Spectral Distributions of Adjacency and Laplacian Matrices of Random Graphs

Xue Ding^1 and Tiefeng Jiang^2

Abstract In this paper, we investigate the spectral properties of the adjacency and the Laplacian matrices of random graphs. We prove that

(i) the law of large numbers for the spectral norms and the largest eigenvalues of the adjacency and the Laplacian matrices;

(ii) under some further independent conditions, the normalized largest eigenvalues of the Laplacian matrices are dense in a compact interval almost surely;

(iii) the empirical distributions of the eigenvalues of the Laplacian matrices converge weakly to the free convolution of the standard Gaussian distribution and the Wigner’s semi-circular law;

(iv) the empirical distributions of the eigenvalues of the adjacency matrices converge weakly to the Wigner’s semi-circular law.

1 Introduction

The theory of random graphs was founded in the late 1950s by Erdős and Rényi [19, 20, 21, 22]. The work of Watts and Strogatz [46] and Barabási and Albert [3] at the end of last century initiated new interest in this field. The subject is at the intersection between graph theory and probability theory. One can see, for example, [10, 14, 15, 16, 18, 23, 30, 34, 40] for book-length treatments.

The spectral graph theory is the study of the properties of a graph in relationship to the characteristic polynomial, eigenvalues, and eigenvectors of its adjacency matrix or Laplacian matrix. For reference, one can see books [14, 42] for the deterministic case and [15] for the random case, and literatures therein. The spectral graph theory has applications in chemistry [9], where eigenvalues were relevant to the stability of molecules. Also, graph spectra appear naturally in a numerous of questions in theoretical physics and quantum mechanics, see, e.g., [24, 25, 26, 38, 39, 43, 44]. For connections between the eigenvalues of the adjacency matrices and the Laplacian matrices of graphs and Cheeger constants, diameter bounds, paths and routing in graphs, one can see [15].

Although there are many matrices for a given graph with n vertices, the most studied are their adjacency matrices and the Laplacian matrices. Typically, random graphs are considered with the number of vertices n tending to infinity. Many geometrical and topological properties can be deduced

1School of Mathematics, Jilin University, 2699 Qianjin Street, Changchun, China; School of Statistics, University of Minnesota, 224 Church Street, MN55455, dingxue@stat.umn.edu.

2Supported in part by NSF #DMS-0449365, School of Statistics, University of Minnesota, 224 Church Street, MN55455, tjiang@stat.umn.edu.

Key Words: random graph, random matrix, adjacency matrix, Laplacian matrix, largest eigenvalue, spectral distribution, semi-circle law, free convolution.

AMS (2000) subject classifications: 05C80, 05C50, 15A52, 60B10.

for a large class of random graph ensembles, but the spectral properties of the random graphs are still uncovered to large extent.

In this paper, we will investigate the spectral properties of the adjacency and the Laplacian matrices of some random graphs. The framework of the two matrices will be given next.

Let n ≥ 2 and Γ_n = (V_n, E_n) be a graph, where V_n denotes a set of n vertices v_1, v_2, . . . , v_n, and E_n is the set of edges. In this paper, we assume that the edges in E_n are always non-oriented. For basic definitions of graphs, one can see, e.g., [11]. The adjacency matrix and the Laplacian matrix of the graph are of the form

A_n =

0 ξ^{(n)}_{12} ξ^{(n)}_{13} · · · ξ^{(n)}_{1n} ξ^{(n)}_{21} 0 ξ^{(n)}_{23} · · · ξ^{(n)}_{2n} ξ^{(n)}_{31} ξ^{(n)}_{32} 0 · · · ξ^{(n)}_{3n} . . . . . . . . . . ξ^{(n)}_{n1} ξ^{(n)}_{n2} ξ^{(n)}_{n3} · · · 0

(1.1)

and

Δ_n =

∑ j≠1 ξ (n) 1j −ξ^{(n)}_{12} −ξ^{(n)}_{13} · · · −ξ^{(n)}_{1n} −ξ^{(n)}_{21} ∑ j≠2 ξ (n) 2j −ξ^{(n)}_{23} · · · −ξ^{(n)}_{2n} −ξ^{(n)}_{31} −ξ^{(n)}_{32} ∑ j≠3 ξ (n) 3j · · · −ξ^{(n)}_{3n} . . . . . . . . . . −ξ^{(n)}_{n1} −ξ^{(n)}_{n2} −ξ^{(n)}_{n3} · · · ∑ j≠n ξ (n) nj

(1.2)

with relationship

Δ_n = D_n − A_n (1.3)

where D_n = (

∑_n

l≠i ξ (n) il )_{1≤i≤n} is a diagonal matrix.

