How Many Entries of A Typical Orthogonal Matrix Can Be
Approximated By Independent Normals?
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Abstract We solve an open problem of Diaconis that asks what are the largest orders of p,,
and g, such that Z,,, the p,, X g, upper left block of a random matrix I';, which is uniformly
distributed on the orthogonal group O(n), can be approximated by independent standard
normals? This problem is solved by two different approximation methods.

First, we show that the wvariation distance between the joint distribution of entries of
Zy, and that of p,g, independent standard normals goes to zero provided p, = o(y/n)
and g, = o(y/n). We also show that the above variation distance does not go to zero if
pn = [zy/n] and ¢, = [yy/n] for any positive numbers x and y. This says that the largest
orders of p, and ¢, are o(n'/?) in the sense of the above approximation.

Second, suppose I'y, = (7ij )nxn is generated by performing the Gram-Schmidt algorithm
on the columns of Y, = (¥ij)nxn Where {y;;;1 < i,j < n} are i.i.d. standard normals. We
show that e, (m) := maxi<i<n1<j<m [V/NYij — Yij| goes to zero in probability as long as m =
my, = o(n/logn). We also prove that €,(m,) — 2y/a in probability when m,, = [na/logn]
for any o > 0. This says that m,, = o(n/logn) is the largest order such that the entries of
the first m,, columns of I';, can be approximated simultaneously by independent standard

normals.

1 Introduction

Let T';, = (945) be a random orthogonal matrix which is uniformly distributed on the
orthogonal group O(n). Let Z,, be the p, x g, upper left block of T, where p,, and ¢,

are two positive integers. The open problem in section 6.3 from Diaconis [10] is as follows:
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what are the largest orders of p, and ¢, such that the variation distance between the joint
distribution of the entries of Z,, and that of p,q, independent standard normals goes to
zero as n — 0o0. We answer this question here. Before stating the results formally, let’s first
review some history of this problem.

In studying “Equivalence of Ensembles” in statistical mechanics, Borel [5] showed that

P(viim <o) = —= | oetra (1.1)

as n — oo for any real number x. For more information about this formula, one is referred
to Poincaré [27], p. 197 in McKean [26], p. 412 in Letac [23], p. 342 in Billingsley [4],
Diaconis and Freedman [11], and Maxwell [24] and [25].

Similar results for fixed m are derived through Brownian motion by Gallardo [16] and
Yor [32]. Let «y; be the first column of T',,. Stam [30] proved that d,,, the variation distance
between the distribution of the first m coordinates of v; and the distribution of m indepen-
dent standard normals, goes to zero provided m = o(y/n) as n — oo. He applied this result
to a geometric probability problem.

In studying a finite representation theorem of the de Finetti type, Diaconis and Freed-
man [11] showed that the above d,, goes to zero as n — oo provided m = o(n). On the other
hand, in studying a de Finetti type theorem on a finite sequence of orthogonal invariant

random vectors, Diaconis, Eaton and Lauritzen [14] proved the following.

THEOREM A.1 For each n > 1, let Z,, be the p, X q, upper left block of a random matriz
TI',, which is uniformly distributed on the orthogonal group O(n). Let also 6, be the variation
distance between the distribution of the pnq, entries of Z, and the joint distribution of pnqn

independent standard normals. Then 6, — 0 if p, = o(n®) and ¢, = o(n®) for a =1/3.

Since the publication of [14], there have been various speculations on the maximum value
o to make the variation distance go to zero. Here are three major ones: (a) p, = O(n'/3)
and ¢, = O(n'/?); (b) pp = o(n'/?) and ¢, = o(n'/?); (¢) pn = o(n) and ¢, = o(n).
Recently Collins [7] showed that the variation distance in Theorem A.1 goes to zero when
pn = O(n'/3) and ¢, = O(n'/3).

Attempts to improve on the orders of p,, and ¢, are partly motivated by the following
reasons. First, it is well known that the above T, is close to I'),, an n x n matrix with inde-
pendent normals as entries. Mathematically, it is interesting to know in what sense they are
close. Diaconis and Shahshahani [12], Diaconis and Evans [13] and Rains [28] characterized
relationships between the traces of T';, and those of I'), in terms of expectations; Johans-

son [20] obtained the speed of convergence of traces of I, to a normal random variable;



D’Aristotile, Diaconis and Newman [8] showed that the linear combination of entries of T'),
also converges weakly to a normal distribution. Second, improving the orders of p,, and ¢,
has a lot of applications; see Diaconis, Eaton and Lauritzen [14] and Jiang [19]. The last

paper also proved the following coupling result.

THEOREM A.2 For each n > 2, there exists matrices T'y, = (vij)1<ij<n and T, =
(Vij)1<i,j<n whose 2n? elements are random variables defined on the same probability space
such that

(i) the law of Ty, is the normalized Haar measure on the orthogonal group Op;

(i) {7i;;1 <i,j <n} are independent standard normals;

(iii) set €n(m) = maxi<i<n1<j<m |vV1Vij — ’ylfj| form=1,2,--- . n. Then
€n(my) — 0 in probability
as n — oo provided m,, = o(n/(logn)?).

It says that n?/(logn)? elements of T, can be approximated by the corresponding elements
of T, in terms of convergence in probability, which is weaker than the convergence in
variation norm.

This theorem highlights the interest in improving the orders of p, and g¢,. It seems to
suggest that Theorem A.1 holds for much larger p,, and g,. This is why people conjectured
that the maximum orders of p,, and g, are o(n). At the same time it would be interesting
to know the largest order of m,, such that Theorem A.2 holds.

In this paper we prove that the maximum value of « as in Theorem A.l is actually
1/2, and the largest order of m,, such that €,(m,) — 0 in probability is o(n/logn), where
€n(my,) is as in Theorem A.2. To state our results formally, let’s recall the definition of
variation distance first.

Let u and v be two probability measures on (R, B), where B is the Borel o-algebra.

The variation distance between u and v, denoted by || — v||, is equal to
i — v = 2 - sup [u(A) — v(A)] = / £(2) — g(x)| durdas - - - dzp. (1.2)
AeB R™

provided p and v have density functions f(x) and g(z) with respect to the Lesbegue measure,
respectively. For each n > 1, suppose that Z,, is the p, X g, upper left block of a random
matrix I',, which is uniformly distributed on the orthogonal group O(n). Let G,, be the
joint distribution of p, g, independent standard normals. We use £(1/nZ,,) to represent the
joint probability distribution of the p,q, random entries of \/nZ,. It is not difficult to see
that ||£(yv/nZ,) — Gy|| is non-decreasing in p,, and g, respectively.



THEOREM 1 If p, = o(y/n) and g, = o(\/n) as n — oo then
lim H‘C(\/ﬁzn) - Gn“ = 0.
n—oo
As usual, the notation [a] stands for the integer part of a positive integer a.

THEOREM 2 Let x > 0 and y > 0 be two numbers and p, = [xn'/?] and q, = [yn'/?].
Then

liminf || £(v/nZ,) — Gyl > ¢(z,y) > 0,

2,2
where ¢(x,y) := FE ‘exp (—xTy + %5) — 1‘ € (0,1) and & is a standard normal.

One can see that ¢(0,0) = 0, which roughly reflects the flavor of Theorem 1. This is
rigorously true if the conclusion in Theorem 2 is replaced by that lim, .o || £(v/1nZn)—Ghll =
¢(z,y). A further analysis shows that the inequality in the theorem is actually strict.

