|¢? < oo by Lemma 2 from [3] again. Thus b; — 0 a.s. since b; — 0 a.s. Second,
using that |\/z — \/y| < |z — y|/\/y, we obtain that

1 D 1 n _1/2 2

7 = |2 2 = i —1/2

by — b Sz—) El |Z;] (5 El |zi;] ) < (gg;gpl%l) -(lgljlgpun,j) /
J= 1=

for any C' > 0 such that E|¢[?I{|¢| < C} > 1/2. We already shown that minj<j<ptn; —
Ex? I{|x11| < C} as n — co. Then by — by — 0 by (2.16). It follows that by — 0 a.s. since
l~)2 — 0 a.s. [ |

Proof of Theorem 3. Recall the definitions in (1.2), (1.3) and (1.4). We prove the
conclusion for F» and Fin separately. First, we consider Fin.

(a) Recall T, = (1/2)\/n/p(R, — I). Let S, = XX, /n. Note that R, = D%:S, Dy,
where D), is as in (2.4). For any € > 0, define an p x p diagonal matrix D, = diag(d;),

where

g — vo/llzill, i [v/llzill = 1] < ey/p/n; (2.17)

1, otherwise.
Let U, = (1/2)\/n/p(D%S,D, — I) and Q,, = (1/2)/n/p(S, — I). First,
L(FT» FO) < I (FTnFUn) + L (Fffn,FQn) . (2.18)

For an p X p symmetric matrix A, denote by Ag(A) the k-th smallest eigenvalue of A. By
Courant-Fischer theorem (see p.179 from [§]),

Ne(HESpDy) = inf max (DPn®) Su(Dnz)  (Dn)*(Dnz)
W1,y Wp—k 0AT Lwr, e s wp_g (Dn$)*(Dn$) T

~

Trivially, D, is invertible almost surely for sufficiently large n. It follows that
(M (Dn))*Ak(Sn) < Me(D7SnDn) < (Ap(Dn))* Mi(Sn)

10



for any k > 1. Since D, is diagonal, maxi<;j<p |()\](1A?n))2 — 1| = maxi<j<p \a?? — 1]. Also,
since p/n — 0, \0?3 — 1| < 3|d; — 1| < 3¢y/p/n as n is sufficiently large. Hence

sup |/\k(D7*lSnf)n) A (Sn)| < max |d — 1] - Ap(S )<3e\/g Ap(Sn)

1<k<p

as n is sufficiently large. Let X,, = (zij)1<i,j<n- Since p/n — 0, by the interlacing theorem
(see p.189 on [8]) and (2.1), A\p(Sn) < An(X:X,/n) — 4 a.s. as n — co. By the inequality
in line 11 on p.615 from [4],

. 1/1 2k . A
? (FU",FQ") <= (5 ﬂ) 3 (D80 Dn) — Me(Sa)* < 60€2 (2.19)

p P/ =

as n is sufficiently large. Now, by the rank inequality Lemma 2.6 from [4],

L@@ﬂﬂg}mq%M—&m)gémﬂm—m)

ZI(II o)

Trivially, {z : |t — 1] > 6} C {z : |zt = 1| > §/2} once § < 1. Also, |/z —1| < |z — 1|. Thus

/4

| NG
L (FT",FU") < M1 <|||:c,-||2 —n|> ’;pe) (2.20)
j=1

as n is sufficiently large. Recall ||z;]|? = 1 1:10 . Since E|z11|* < oo, by the Chebyshev
inequality, o := P(|||z1]|> — n| > Ape/2) = O(p™!) — 0 as n — oco. By the Bernstein
inequality (see, e.g., Problem 14 on p.111 from [5]) and (2.20),

L _p2e2
P(L(F™ FU) > 2¢) < 2exp (2(p6 +p1;(1 — a))) < 2¢7Pe/3

as n is sufficiently large. By the Borel-Cantelli lemma, L (FT", Fﬁ") — 0 a.s. as n — oo.
This together with (2.18) and (2.19) implies that limsup,_,. L(FT",FQ") < 46’3 q.s.
Letting € | 0, the desired conclusion follows by the theorem from [2] and Theorem 2.9 from
[4], which says that Theorem 3 holds if R, in the definition of T}, is replaced by S, under
E|¢]* < oo.

(b) Let Yy, = (z1/||z1 — #1|l,++ ,p/||Zp — Tpl|)- Then by the rank inequality again
(Lemma 2.6 from Bai [4]),

L(FO/2) N1 /(Y Yo —1 ), FTn) < lrank((:f:bi“Q,"' ,Tp)) < = =0

1
p p

11



as n — 00. So to prove this part, one only needs to show that the conclusion of Theorem 3
holds for F(1/2Vn/p(Vi¥a=I) This is done through replacing ||z;|| in (2.17) by ||z; — Z;|| and
following the rest arguments in part (a). The only change is to show that « := P(|||z; —
71|[* = n| > /npe/2) — 0. Actually, since [|z1 — Z1[|> —n = 35_, (|15 — 1) — n|Z: ]2,

4 & ,
@« = nngVaujz_;(w ~1) —nlz:?)
8 = ; -
pe (Var(_ (15 = 1) 4 Var (nla1[2)} = 06 ™"),
j=1
as n — oo, where the fact that E|>°7_, z1;|* = O(n?) is used in the last step. [

Acknowledgment. The author thanks Zhidong Bai for a help in sharpening the proof.

The author also thanks Christopher Bingham and Jianhong Shen for inspiring discussions.
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