As mentioned earlier, we will focus on non-oriented random graphs in this paper. Thus, the adjacency matrix A_n is always symmetric. If the graph is also simple, the entry ξ^{(n)}_{ij} for i ≠ j only takes value 1 or 0 with 1 for an edge between v_i and v_j , and 0 for no edge between them.

The Laplacian matrix Δ_n for graph Γ_n is also called the admittance matrix or the Kirchhoff matrix in literature. If Γ_n is a simple random graph, the (i, i)-entry of Δ_n represents the degree of vertex v_i, that is, the number of vertices connected to v_i. Δ_n is always non-negative (this is also true for Δ_n as long as the entries {ξ^{(n)}_{ij} ; 1 ≤ i ≠ j ≤ n} are non-negative); the smallest eigenvalue of Δ_n is zero; the second smallest eigenvalue stands for the algebraic connectivity; the Kirchhoff theorem establishes the relationship between the number of spanning trees of Γ_n and the eigenvalues of Δ_n.

An Erdös-Rényi random graph G(n, p) has n vertices. For each pair of vertices v_i and v_j with i ≠ j, an edge between them is formed randomly with chance p_n and independently of other edges. See [19, 20, 21, 22]. This random graph corresponds to Bernoulli entries {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n}, which are independent random variables with P (ξ^{(n)}_{ij} = 1) = 1 − P (ξ^{(n)}_{ij} = 0) = p_n for all 1 ≤ i < j ≤ n.

For weighted random graphs, {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n} are independent random variables and ξ^{(n)}_{ij} is a product of a Bernoulli random variable Ber(p_n) and a nice random variable, for instance, a Gaussian random variable or a random variable with all finite moments (see, e.g., [32, 33]). For the sign model studied in [7, 33, 43, 44], ξ^{(n)}_{ij} are independent random variables taking three values: 0, 1, −1. In this paper, we will study the spectral properties of A_n and Δ_n under more general conditions on {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n}, see (1.5) later.

Now we need to introduce some notation about the eigenvalues of matrices. Given an n × n symmetric matrix M. Let λ_1 ≥ λ_2 ≥ · · · ≥ λ_n be the eigenvalues of M, we sometimes also write this as λ_1(M) ≥ λ_2(M) ≥ · · · ≥ λ_n(M) for clarity. The notation λ_{max} = λ_{max}(M), λ_{min} = λ_{min}(M) and λ_k(M) stand for the largest eigenvalue, the smallest eigenvalue and the k-th largest eigenvalue of M, respectively. Set

μ̂(M) = 1 n n∑ i=1 δ_{λi} and F^M(x) = 1 n n∑ i=1 I(λ_i ≤ x), x ∈ R. (1.4)

Then, μ̂(M) and F^M(x) are the empirical spectral distribution of M and the empirical spectral cumulative distribution function of M, respectively.

In this paper, we study A_n and Δ_n not only for random graphs but also study them in the context of random matrices. Therefore, we allow the entries ξ^{(n)}_{ij} ’s to take real values and possibly with mean zero. It will be clear in our theorems if the framework is in the context of random graphs or that of of random matrices.

Under general conditions on {ξ^{(n)}_{ij} }, we prove in this paper that a suitably normalized μ̂(A_n) converges to the semi-circle law; a suitably normalized μ̂(Δ_n) converges weakly to the free convolution of the standard normal distribution and the semi-circle law. Besides, the law of large numbers for largest eigenvalues and the spectral norms of A_n and Δ_n are obtained. Before stating these results, we need to give the assumptions on the entries of A_n in (1.1) and Δ_n in (1.2):

Let {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} be random variables defined on the same probability space and {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n} be independent for each n ≥ 2 (not necessarily identically distributed) with ξ^{(n)}_{ij} = ξ^{(n)}_{ji} , E(ξ^{(n)}_{ij} ) = μ_n, V ar(ξ^{(n)}_{ij} ) = σ^2_n > 0 for all 1 ≤ i < j ≤ n and n ≥ 2, and sup 1≤i<j≤n, n≥2

E|(ξ^{(n)}_{ij} − μ_n)/σ_n|^p < ∞ for some p > 0. (1.5)

The values of p above will be specified in each result later. In what follows, for an n × n matrix M, let ‖M‖ = sup_{x∈R}n_{: ‖x‖=1} ‖Mx‖ be the spectral norm of M, where ‖x‖ = √ x^2_1 + · · · + x^2_n for x = (x_1, · · · , x_n)^′ ∈ R^n. Now we state the main results of this paper.