Why are the maximum orders of p, and g, equal to o(n'/?) as shown in Theorems 1
and 27

There are two reasons. First, Diaconis and Freedman [11] showed that the variation
distance between the distribution of the o(n) entries of the first column of T',, and that of
independent normals goes to zero. We know that Z,, a p, by ¢, sub-matrix of I';,, has
Pngn elements. One can guess that the number of approximated entries are fixed (loosely
speaking). So the largest « in p, = o(n®) and ¢, = o(n®) must be 1/2. Second, we can

see this mathematically. Let f,(z) and g,(z) be the density functions of \/nZ, and G,
respectively. By (1.2)
fn(2) fn(Xn)

HE(\/EZn) — Gyl :/ gn(2) 9n(Xn)

where the integration region in the first integral is RP"9" and the p,q, entries of ma-

-1

gn(2)dz = FE

- 1‘ (1.3)

trix X,, are independent standard normals. The term f(X,)/g(X},), as will be shown
later, converges weakly to a lognormal distribution when both p,, and ¢, are of order nt/2;
f(X,)/g(X,) converges to one when both p, and ¢, are of order o(n'/?).

Now we consider the approximation method as in Theorem A.2.

Let Y, = (¥ij)i<i j<n, Where y;;’s are independent standard normals. Let also I',, =
(7ij)1<i,j<n be the orthogonal matrix obtained from performing the Gram-Schmidt proce-
dure on the columns of Y,, (the procedure is briefly reviewed at the beginning of Section
3). Define

€nlm) = 1<i<nigj<m Vs = vl

We have the following theorem.



THEOREM 3 Let {m,, < n; n > 1} be a sequence of positive integers. Then
(i) the matriz T',, is Haar invariant on the orthogonal group O(n);
(i) €n(my) — 0 in probability provided m,, = o(n/logn) as n — oo;
(7ii) for any o > 0, we have that €,([na/logn]) — 2v/a in probability as n — oc.
This theorem tells us that the maximum order of m,, such that €,(m,) — 0 in probability
is that m,, = o(n/logn), where the typical orthogonal matrix I',, is obtained through per-
forming the Gram-Schmidt procedure for a matrix whose elements are independent standard
normals.

We prove Theorems 1 and 2 in Section 2. Theorem 3 is proved in Section 3. Technical
lemmas used in Sections 2 and 3 are given in Section 4. At last, a couple of of known results

needed for the proof of Theorem 3 are listed in Section 5.

2 The Proofs of Theorems 1 and 2

First we list some lemmas needed for the proofs of Theorems 1 and 2. The proofs of these

lemmas are listed in Section 4.1.

LEMMA 2.1 Let I'(xz), = > 0 be the standard Gamma function. Then
. 1 T'(n+(1/2)
oy | D)

V/n/2T(n/2)

LEMMA 2.2 Let f(u,v) be a real-valued function. Suppose the three second-order deriva-

<1 foral n>1;

3
1| < — forall n>1.
on

tives of f exist and bounded below and above by —M and M, respectively, over [a,b] X [c,d].

Then

1 2 iz i g (J2+1)/m p(i2+1)/n
ﬁzz‘f(ﬁ’ﬁ> = /] /Z f(@,y) de dy

j=j i=i 1/n 1/n
1 J2 2 i j 1 Jo 2 i j
/ /
N WACTIEF- SR WACTIEE
J=J11=u J=J11=11

where |e| < (ia — i1)(j2 — j1)M/n* for any i1,is,71 and jo such that na < iy < iy <nb—1
and nc < j; < jo <nd—1.

We will use the following setting a couple of times.

Let X = (x;;) be a p by ¢ matrix, where {z;;, 1 <i<p;1 < j <q} areiid. standard
normals. Let A1, A2, -+, Ay be the eigenvalues of X'X. (2.1)



A sequence {X,,;n > 1} will be studied, where X, is of the above setting for each n. We
still use notation X for X,, sometimes when there is no confusion.

The next lemma is a standard result when using the moment method to show weak
convergence of certain functions of eigenvalues of matrices with independent and identically

distributed random variables as entries. It is can be seen from, e.g., (2.15) and (2.16) in [3].

LEMMA 2.3 Let {py;n > 1} and {q,;n > 1} be two sequences of positive integers such
that pp, — 0o and pn/qn — 1 € (0,00). For each n, assume the setting in (2.1) with p = p,
and q = qn. The following two statements hold. For each integer k > 1,

() B (r(XX0)") ~phan kz_‘i . i - (;—:) <I:> <k R 1)

r=0

(i)
tr (XL Xa)F) S

.
grtt —r+1

,_.
<
T
3
7N
=3

D)

LEMMA 2.4 Let € > 0. Let {p,;n > 1} and {gn;n > 1} be two sequences of positive
integers such that € < pp/qn < € ! for all n > 1. For each n, assume the setting in (2.1)

in probability as n — oo.

with p = p, and ¢ = qn. Assume p, — 00 as n — oco. Then

(i) Var (tr(X,Xn)?) ~ p2az + 8Pndn(Pn + qn)* as n — oo;
(it) Cov(tr(X] X,), tr((X;an)2)) ~ 4Apngn(Pn + qn) as n — oco.

The following lemma is Proposition 2.1 from Diaconis, Eaton and Lauritzen [14] or
Proposition 7.3 from Eaton[15]. This is the starting point of the proofs of Theorems 1 and
2.

LEMMA 2.5 Let U be a n by n random matrix which is uniformly distributed on the
orthogonal group O, and let Z be the upper left p x q corner block of U. If p+q < n and
q < p then the joint density function of entries of Z is

—pqw(n - D q) ! \(n—p—q—1)/2 !
f(2) = (V2r) o) {det(Iq — 2'2) )/ } Ip(2'2) (2.2)

where 1y(2'z) is the indicator function of the set that all q eigenvalues of 2’z are in (0,1),

and w(-,-) is the Wishart constant defined by

1 _ o (r—j+1
_ 8(s—1)/49rs/2 J
o0 s) T 2 jl—[1F< 5 > .
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Here s is a positive integer and r is a real number, r > s — 1. When p < q, the density of

Z 1is obtained by interchanging p and q in the above Wishart constant.

To simplify notation, when there is no confusion, we write p for p,, and ¢ for g,.

Let g(z) be the joint density function of entries of X = (x;)pxq, Where x;;’s are indepen-
dent standard normals. So, g(z) = (27) P42 exp(—tr(z'2)/2), where z is a p by ¢ matrix.
We need to understand the ratio f(z)/g(z) in later proofs. Assuming the pq entries of z are
independent standard normals, then f(z)/g(z) can be written as a product of a constant

part and a random part. They are analyzed in the following two lemmas.
LEMMA 2.6 Given z >0 and y > 0, let p = p, = [zn'/?] and ¢ = q, = [yn'/?]. Set

2\ T((n—j+1)/2)
K”‘( ) LT —p—j+1)/2)

Then

2 2 3 3 2.2
p°q +pq ry = 2x°y + 2xy° + 3x°y

as n s sufficiently large.

Proof. Suppose p = 2k. Using the fact that I'(z + 1) = 2I'(x), we have that

so- (TR (-2

J

ﬁ( 2’“_1> = ¢Bn (2.4)

1:i=1

I
:jg

J

where

q—1
2
E log(l— Z+]>

j=0 i=1

.

Let f(s,t) = log(l —2s —t) with 2s +¢ < 1. Then fl(s,t) = =2/(1 —2s —t) = -2 +
O(n=Y2), fl(s,t)=—1/(1 - 2s —t) = =1+ O(n"'/?) and

df? —4 of? -1

o2 <5 || _|<

‘852 '(1—25—75)2 <5 ‘aﬁ (T—2s —qp| =P and
2

of | _ —2 <5

9s0t| ~ |T—2s 02| =




for all (s,t) € [0,p/n] x [0,q/n] as n is sufficiently large. By Lemma 2.2,

g/n  p(k+1)/ 3kq o 1
B, = "log(1 — 25 — ) dsdt + 2
/ / og( s —t)dsdt + o™ + <\/ﬁ>
n2 (v [~2m 3y 1

= — log(1+s+t dsdt——// log(1+ s+t dsdt—i———i—O(—)

2 /0 /0 ) 2 Jo Jo ( ) 4 Vn
(2.5)

as n is sufficiently large, where u = —(p + 2)/n, v = —¢/n. We now estimate the above

integral. By Taylor’s expansion there exists § > 0 such that

log(1+s+1t) — (@H)—@)‘ < (s+1)

for all s and ¢ such that s + ¢ € (0,6). Thus,

v u v u 1 v u
1og(1+s+t)dsdt—U / (s+t)dsdt——/ / (s+t)2dsdtH
o Jo o Jo 2Jo Jo
//(s+t)3dsdt (2.6)
0 0

as both v and v are in (0,6/2). It is trivial to verify that

/Ov /Ou(S N t)k ds dt — i 1)1(]{: 5 ((u i ,U)k+2 k2 Uk+2)

for k > 0. Plugging this into (2.6), we obtain

v U 2 2 1
/ / log(1+s+t)dsdt = [w - E(2u03 + 2udv + 3u2v2)} + O((u +v)?)
0o Jo
as n — 0o. (The actual formula for the integral is

/ / log(1+s+t)dsdt

1 1 3
= 2(1+u—|—v) log(1+u—|—v)—§(1+u) log(1+u)—5(1+v)2log(1+v)—§uv.)

Now substituting v = —(p + 2)/n and v = —¢/n back into the two integrals in (2.5), we

have that
—/ / log(1+s+t)dsdt
2 2,2
p2q + pg? Y 2zy3 + 223y + 322y 1
— L e — 2.
[ in tay+ 5+ 71 }+O<\/ﬁ (2.7)
and
n2 v —2/n y2 1
— log(1 = - — 2
5 /0/0 og(l+s+t)dsdt 5 +O<\/ﬁ> (2.8)

8



as n is sufficiently large. Combining (2.4),(2.5), (2.7) and (2.8), we obtain

2 2 3 3 2,2
+ x 2z°y + 2zy° + 3x _
Ky —oxp - (TUEPE 4 20 2VERREI Lo ()] )

as n is sufficiently large.

Now, suppose p = 2k — 1. Let

ﬁ (n—j—p+1)/2)
o L((n—=3—=p)/2)/(n—j—p)/2
By Lemma 2.1, the j-th term in the product, say, C,, ;, has the following property
1
l-—— <Gy <14+ ——
n—p—4q n—p—4qg
forall j =1,2,--- ,q as long as p + ¢ < n — 3. Therefore,

1 4 1 1
n—p—4q n—p—4q

Since (1 + z,)* = 14 O(kpx,) as z, — 0, k, — oo and k,z, — 0. It follows that
C,, =1+ 0(n~'/?) provided p = O(y/n) and q = O(\/n). So

% 1 <2)Pq g I((n—j+1)/2)
" Co\n) AT(n—j—2k+1)/2)\/(n—j—2k+1)/2
q k . q . —1/2
N HHn—Qz—j—i—l . Hn—]—2k+1 N
j=1li=1 n J=1 n

where the fact I'(x + 1) = zI'(x) is used in the second step. Now
1< j+2k—1 1 & 1
log K!! = —= 1 l—— = — 2k-1)+0 | —
og K, 5 ]Zl 0g < - ) o Z Jj+ )+ /n

- % +0 <%> (2.10)

as n — oo. In notation, K], is identical to K, in (2.4). Keeping in mind that the k in (2.4)
is equal to p/2; but the k in the definition of K], is equal to (p + 1)/2. Apply (2.9) to K],

to obtain
+1)2%q+ (p+1)¢* | zy | 22y + 2xy° 4 32?y? _
og K, T + 1 + o + n
_ p*q + pg? n 3ry +vy2 223y + 2xy3 + 32242 L0 (nil/Q)
4n 4 24 '
This together with (2.10) thus yields (2.3). [



LEMMA 2.7 Suppose x > 0 and y > 0. For each n > 1, assume the setting in (2.1) with
p=pp = [zy/n] and ¢ = q, = [y\/n]. Define

q Y (n—p—q—1)/2 14
L":{H<1_ﬁ>} exp<§z)\i>1(0<)\1,)\2,...,)\q<n).
i=1

i=1

Then, e~ % L,, converges weakly to the distribution of e’¢ where £ is a standard normal, and

o Patpe | Beytatytay L ay
" 4n 12 4"

Proof. Set

4 np—g-liy, (] & , ifo<z <

—00, otherwise.

Then, L, = exp(>.L, f(\i)). For any = € (0,n), by Taylor’s expansion, there exists £ =
& € (0,x) such that

Then

flx) = L +2(2+ 190 U —p4;2q - 1902 . —p6;3q - 1903 +gn(:c)%, z e (0,n), (2.12)
where gn(z) = —n*(n —p—q—1)/(8(6 —n)*). It is trivial to see that supg< <o [gn ()] <
(1 —a)™ for any a € (0,1). Recall that A, Ag, -+, A, are eigenvalues of X/, X,,, where the
entries of the p x ¢ matrix X,, are independent standard normals. Note that p ~ xy/n
and g ~ yy/n. By the Theorem from [17] or Theorem 3.1 from [31], there exists a constant
c(x,y) € (0,00) such that

maxi<i<q A\i

ND
in probability as n — oo. Define €, := {maxj<j<q Ai < (¢(z,y) +1)y/n}. Then

— c(z,y) (2.13)

P(QS) — 0 (2.14)

as n — oo. Now on €, by (2.12),

S = P () - PR AT L (X))

_ n—p—q-— 1tr (X'X)P) +§ntr (X' X))

o3 : (2.15)

n3

10



where |g,| € [0,2) as n is sufficiently large. Note that tr ((X’X)") are well defined random
variables which do not depend on Q,,. Easily, E (tr(X'X)) = pq. By Lemma 2.3,

Etr (X'X)?) ~ pa(p* + ¢* + 3pq), and Etr (X'X)*) < C(z,y)q°

for some constant C(x,y). It is easy to check that

tr((X'X)?)
P qg P P g
4 2,2 2 2
= E Ti; + E T3y + E E x5y, + E i TikTIRTLj -
j=1 i=1 j=1i#l=1 i=1 j#k=1 i£l, j#k

Then Etr ((X’X)Q) = pq(p+ g+ 1) (this is sharper than the one corresponding to the case
k =2 in (i) of Lemma 2.3). Now set h; = tr(X'X)"— E (tr(X'X)") for i = 1,2,3. By simple
algebra, we have from (2.15) that

q 2 2 3 3
p°q + pq 3zy + x°y + xy 1
i) = O(—
;f( 2 m 12 * (ﬁ)
ptq+1 n—p—q—1 n—p—q—1 _ hy
hi — hg — —————h —
+ 2n ! 4n? 2 6n3 3+gnn3

on {2, as n — oo. Recall that L, = exp(3>_%_; f(A\;)). By (ii) of Lemma 2.3, both h3/n? and
hs4/n® go to zero in probability. By (2.14), to prove the lemma, it suffices to show that

ptqg+1 n—p—q-—1
- hy —

W 2n 4n?

hy converges to N(0,0%) weakly (2.16)

?j, which is a sum of

independent and identically distributed random variables, Var(hi) = Var(tr(X'X)) = 2pq.

where o is as in the statement of the lemma. Since, tr(X'X) = i; T

Therefore, by Lemma 2.4, Var(hs)/n? converges to a positive constant. By Theorem 4.1

from Jonsson [21], (hi/+/Var(h1), ha/+/Var(hg)) converges weakly to a normal distribution
with mean zero. It follows that W,, converges weakly to a normal distribution with mean

zero. We only need to calculate variance 2. Now,

Var(Wy,) = ot 1) —|—4qn—2|— Ok Var (tr(X'X)) + = plgnz - Var (tr (X'X)?))
Pt+g+DHn-—p-—g-1)

_ = - Cov (tr(X'X), tr (X'X)?)) .