THEOREM 1 Suppose (1.5) holds for some p > 6. Assume μ_n = 0 and σ_n = 1 for all n ≥ 2. Then (a) λ_{max}(Δ_n) √ n log n → √ 2 in probability as n → ∞.

Furthermore, if {Δ_2, Δ_3 · · · } are independent, then

(b) lim inf_{n→∞} λ_{max}(Δ_n) √ n log n = √ 2 a.s. and lim sup_{n→∞} λ_{max}(Δ_n) √ n log n

= 2 a.s., and

the sequence {λ_{max}(Δ_n)/ √ n log n; n ≥ 2} is dense in [ √ 2, 2] a.s.;

(c) the conclusions in (a) and (b) still hold if λ_{max}(Δ_n) is replaced by ‖Δ_n‖.

For typically studied random matrices such as the Hermite ensembles and the Laguerre ensembles, if we assume the sequence of n × n matrices for all n ≥ 1 are independent as in Theorem 1, the conclusions (b) and (c) in Theorem 1 do not hold. In fact, for Gaussian Unitary Ensemble (GUE), which is a special case of the Hermite ensemble, there is a large deviation inequality P (|n^{−1/2}λ_{max} − √ 2| ≥ ϵ) ≤ e^{−nCϵ} for any ϵ > 0 as n is sufficiently large, where C_ϵ > 0 is some constant, see (1.24) and (1.25) from [36], or [8]. With or without the independence assumption, this inequality implies from the Borel-Cantelli lemma that n^{−1/2}λ_{max} → √ 2 a.s. as n → ∞. Similar large deviation inequalities also hold for Wishart and sample covariance matrices, see, e.g., [27, 45].

For two sequence of real numbers {a_n; n ≥ 1} and {b_n; n ≥ 1}, we write a_n ≪ b_n if a_n/b_n → 0 as n → ∞, and a_n ≫ b_n if a_n/b_n → +∞ as n → ∞. We use n ≫ 1 to denote that n is sufficiently large.

COROLLARY 1.1 Suppose (1.5) holds for some p > 6. Then, as n → ∞,

(a1) λ_{max}(Δ_n) σ_n √ n log n → √ 2 in probability if |μ_n| ≪ σ_n ( log n n )_{1/2} ; (a2) λ_{max}(Δ_n)

nμ_n

→ 1 in probability if μ_n > 0 for n ≫ 1 and μ_n ≫ σ_n ( log n n )_{1/2} ; (a3) λ_{max}(Δ_n)

nμ_n

→ 0 in probability if μ_n < 0 for n ≫ 1 and |μ_n| ≫ σ_n ( log n n )_{1/2} . Furthermore, assume {Δ_2, Δ_3 · · · } are independent, then

(b1) lim inf_{n→∞} λ_{max}(Δ_n) σ_n √ n log n = √ 2 a.s. and lim sup_{n→∞} λ_{max}(Δ_n) σ_n √ n log n

= 2 a.s., and the sequence { λ_{max}(Δ_n) σ_n √ n log n

; n ≥ 2 } is dense in [ √ 2, 2] a.s. if |μ_n| ≪ σ_n ( log n n )_{1/2} ; (b2) lim_{n→∞} λ_{max}(Δ_n) nμ_n

= 1 a.s. if μ_n > 0 for n ≫ 1 and μ_n ≫ σ_n ( log n n )_{1/2} ; (b3) lim_{n→∞} λ_{max}(Δ_n) nμ_n

= 0 a.s. if μ_n < 0 for n ≫ 1 and |μ_n| ≫ σ_n ( log n n )_{1/2} . Finally, (a1) and (b1) still hold if λ_{max}(Δ_n) is replaced by ‖Δ_n‖; if ξ^{(n)}_{ij} ≥ 0 for all i, j, n, then (a2) and (b2) still hold if λ_{max}(Δ_n) is replaced by ‖Δ_n‖.