Since Var(tr(X'X)) = 2pq as calculated earlier, by Lemma 2.4 again, the above yields

2202
Var(W,) — 1—g
as n — oo. Therefore, 02 = lim,, .o Var(W,,) = x?y?/16. The proof is completed. [ |

11



COROLLARY 2.1 Forz >0 andy > 0, let p, = [xn'/?] and q, = [yn'/?]. Let fn(z) be the
joint probability density function of Z, as in Theorem 1 and g,(z) be the joint probability

density function of pnq, independent standard normals. Then as n — oo

fn(X)
In(Xn)

2,2
converges weakly to exp (—% + %5)

where £ and all the entries of X,, are independent standard normals.

Proof. Without loss of generality, we assume y < z. Hence ¢, < p, for any n > 1. By
Lemma 2.5, the density function of \/nZ, is

wln — o 5\ (nmp—a=1)/2
Fal(2) = (\/%)qunquﬂw {det (Iq - 7) }IO(Z’Z/n).

w(n,q)

Obviously, gn(z) := (v21) Ple ¥ ('2)/2 Let A\, Aa,---, A, be the eigenvalues of X/ X,,.
Then

where

2V T((n-j+1)/2)
= (3) U ===0mr 247

q s (n—p—q—1)/2 1 q
L, = {H (1 — #)} exp (5 Z)\Z> (2.18)
=1 =1

if all A\;’s are in (0,n), and L, is zero otherwise. The desired conclusion immediately follows

from Lemmas 2.6 and 2.7 on K,, and L,,, respectively, |

Proof of Theorem 2. First, we show that the lower bound is strictly between zero
and one. Recall ¢(z,y) = E |exp (—(z*y?/8) + (zy£/4)) — 1|. Then ¢(x,y) > 0 because &

is an non-degenerate random variable. Second, by Holder’s inequality,

s = i fow (22 ) A

By expanding the square and using the fact that Eexp(t¢) = exp(t?/2) for any t € R, we
have that

¢(x’y)2 < e~V /8 _ 9, —3a%y? /32 +1.
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Let @(t) = e /8 —2¢73/32 11 for t € R. Then ¢(0) = 0, p(+00) = 1 and ¢/(t) =
(3/16)e~t/8(e!/32 — (2/3)) > 0 for any t > 0. Thus ¢(z,y) < 1 for any z > 0 and y > 0.
Now we prove the remaining part of Theorem 2.
Let’s continue to use the notation in Corollary 2.1. First,

9n(2)

FulXn) 1' , (2.19)

In(Xn)

where X, has the density function g,(z), i.e., the pq entries of X, are independent standard

-1

d(L(/7Z),Gp) = / gn(2)dz = E

RP4

normals. Second, by Corollary 2.1,

fn(X0) < ?y® ay >
— < converges weakly to exp [ —— + —
In(Xn) & Y P 8 1t

where ¢ is a standard normal. Then, applying Fatou’s lemma to (2.19),

2,2
liminf d(£(v/7Z), Gy) > E |exp <—% v ) _ 1‘ |

n—oo

The proof is completed. |

Proof of Theorem 1. Let p!, = ¢/, = py+ ¢y -+ [n'/*]. For an n by n random orthogonal
matrix U which has the normalized Haar measure, let Z,, denote the upper left p by ¢
block of U, 1 < p, q < n. Thus, Z,, 4, is a sub-block of Z, .. As a consequence, the
joint density function of entries of Z,, ,, is a marginal density function of that of Z, . .
Therefore, by formula (1.2)

H['(\/Ezpn,qn) - Gpnan < H['(\/EZPL,%) - Gpélq;Ha (2.20)

where Gy, is the joint distribution of pg standard normal distributions (one can verify this
by choosing B = A x RPndn~Prn for any Borel set A € RP"?% and then plugging them into
definition (1.2)).

So, to prove the theorem, without loss of generality, we assume p, = ¢, for all n >
1, pp — o0 and p, = o(y/n).

As in the proof of Theorem 2,

HE(\/EZPTUQn) - GannH =F ‘Kn Ly — 1‘ s

where K,, and L,, are as in (2.17) and (2.18). By following the proof of Lemma 2.6 step by

step, we obtain that

2 2
+
K, = exp {—% + 0(1)} (2.21)
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as n — oo. We claim that
e~ (PPatpa)/iny (2.22)

in probability as n — oo. If this is true, then K,,- L, — 1 in probability as n — oco. Note that
K- Ly > 0 and it is easy to see that E(Kp,-Ly) = [ppe fn(z) dz = 1. These three facts imply
that {K,- Ly} is uniformly integrable, that is, limsup,_, o, limsup,, o E(KnLnlik, 1,>t}) =
0. It follows that E|K,L, — 1| — 0 as n — oco. The proof is then complete.

Now we prove claim (2.22). Let’s go back to the proof of Lemma 2.7. Since p, =
gn = o(y/n), the term c(x,y) in (2.13) is equal to zero. So, correspondingly, €, =
{maxi<j<4 A\i < v/n} and P(Q) — 0 as n — oo. Recall the definition of f(z) in (2.11)
and L, = exp(>_7_, f(\i)). On Q,,, similar to (2.15),
tr ((X'X)3)

n2

p+qg+1 n—p—q—1 .

tr ((X'X)3)

2 2
+ +q+1 i
PAth 2 oiz-. tha + Gn————5—{(2.23)

- dn + 2n fu = %
where g, is a random variable satisfying |g,| € [0,2) as n is sufficiently large, and h; =
tr(X'X)" — E(tr(X'X)"). Obviously, h; is well-defined on the same probability space as
those of z;;’s which does not depend on §2,,. Note that p = ¢ = o(y/n). Then

£h1 _ p_2 ) le?:l Z;‘J:l(xzzj -1) 0 (2.24)
n n p
in probability as n — oo by the classical Central Limit Theorem of independent and iden-

tically distributed random variables. We will show next that the third term on the right
hand side of (2.23) also goes to zero in probability. Indeed,
1%\2 2 2
PCM! )<VWWﬂXXH):OCm)+%MHﬂ))%O

— > €
n n2e? n?

by (i) of Lemma 2.4. This says that
n—p—q-—1
— ho — 0 (2.25)
in probability as n — oo. Lastly,

W«WM%ZESW«WM%—EWKXWﬁ)+Em«XXﬂ)
2 4 2 :

n n? P n

By (ii) of Lemma 2.3, the first term on the right hand side goes to zero in probability. By
(i) of Lemma 2.3, Etr ((X'X)3) ~ pg(p® + ¢* + 3pq) as n — co. So the second term on the
right hand side goes to zero. Consequently

tr ((X'X)?)

. -0 (2.26)

n
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in probability. Combining (2.23)-(2.26), we obtain
- _Pa+pd’ + pg’
210 =0
in probability, which together with the fact that P(2¢) — 0, implies (2.22). [

3 The Proof of Theorem 3

The main tool of proving Theorem 3 is the Gram-Schmidt algorithm. Let’s briefly review

it first.

Suppose {y1,y2, - ,¥n} is a sequence of n x 1 vectors. Set w; = y; and
Wj=Yj_ZH ZH2 j=2,3,--- ,n, (3.1)
i=
where [|w;||? = w;‘-ij (j = 1,2,---,n). Then, {w;,1 < j < n} are orthogonal, that is,
wlw; =0 forany 1 <i < j<n.Letv; = (1/|lw;|)w;, j =1,2,--- ,n. Then the matrix
', = (v1,72, -+ »7y) is orthonormal. So (3.1) can be rewritten as follows:
j—1
i=1

The reader is referred to Section A.5 on page 603 from [1] and p.15 from [18] for further
details.

Define
J—1 m
A; =0, Aj:Z(y;‘»F’yi)’yi and Lj:' W—l', j=12,---n. (3.3)
i=1 J

Note ij"/i € R!, rewrite (YJ'T%)% = (v;v1)y;. It is easy to check that

A
Wj = (In — I‘"J]‘-‘Z;,j)y]" AJ’ = I‘n,jrz:,jyj and A/j = ﬁ — ﬁ + 11J (34)

where 'y j = (71,72, »vj-1) and u; = (1 = n™/#[jw;||)v;
One repeatedly used fact in later proofs is that if the n? elements of Y = (y1,y2, -+ ,¥n)

71/2’

are i.i.d. standard normals, then Ty, = (71,79, ,7,,) follows the normalized Haar measure

on the orthogonal group O(n). In particular, «,’s are identically distributed and

L(v))=L (%) (3.5)

[yl
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forany i =1,2,--- ,n.
For any n x n orthogonal matrix G, observe that £(GT,,;') = L((T',GT)~!) = £(T,;}})

n

by the invariance property of Haar measures. Also, I, 1 = I‘z. From the uniqueness of

Haar measures, we obtain another useful fact that
L(Tn) = L(Ty). (3.6)
We will use the following notation. Let A = (a;;) be an p by ¢ matrix. Then

Al = _ max _ ag]. (3.7)

1<i<p,1<j<q
The following definition will also be used.

n
logn — (5/4) log(logn) “

en(m) = max  |Vny; —yij| and ny = (3.8)

1<ign,1<j<m

for « > 0 and n > 2.
The following says that, to prove part (iii) of Theorem 3, we only needs to work on

maxa<j<m [|Az]-

LEMMA 3.1 Let ¢,(m) and ny be as in (3.8). Then

(

asn — oo for any a >0 and 6 > 0.

en(na) =, max A,
=J =Nt~

25>—>0

The following lemma is the key in the proof of Theorem 3. A recursive inequality is

derived. It implies that all A;’s are almost independent when j < n,.

LEMMA 3.2 Let £ be a standard normal. Given oo > 0 and t > 0, define

= (g >0 (2 82)) kmrze

and f, (k) as the probability above when “+” on the right hand side is replaced by “—".

Then there exists a constant C = Cqy > 0 such that P(maxocj<pi1 [|Aj]| < t) is bounded

below and above, respectively, by

B } (logn)
(1= ()P o A < 0) — S ana
logn)¢
s 1l < (log
(1= nf )P (e 1A < 1)+ S22

uniformly on n/(logn)® < k < n, as n is sufficiently large, where ny, is as in (3.8).
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Proof of Theorem 3. Part (i) is obvious. As for (ii), take r = 1/logn, s =
(logn)®*, t = t, m = m!, = [on/logn] for some § < min{1/4,#2>/100} in Lemma A.4.
Trivially, t2/(3(m + /n)) > t*(logn)/(6nd) and 1/s < 1 as n is sufficiently large. We
obtain that

P ! —n/(4logn)? —(logn)3/2 /2 3n? t2 logn —n/2
(en(my,) > 3t) < 4ne + 3n‘e +T 1—1—5 - —0

as n — oo by the choice of §.

Now we prove (iii). To simplify notation, set m = n,. We actually will show that
1, if t > 2y/a;
I < Kt ey . .
pP <21§r2a§>§n A1 < 75) — e , ift =2/ (3.9)
0, if t € (vV3a,2\/a),

where K = (8v/2m)~!. Since P (maxa<j<m [|A;]| < t) is increasing in ¢, the above implies
that the left hand side above goes to zero for any ¢ € (0,2y/a). This together with (3.9)
implies that maxao<j<m, [|A;|| converges to 2y/« in probability. Lemma 3.1 says that €, (nq)—

maxa<j<n, [|Aj]| converges to zero in probability as n — oco. It follows that

en(na) — 2va (3.10)

in probability as n — oo. We next show that this implies that e,([na/logn]|) — 2/« as
n — oo. Indeed, set k, = [na/logn]. For any 6 € (0,/«), choose «; such that

<\/——g)2<a1<a.

Then ny, < ko < nq as n is sufficiently large. It follows from the definition of €,(m) that

€n(Nay) < €n(ka) < €,(ng) as n is sufficiently large. Therefore

Pllealka) = 2v/a] > 8) < Plen(ka) > 2/a+5) + Plea(ka) < 21/ — )
0
< P(en(na) >2Va+46)+ P <en(nal) < 2y/a; — §>
as n is sufficiently large. The above two terms go to zero as n — oo by (3.10). Then (iii)
follows.

Now we show (3.9).

‘We continue to use the notation in Lemma 3.2. Set

Ap = P(max Al <), b =1—nf/(k), by =1-nf, (k),

2<5<k
_ (logn)“ [ n
Cn = @2 mdm = (log n)? 2
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By Lemma A.1, P(|¢] > z) ~ (2/(V27r z)) exp(—2%/2) as * — +oo for a standard normal £.
Here and later, the notation “f(x) ~ g(z) as * — +00” means that lim,_,, f(z)/g(x) = 1.

The same interpretation applies to o, ~ G, as n — oco. It is easy to check that

1/2 )
both f(k) and f; (k) ~ t\/% <§> e~ (5/2)(n/k) (3.11)

uniformly on m’ < k < m as n — oo, and also that

1> max{b;,b;; m'<i<m}—1 (3.12)
as n — oo provided ¢ > v/2a. By Lemma 3.2,
by Aj—1—cn < Ap <bf Ap1 +cp

for all m’ < k < m as n is sufficiently large. By iteration, we obtain

m m—m/+2 j
Anz | TL 4 A= 3 s 0] (3.13)
Jj=m/ Jj=

By (3.12) the second term on the right hand side is no larger than ne, < (logn)® /n(t*/@)=3

as n is sufficiently large. Further, applying the same argument in (3.13) to the “4” case,

we obtain
T (log n)© T (logn)“
H by | Apr—1 — @a)3 <Ap < H bi | Apr—1+ /)3 (3.14)
j=m j=m’

as n is sufficiently large. By definition, Ay = P (maxa<;<k [|A;| < t). From the proved

(ii) we know that A,y_; — 1 as n — oo for any ¢ > 0. Evidently, (logn)“n3~(t*/2) — ¢
provided t > v/3a. So to prove (3.9) we only need to show that
. . 1, if t > 2/«
both [ b7 and [ bf — e 5%, ift =2ya; (3.15)
j=m’ j=m’

0, if t € (v/3a,2y/@)

as n — oo. Recall b =1 —nf,f (k) and by =1 —nf, (k). Since |log(1 + ) — x| < 2 for x
small enough. By (3.11) and (3.12),

H bj ( n Z f,f(k)) - exp <+n2 Z f;{(k)2>

IN

exp | —
j=m/ k=m
H b exp (—n Z fn(k)> - exp (—n2 Z f(k)Q)
i=m/ k=m/' k=m’

=

A\



as n is sufficiently large. Also, the fact f,F(k) < f, (k) implies that b;r >b;. So (3.15) is

reduced to show that

0, if t > 2/«

n? Y (k) =0, and n Y fif (k) — K2, ift =2/ (3.16)
k=m' k=m/'

+oo, ifte (V3a,2ya),
and that the above is also true if f, (k) is replaced by f, (k).
By (3.11) again, n2 37, fi(k)? < (logn)Cn3~(#*/®) — 0 as n — oo provided t > v/3a.
Similarly, n2 31 fo (k)* — 0 for t > /3. Let

2
g(fﬂ)ztm

x1/2e—t2/(2z)

for z > 0. By the uniform convergence of f,7(k)/g(k/n) and f, (k)/g(k/n) as n — oo over

k € [m/,m] as in (3.11), to prove the second part in (3.16), it is enough to show

[k
— to th d limit i 1 1
nk_gm/g (n> goes to the second limit in (3.16) (3.17)

as n — oo. Note that g(z) is non-negative and increasing in z over [0, +00), it is elementary

to see that

1 & k m/n

- > g<—) —/ g(x) d
n k=m/' " 0

Use \/ze /(%) < ¢=/(22) on gz € [0, 1], the first integral on the right hand side is bounded
by (1/n)exp(—nt2/(2m + 2)) < n~ 1=/ (1ogn)C as n is sufficiently large; the second