Remark 1. For the Erdös-Rényi random graph, the condition “(1.5) holds for some p > p_0” with p_0 > 2 is true only when p_n is bounded away from zero and one. So, under this condition of p_n,

Corollary 1.1 holds. Moreover, under the same restriction of p_n, Theorems 2 and 4 that will be given next also hold.

Let {ν, ν_1, ν_2, · · · } be a sequence of probability measures on R. We say that ν_n converges weakly to ν if ∫ R f(x) ν_n(dx) → ∫ R f(x) ν(dx) for any bounded and continuous function f(x) defined on R.

The Portmanteau lemma says that the weak convergence can also be characterized in terms of open sets or closed sets, see, e.g., [17].

Now we consider the empirical distribution of the eigenvalues of the Laplacian matrix Δ_n. Bauer and Golinelli [7] simulate the eigenvalues for the Erdös-Rényi random graph with p fixed. They observe that the limit ν of the empirical distribution of λ_i(Δ_n), 1 ≤ i ≤ n, has a shape between the Gaussian and the semicircular curves. Further, they conclude from their simulations that m_4/m^2 is between 2 and 3, where m_i is the i-th moment of probability measure ν. In fact, we have the following result.

THEOREM 2 Suppose (1.5) holds for some p > 4. Set F̃_n(x) =^1_n

∑_n i=1 I

{_{λi(Δn)−nμn} √ nσ_n ≤ x } for x ∈ R. Then, as n → ∞, with probability one, F̃_n converges weakly to the free convolution γ_M of the semicircular law and the standard normal distribution. The measure γ_M is a non-random symmetric probability measure with smooth bounded density, does not depend on the distribution of {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2}, and has an unbounded support.

More information on γ_M can be found in [12]. For the Erdös-Rényi random graphs, the weighted random graphs in [32, 33] and the sign models in [7, 33, 43, 44], if p_n is bounded away from 0 and 1 as n is large, then (1.5) holds for all p > 4, thus Theorem 2 holds for all of these graphs.

It is interesting to notice that the limiting curve appeared in Theorem 2 is indeed a hybrid between the standard Gaussian distribution and the semi-circular law, as observed in [7]. Moreover, for the limiting distribution, it is shown in [12] that m_4/m^2 = 8/3 ∈ (2, 3), which is also consistent with the numerical result in [7].

Before introducing the next theorem, we now make a remark. It is proved in [12] that the conclusion in the above theorem holds when ξ^{(n)}_{ij} = ξ_{ij} for all 1 ≤ i < j ≤ n and n ≥ 2, where {ξ_{ij} ; 1 ≤ i < j < ∞} are independent and identically distributed random variables with Eξ_{12} = 0 and E(ξ_{12})^2 = 1. The difference is that the current theorem holds for any independent, but not necessarily identically distributed random variables with arbitrary mean μ_n and variance σ^2_n.

Now we consider the adjacency matrices. Recall A_n in (1.1). Wigner [47] establish the celebrated semi-circle law for matrix A_n with entries {ξ^{(n)}_{ij} = ξ_{ij} : 1 ≤ i < j < ∞} being i.i.d. N(0, 1)- distributed random variables (for its extensions, one can see, e.g., [5] and literatures therein). Arnold [1, 2] prove that the Wigner’s result holds also for the entries being i.i.d. random variables with a finite sixth moment. In particular, this implies that, for the adjacency matrix A_n of the Erdös- Rényi random graph with p fixed, the empirical distribution of the eigenvalues of A_n converges to the semi-circle law, see also Bollobas [10]. In the next result we show that, under a condition slightly stronger than a finite second moment, the semicircular law still holds for A_n.

THEOREM 3 Let ω^{(n)}_{ij} := (ξ^{(n)}_{ij} − μ_n)/σ_n for all i, j, n. Assume (1.5) with p = 2 and max 1≤i<j≤n E { (ω^{(n)}_{ij} )^2I ( |ω^{(n)}_{ij} | ≥ ϵ √ n )} → 0 as n → ∞ for any ϵ > 0, which is particularly true when (1.5) holds for some p > 2. Set

F̃_n(x) = 1 n n∑ i=1 I { λ_i(A_n) + μ_n √ nσ_n ≤ x } , x ∈ R.