(m+1)/n m’/n
<[ g@ans [ gw)de
0

m/n

one is bounded by exp(—(logn)?) as n is large because m’ ~ n(logn)~2 by definition. Hence
1 & [k m/n 1
bl S I dr =o| = 3.18
nk:m/g(n> [ sty =o(5) (3.18)

as n — oo if t > v/2a. Now we evaluate the integral.
Write /T exp(—t2/(2z)) dz = (2t 225/2)d(e~**/(22)). By integration by parts,

2 \n

I, = / " Jae e gy — 2 (@)5/2 e /@m) _ % / " et gy
0 = Jo

Note that Va3 < (m/n)y/z on [0, m/n]. The last integral is less than or equal to (m/n)I,.
But m/n — 0, thus

[~2 (%)5/ 2 —nt/(2m)
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By the definition of m, nt?/(2m) = (t*/(2a))(logn — (5/4)logyn) + O(n~t(logn)?) as
n — oo. It follows that
2252 1

2 /(80)—
From (3.18)
[k ) /m/n 2n> 40572 1 512 (80r)
=)~ dr = — - I, ~ . (1 /(8)—=(5/2)
nk;n/g <n> " 0 gla)de V2rt V2rt3  nt?/(2a)-2 (log )
provided ¢t > v/3a. Recall K = (8/27)~!. The above implies (3.17). |

4 Technical Lemmas

Now we prove the lemmas used in the previous sections. To see them clearly, we break them

into two subsections.

4.1 The Proofs of Lemmas Used in Section 2

Proof of Lemma 2.1. (i) First, when n =1, T'(n + (1/2))/(v/nI'(n)) = /7/2 € (5/6,1).
So (i) is true for n = 1. Now assume n > 2.
Using the fact that I'(z + 1) = zI'(z) for any = > 0 and I'(1/2) = /7, we have that

L(n+(1/2)) _ mn (2n)!

T'(n) 22 (ph)2”
By Stirling’s formula (see, e.g., Lemma 1 on p.45 from [6]), n! = 9rnn”e 18 for all
n > 2, where
n
<6, <Ll 4.1
It is easily checked that
_ /
I'(n+(1/2)) — exp 0, — 40, (4.2)
vnT(n) 24n

for some 6,, corresponding to 2n and 6, corresponding to n in (4.1). Evidently, (6, —
40!)/24 € (—1/6,0) for all n > 2. Then the desired result follows by using the inequality
e’ > 1+ x for all x # 0.

(ii) A direct verification shows that (ii) is true for n = 1. Now assume n > 2. If n = 2k

for some integer £ > 1, then (ii) follows from (i). Now suppose n = 2k + 1 for k > 1.

T((n+1)/2)  (Tk+(1/2)\™" [ 2k
Jn_/2r<n/2>_( VET (k) > 2k+1°

20
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By (i), the above ratio is between \/2k/(2k + 1) and (1—(6k)~!)~!. By a simple calculation,
2k/(2k + 1) > 1—(3/5n) and (1—(6k)~1)~! < 1+(5k)~! for all k > 1. So (ii) follows. M

Proof of Lemma 2.2. By the multivariate Taylor’s expansion formula (see p. 361
from [2] and p. 172 from [22]),

for some ¢ € [i/n,z] and n € [j/n,y], where

2 . S a2
o) = (0= DP5E 2 - D= Dy =25y )

By the given condition,

M i i) i) J 2
pael <5 (@-D+-D) <ar(@-1p+ro-2)
Then
G+)/n p(+1)/ 1 i g 1 i g 1 i g
)dx dy = —, = —fi == —f 3y

/ /Z f(z,y)dxdy = f<n’n>+2n3f“ (n,n>+2n3fy (n >+ i
where

G+1/n p@+1)/n I/n rl/n oM

=1 [ [ s < [ [T e dedy = 2
j/n i/n 0 0 n
since |6;5(&,m)] < M((z —i/n)*+ (y — j/n)?) by (4.3). The desired result follows by taking
the sum over ¢ from 4y to ig, and j from j; to js. |
Proof of Lemma 2.4. (i) It is not difficult to check that
a p
X'X)=2_ D>
j=1i=1
tr((X'X)?)
a p a p P4
D) ILEDIPIET RS 3 S F RS P
j=1i=1 j=1i#l=1 i=1 j#k=1 i#l, j#k

Let

CE R ICEUNES 3 o ERLIE B

<.
Il

—
-

i=1 j#k=1 i#l, j#k
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By a simple algebra,

4
tr((X'X)?) = (Z BZ-) +2(p+q—2)tr(X'X) + Cpgq, (4.5)
i=1

4, Cov(B;,B;) = 0 for all 1 < i # j < 4, and Cov(B;,tr(X'X)) = 0 for i = 2,3,4.

Also, each B; is a sum of uncorrelated random variables. Therefore,

where (), is a constant on p and ¢. It is easy to check that EB; = 0 for 1 < ¢ <

4
Var (tr(X'X)?)) = (Z VCL’I“(BZ')> +4(p+q—2)*Var(tr(X'X)) + 2Cov(By, tr(X'X)).
=1

Now it is easy to verify that Cov(By,tr(X'X)) = O(p?) and Var(B;) = O(p?) fori = 1,2,3
as p — oo. Moreover, Var(By) = pg(p — 1)(¢ — 1) and Var(tr(X'X)) = 2pq. Combining
these quantities together, we obtain (i).
(ii) By (4.5) again,
Cov(tr(X'X),tr(X'X)?)) = Cov(tr(X'X),B1) +2(p+q—2) - Var(tr(X'X))
~ 4pq(p +q)

as n — 00. |

4.2 The Proofs of Lemmas Used in Section 3

Before the proof of these lemmas, we need some preliminary results for a preparation.

LEMMA 4.1 Let E;, 1 =0,1,2,--- ,n be events in a probability space (0, F,P). Then

P(N{oE;) — P(Eo) + > P(Eo\E;))| < > P (E{ES).

i=1 1<i<j<n
Proof. First, P(Ey) — P (N yE;) = P (U!_,Eo\E;). By Bonferoni’s inequality, it is
bounded above and below, respectively, by
n n
Y P(Eo\E:) and » P(EQ\E:)— Y P((Eo\Ei)nN (Eo\E))).
i=1 i=1 1<i<j<n

Note that (Eo\E;) N (Eo\E;) C EfES. The desired conclusion follows. [ |

LEMMA 4.2 Let {&;i > 1} be a sequence of i.i.d. random wvariables with the standard
normal distribution. Set Sy = Zle &2. Then

Sh n miax?
Pl|l=———|> < —
(52 #) = oo (i

for anym >1, n>1 and x > 0 satisfying m < n/2 and z < n/m.
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Proof. Write

Su  n_ (m—n)(Sm—m)+ml(Sn — ) — (n— m)]
S, m mSy,

Then
Sn P P a{[Sm — ml, [(Sn — Sm) — (0 — )]}
S m _msmmax 'm — ml|, n 'm n—m)l|}.

Since the distribution of S,, — 5, is equal to that of S,,_,,, we have that

2x>
2 m-x

2
< P(Sm§%)+P(|Sm—m| >%) +P<|Snm—(n—m)|>%>.(4.6)

S, m

Let P, P, and P stand for the previous three probabilities in order. Define I(x) :=
supper {0z — log(E exp(0€3))} for x € R. It is not difficult to verify that

(i) I(z) = (zr —1—logz)/2 for > 0; I(z) = +o0 for z < 0;

(ii) I(z) is increasing on [1,00) and decreasing on (0,1).

The above two facts can be also seen in Lemma 3.2 from [19]. By (i) of Lemma A.3,
Py <2 ™12 < 9exp(—(log4 — 1)m/4) < 2exp(—m/12).

Define n(x) = x —log(1 + ) — (22/3) for x > —1. Then 7(0) = 0 and 7/(x) = z(1 — 2z)(1 +
x)~1/3. Hence n/(z) > 0 for x € [0,1/2] and 7/(x) < 0 for z € [~1/2,0). It follows that
x —log(1 + x) > 2?/3 for |z| < 1/2. Therefore,

po< 2exp{—memax {1 (1+25), 1 (1-Z2) 1
2n on

< 2€7m3x2/(24n2)

provided = < n/m, where property (ii) of I(x) above is used. Similarly,
2
P < pf|2mm gL
n—m 2n?

< 2eXp{—(n—m)'maX{I(1+le2§>’ I(l_%”}

< 2€—m4z2/(48n3)

provided m < n/2 and x < n?/m?, where the fact that n —m > n/2 is used in the last

step. Thus,

3,.2 4,2
m m-T m-x
P+ Py+ Py < Gexp [ —min{ —
PRt eXp( mm{12’24n2’48n3}>
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if m < n/2 and x < n/m. By a simple verification, the minimum above is actually
422 /(48n3). This together with (4.6) proves the lemma. |

Proof of Lemma 3.1. Write m = n,, for simplification. By (3.4), we know that

22, Vs = yi Adls p el

where u; = (1 — n_1/2||wj||)'7j. By the triangle inequality,

[[w; >
en(m) — max |4} < 1—

2<5< ’

o vl < { o [V f - mox

where the inequality |1 — \/E\ < |1 — 2| is used in the last step. Proposition 1 from [19]

- X flv;ll = 2
—>
logn 1<J<n Vi

as n — oo. To prove the lemma, it suffices to show that

B, = y/logn max
1<j<m

in probability as n — oco. By orthogonality, (I,, — rn,jr’;f,j)Q =I,-T, ]I‘ . This says that

implies that

12
1—M'_>0 (4.7)
mn

I,-T, ]1" - is an idempotent matrix. So by (3.4), w; ~ N, (0, In—I‘nJI‘n,j) conditioning on

” means that both sides

Y1,¥2,  +,¥j-1, where 'y, j = (v1,7¥2, -+ ¥;_1)- In this context, “~
of “~” have the same probability distribution. It also follows that rank(I, — I‘n,jIﬁj) =
trace(l,, — I‘n,jl"gvj) = trace([,) — trace(l"n,jl"gvj) =n — j+ 1. By Lemma A.2, [|w;|? ~
x%(n — j + 1). Obviously, 2tn/y/Togn — j > tn/\/logn for all 1 < j < m as n is sufficiently

large. Let {&1,&2, - ,&,} be independent standard normals. Then

[[w; > ~1/2 " tn
P('l—T > 2t(logn) > §P< ; (& -1)] > \/@)

n—j+1

1
< (arrom| 5 @ f=)

< exp(—n'/?) (4.8)

uniformly for 1 < j < m as n is sufficiently large, where Lemma A.3 is used in the last
inequality (heuristically, since >} _1 +1(§,% —1) is asum of i.i.d. random variables with mean
zero and variance equal to two, one can think of >27-7" (€2 — 1)/\/n — j + 1 as a normal.
Then the last inequality above is intuitive). By the union bound,

12
P(B,, > 2t) <n- max P(‘l—M
n

> 2t(log n)_l/Q) <n-exp(—n'/3) =0
1<j<m
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as n — 00. So (4.7) follows. |

We need the following two lemmas for the proof of Lemma 3.2.

LEMMA 4.3 Let Aj be as in (3.3) and ng in (3.8). Write Aj = (A1, Agj, -+, Ayj)T €
R™. Then, for any t > 0,

P(‘Alj’ >t, ’Agj‘ > t) < e_t2”/j + e—(logn)2/11
uniformly on j € (n/(logn)3, ny) as n is sufficiently large.

Proof. Again, write m = n,. By (3.4), A; = I‘nJI‘Z’jyj, where T'y, ; = (71,72, ,¥j-1)
and y; = (y1, Y25, - ,ynj)T € R"™. It is easy to see from the orthogonality of the ~;’s, and
the independence between y; and I';, ; that

d
A =T (Y1, y25, Yj-14) - (4.9)

“d”

Here and later, the notation “=" means that the distributions of both sides are identical.

Thus
T

(A, Agy)T <Z V1kYkjs Z ’Y2k;yk;j> . (4.10)

Observe that vy,7,- -+ ,7;_; are functions of y1,y2, -+ ,y;j-1. We know from (4.10) that
(A1, A95)T ~ Na(p, £) conditioning on y1,y2, - ,yj—1. Basily, p = 0 and Var(4,;) ~
ng;ll ’Y;%k for p = 1,2, and the correlation coefficient of A; and Ay; is

i—1
S Mk Y2k

pj =
\/ 2 = 171k\/2k 17%

Therefore there exists two independent standard normals £ and 1 such that the conditional

(4.11)

distribution of Ay; and Ay; given yi,y2, - ,yj—1 is the same as that of (Zk 1'ylk)1/2§

and Zj =1 ’ng)l/z(ij +4/1— p?n). It follows that

P(|Arjia] >t [Agjpa] > t|Y1,Y2,"' \Y5)
< P<!€\ > #( Zm 2l = Zm 2 pinadl Iy, v, %‘) - (4.12)
k=1 k=1

Now, by (3.5) and (3.6), there exists a sequence of i.i.d. standard normals ¥, 19, -+ , 1y,
such that £(3°7_; 'ka;) L(S;/Sy) for p=1,2, where S; = {:1 ¥?. By Lemma 4.2,

4, —2/5
> n=1/5 <6 max exp _Jn < e~V
n/(logn)3<j<m 48n3

25

S, n

S; J

max P (

n/(logn)?<j<m




as n is sufficiently large. By (4.12),
P(JArj1] > t, [Agjy1| > t)
< Pl = 0flnd) = n 5 = o) =0 o)) + 26 (43

Since P(|¢| > z) < (1/x) exp(—22/2) for any x > 0, by Lemma 4.4 below,

1 6
Plpyaaé] > (logn)/n'/) < P (mn > “’ﬁ) ) 1 P(le] > logn) < 2¢~(osm/10
n

for sufficiently large n. Thus, combining this with (4.13), we obtain from the independence

of £ and n that P (J]Aq 41| > t, [Agj41| > t) is bounded above by

P(El > t\/(n/§) = n=25, |n| > t\/ (n/5) — n=1/% — n= V4 (logn)T) + 3¢~ (o8 )*/10

A B
< 2e—t2n/j+e—(logn)2/11

uniformly on j € (n/(logn)3,m) as n is sufficiently large, where A and B are essentially

ty/n/j when using Lemma A.1 in the last step. |

Now we measure how fast the correlation coefficient p; goes to zero. The idea behind
the proof is that we view v;;’s in the expression of p; in (4.11) as independent normals with
mean zero and standard deviation n~'/2. This intuition will be carried out rigorously by

using Lemma A.4.
LEMMA 4.4 Let p; be as in (4.11). Then

P(|pj1| > (logn)®/n'/t) < e~ (oam?/10
uniformly on j € (n/(logn)3,ny) for sufficiently large n.