Then, almost surely, F̃_n converges weakly to the semicircular law with density^1_{2π} √ 4 − x^2 I(|x| ≤ 2).

Applying Theorem 3 to the Erdös-Rényi random graph, we have the following result.

COROLLARY 1.2 Assume (1.5) with P (ξ^{(n)}_{ij} = 1) = p_n = 1 − P (ξ^{(n)}_{ij} = 0) for all 1 ≤ i < j ≤ n and n ≥ 2. If α_n := (np_n(1 − p_n))^{1/2} → ∞ as n → ∞, then, almost surely, F^{An/αn} converges weakly to the semicircular law with density^1_{2π} √ 4 − x^2I(|x| ≤ 2). In particular, if 1/n ≪ p_n → 0 as n → ∞, then, almost surely, F^{An/√npn} converges weakly to the same semicircular law.

The condition “α_n := (np_n(1 − p_n))^{1/2} → ∞ as n → ∞” can not be relaxed to that “np_n → ∞”. This is because, as p_n is very close to 1, say, p_n = 1, then ξ^{(n)}_{ij} = 1 for all i ≠ j, thus A_n has eigenvalue n − 1 with one fold and −1 with n − 1 fold. This implies that F^{An} → δ_{−1} weakly as n → ∞.

Corollary 1.2 shows that the semicircular law holds not only for p being a constant as in Arnold [1, 2], it also holds for the dilute Erdös-Rényi graph, that is, 1/n ≪ p_n → 0 as n → ∞. A result in Rogers and Bray [43] (see also a discussion for it in Khorunzhy, Khoruzhenko, Pastur and Shcherbina [33]) says that, if P (ξ^{(n)}_{ij} = ±1) = p_n/2 and P (ξ^{(n)}_{ij} = 0) = 1 − p_n, the semicircular law holds for the corresponding A_n with 1/n ≪ p_n → 0. It is easy to check that their result is a corollary of Theorem 3. Now we study the spectral norms and the largest eigenvalues of A_n. For the Erdös-Rényi random graph, the largest eigenvalue of A_n is studied in [28, 35]. In particular, following Juház [31], Füredi and Komló [28] showed that the largest eigenvalue has asymptotically a normal distribution when p_n = p is a constant; Krivelevich and Sudakov [35] proved a weak law of large numbers for the largest eigenvalue for the full range of p_n ∈ (0, 1). In the following, we give a result for A_n whose entries do not necessarily take values of 0 or 1 only. Recall λ_k(A_n) and ‖A_n‖ are the k-th largest eigenvalue and the spectral norm of A_n, respectively.

THEOREM 4 Assume (1.5) holds for some p > 6. Let {k_n; n ≥ 1} be a sequence of positive integers such that k_n = o(n) as n → ∞. The following hold.

(i) If lim_{n→∞} μ_n/(n^{−1/2}σ_n) = 0, then ‖A_n‖/ √ nσ_n → 2 a.s. and λ_{kn} (A_n)/( √ nσ_n) → 2 a.s. as n → ∞.

(ii) If lim_{n→∞} μ_n/(n^{−1/2}σ_n) = +∞, then λ_{max}(A_n)/(nμ_n) → 1 a.s. as n → ∞. (iii) If lim_{n→∞} |μ_n|/(n^{−1/2}σ_n) = +∞, then ‖A_n‖/(n|μ_n|) → 1 a.s. as n → ∞.

Remark 2. The conclusion in (ii) can not be improved in general to that λ_{kn} (A_n)/(nμ_n) → 1 a.s. as n → ∞. This is because when σ_n is extremely small, A_n roughly looks like μ_n(J_n − I_n), where all the entries of J_n are equal to one, and I_n is the n × n identity matrix. It is easy to see that the largest eigenvalue of μ_n(J_n − I_n) is (n − 1)μ_n > 0, and all of the remaining n − 1 eigenvalues are identical to −1.

From the above results, we see two probability distributions related to the spectral properties of the random graphs: the Wigner’s semi-circle law and the free convolution of the standard normal distribution and the semi-circle law. The Kesten-McKay law is another one. It is the limit of the empirical distributions of the eigenvalues of the random d-regular graphs, see [37].

The proofs of Theorems 1 and 2 rely on the moment method and some tricks developed in [12]. Theorems 3 and 4 are derived through a general result from [6] and certain truncation techniques in probability theory.