Proof. Write m = n,, for simplification. Note that (y11,712, - ,71n) has the same distri-
bution as that of (721,722, ,72n) because of the Haar invariance of T' = (1,79, ,7,,)-

For any a > 0

Z Y1k 2k

k=1

> —) +2P ( TS = —) (4.14)

By (3.5) and (3.6), the sum appearing in the last probability in (4.14) is equal to S;/S,, in

n g4 n\?
;> bexp (‘—48n3 <3> )

eV (4.15)

P(lpj41] > ) <P<

law as in Lemma 4.2. By this Lemma,

(g 3les) o (531

2\—1 1
> ) =
1k j
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uniformly on j € (n/(logn)3,m) for n sufficiently large. Recall (3.6) again. Choosing
m =2, t =n""*logn,s = logn and r = (logn)?/y/n in Theorem A.4, by (3.6), we have
2n2 ii.d. standard normals {yij;1 <i <2, 1 <j <n} such that

(log n) > 2_—(logn)?/2 5/4 (logn) 2
+ 3n2e(oe)™/2 4 3,5/

< ¢ (logm)?/9 (4.16)

A
=
S
(V)
@
w
o
/_I\

for n large enough, where €,(2) = maxi<;<2, 1<j<n |v/17ij — ¥i;|. Notice that

J J 2 2
(logn) j(log n
n Y | <D vy + A ZZ| zk|+ NG 2j(logn)® (4.17)
k=1 k=1

i=1 k=1
on {€,(2) < (logn)?/n'/*}. Note that E exp(|y11y21|/8) < oo and Ely1;| < 1. By Lemma

A3, there exists a universal constant C' > 0 such that

2 j J
p (Z >yl > 3j> <e % and P ( > yikyor
i=1 k=1

k=1
uniformly on j € (n/(logn)3, m), where the first one comes from (i) of Lemma A.3 and the

> \/jlogj> < ¢ (loen)®/3 (4 1g)

second is obtained by (ii) of Lemma A.3 in the same way as in (4.8). If neither of the events

in the above two probabilities occurs and €,(2) < (logn)?/n'/*, then from (4.17)

j(logn 2j(log n)*
<\/_logj—|— 54) + J(\/gﬁ) < 5n%4(logn)?

uniformly on j € (n/(log n)3,m) for n sufficiently large n. Thus, from (4.16) and (4.18)

(%

as n is sufficiently large. Choose a = (logn)%/n'/*in (4.14). Then, aj/(2n) > 5(logn)?/n'/*
for all j € (n(logn)~3,m) as n is sufficiently large. It follows from the above that

d

uniformly on j € (n/(logn)3,m) as n is sufficiently large. It is easy to see that the last
probability in (4.14) is bounded by the first probability in (4.15). Combining (4.14), (4.15)
and (4.19) together, we obtain that

nl/4

Ogn) ) <2e—(logn)2/9

J

Z V1E2k

k=1

aj —(logn)?/9
> < .
2n> 2e (4 19)

P(’ﬂj—f—l’ > (log n)6/n1/4) < 2ef(logn)2/9 + 267\/5 < ef(logn)2/10
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as n is sufficiently large. |

Proof of Lemma 3.2. Write m = n,. Rewrite Apy1 = (A1 pi1, Dogrt, - > Appy1)t €

R™. By (4.9) and (4.10), L(A;k+1) = E(Zle YilY1k+1), So conditioning on yi,y2,- - , Yk,

k
Ajgr1~N <0, Z’Yﬁ) : (4.20)
=1

Let Ey = {maxo<j<i [|A;] <t} and E; = {|A;x4+1] < t}. Although each E; depends on n
and k, we would rather use the notation FE; for simplification. This will not cause confusion

in the context. Evidently,

n
< = B .
{ng,g;lnmn t} e (421)
1=

To apply Lemma 4.1 we now calculate P(Ey\E;). Define

5, = -1/2 \/E
= max Z% 7|

where
Q, = {(i,); 1 <i<n, n/(logn)*<I<m}.

Recall (4.20). Let S; be as in Lemma 4.2, then by the lemma and the fact that |/a—v/b| <
la —b| ifa>1,

8 8
P (6n > @) < n?max P < > @) < ¢ (logn)? (4.22)
n n

for sufficiently large n, where the max above is taken over all [ such that n/(logn)? <1 < m.

Sn

S l

By (4.20), for some standard normal £, we have A; ;41 ~ (Zle 7%)1/25 conditioning on

Yi,¥2, Yk Thus P(EZC‘YIvy27 7Yk) = P(‘§’ > (2?217%)71/211’ ’ Yi,¥2, - 7yk) It
follows that on {8, < (logn)®/\/n},

=01 (E 22

< PEviye v <P (g (e B ) o ey e

uniformly on (i, k) € €,. The key observation for this proof is that the above conditional

probability is bounded above and below by unconditional probabilities. Obviously, Fy is a
set in the o-algebra generated by yi,y2, -,y By (4.22) and (4.23)

P(E\E;) = E{Ig, (P(Ely1,y2 - yr)} < P(Eo)fy (k) + e (s’
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for all (i,k) € Q, when n is sufficiently large. Similarly, use the first step above to obtain
P(E\E:) > P(EyNF,)- £ (k) > P(Ep)- f;f (k) — 1",

for all (i,k) € §,, where F}, := {3, < (logn)®/y/n}. Therefore,

n
nP(Eo) - £, (k) —ne (8™ < 3™ P(B\E;) < nP(Ey) - f, (k) +ne (5™ (4.24)
i=1
uniformly on n/(logn)? < k < m as n is sufficiently large.
Finally, note that e~/ is increasing in j. By Lemma 4.3, P(ESES) < n=t/%(log n)¢
for some constant C' > 0 as n is sufficiently large. Also, the n random variables in

(A1 k41,2 k+1,- -, Ay k41) are exchangeable by the Haar-invariance. Hence

n? (logn
Y P(EE)) < 5 PEE) < s

) (4.25)

1<i<j<n

as n is sufficiently large. By (4.24), the quantity P(Ey) — > P(Eo\E;) is bounded above
and below respectively by

(1 —nf, (k)P(Eo) + ne—(ogn)® 04 (1 —nf, (k)P(Eq) — ne—(0gn)?

This together with (4.25) yields the desired conclusion via Lemma 4.1. [ |

5 Appendix

The following is a standard result. It can be found in, e.g., Lemma 3 on page 49 from [6].

LEMMA A.1 Suppose X ~ N(0,1). Then

—z2/2

e < P(X >a)<

8
)

5~
3

for all z > 0.
The following lemma is part (i) on p.186 from [29].

LEMMA A.2 Supposey is a R"-valued random vector with multi-normal distribution with
mean 0 and covariance matriz X of rank r. If % = 3, then there exists a sequence of

independent standard normals {&;; j = 1,2, ,n} such that ||y||* has the same distribution
as that of 375, &2, that is, [ly||* ~ x*(r).
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For A C R, the interior and the closure of A in R are denoted by A° and A, respectively.
The following are Chernoff’s bound and a moderate deviation result. They can be found

from, e.g., (c) of Remarks on page 27 from [9] and Theorem 3.7.1 on page 109 from [9].

LEMMA A.3 Let {X,X;,i = 1,2,---} be a sequence of i.i.d. random variables. Let
Sp =11 Xi,n>1. Then
(i) For any A C R and n > 1,

P(S,/n € A) < 2e7 A

where I(x) = supep{tr — log E(e'*)} and I(A) = infyeca I(z).
(ii) Assume further that EX = 0, var(X) = 0? > 0 and Ee"* < oo for some tq > 0.

Let {an;n =1,2,---} be a sequence of positive numbers such that a,, — 0 and na, — oo as

. an A - 22
i o (15150 € 4) =t {52

for any subset A C R such that inf{|z|;z € A°} = inf{|z|;2 € A}.

n — o0o. Then

The following lemma is Theorem 5 from [19].

LEMMA A.4 Foreachn > 2, there exists matrices 'y, = (Vij)1<i j<n and Y, = (Yij)1<i j<n
whose 2n? elements are random variables defined on the same probability space such that
(i) the law of Ty, is the normalized Haar measure on the orthogonal group Op;
(11) {yij; 1 < 1,5 < n} are i.i.d. random variables with the standard normal distribution;

(iii) set €p(m) = maxi<i<ni1<j<m |[VNVij — Yij| for m =1,2,--- ,n. Then

1 1 2 —n/2
P(en(m) 2 rs—+ Qt) S 4m67"T2/16 + 3mn <g682/2 + ; (1 + m) )

for any r € (0,1/4), s >0, t>0, and m < (r/2)n.
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