The rest of the paper is organized as follows: we will prove the theorems stated above in the next section; several auxiliary results for the proofs are collected in the Appendix.

2 Proofs

LEMMA 2.1 Let U_n = (u^{(n)}_{ij} ) be an n × n symmetric random matrix, and {u^{(n)}_{ij} ; 1 ≤ i ≤ j ≤ n, n ≥ 1} are defined on the same probability space. Suppose, for each n ≥ 1, {u^{(n)}_{ij} ; 1 ≤ i ≤ j ≤ n} are independent random variables with Eu^{(n)}_{ij} = 0, V ar(u^{(n)}_{ij} ) = 1 for all 1 ≤ i, j ≤ n, and sup_{1≤i,j≤n, n≥1} E|u^{(n)}_{ij} |^{6+δ} < ∞ for some δ > 0. Then

(i) lim_{n→∞} λ_{max}(U_n) √ n = 2 a.s. and lim_{n→∞}

‖U_n‖ √ n = 2 a.s.;

(ii) the statements in (i) still hold if U_n is replaced by U_n − diag(u^{(n)}_{ii} )_{1≤i≤n}.

The proof of this lemma is a combination of Lemmas A.2 and A.3 in Appendix and some truncation techniques. It is postponed and will be given later in this section.

Proof of Theorem 1. First, assume (a) and (b) hold. Since μ_n = 0 for all n ≥ 2, (a) and (b) also hold if λ_{max}(Δ_n) is replaced by λ_{max}(−Δ_n). From the symmetry of Δ_n, we know that

‖Δ_n‖ = max{−λ_{min}(Δ_n), λ_{max}(Δ_n)} = max{λ_{max}(−Δ_n), λ_{max}(Δ_n)}.

Now the function h(x, y) := max{x, y} is continuous in (x, y) ∈ R^2, applying the two assertions

lim sup n→∞ max{a_n, b_n} = max { lim sup n→∞ a_n, lim sup n→∞ b_n } and lim inf n→∞ max{a_n, b_n} ≥ max { lim inf n→∞ a_n, lim inf n→∞ b_n }

for any {a_n ∈ R; n ≥ 1} and {b_n ∈ R; n ≥ 1}, we obtain ‖Δ_n‖/ √ n log n converges to √ 2 in probability, and

lim inf n→∞ ‖Δ_n‖ √ n log n ≥ √ 2 a.s., and lim sup_{n→∞}

‖Δ_n‖ √ n log n

= 2 a.s., and

the sequence { ‖Δ_n‖ √ n log n

; n ≥ 2 } is dense in [ √ 2, 2] a.s.

Thus (c) is proved. Now we turn to prove (a) and (b).

Recall (1.3), Δ_n = D_n − A_n. First, λ_{max}(D_n) − ‖A_n‖ ≤ λ_{max}(Δ_n) ≤ λ_{max}(D_n) + ‖A_n‖ for all

n ≥ 2. Second, by (ii) of Lemma 2.1, ‖A_n‖/ √ n → 2 a.s. as n → ∞. Thus, to prove (a) and (b) in

the theorem, it is enough to show that

T_n √ n log n → √ 2 in probability; (2.1)

lim inf n→∞ T_n √ n log n = √ 2 a.s. and lim sup_{n→∞}

T_n √ n log n

= 2 a.s.; (2.2)

the sequence { T_n √ n log n

; n ≥ 2 } is dense in [ √ 2, 2] a.s. (2.3)

where T_n = λ_{max}(D_n) = max_{1≤i≤n} ∑ j≠i ξ (n) ij for n ≥ 2.

The proof of (2.1). By Lemma A.1, for each 1 ≤ i ≤ n and n ≥ 2, there exist i.i.d. N(0, 1)-

distributed random variables {η^{(n)}_{ij} ; 1 ≤ j ≤ n, j ≠ i} for each n ≥ 2 such that max 1≤i≤n P ( | ∑ j≠i

ξ^{(n)}_{ij} − ∑ j≠i

η^{(n)}_{ij} | ≥ ϵ √ n log n ) ≤ C 1 + (ϵ √ n log n)^6 ∑ j≠i

E|ξ^{(n)}_{ij} |^6 ≤ C n^2(log n)^3

(2.4)

where here and later in all proofs, C stands for a constant not depending on i, j or n, and may be

different from line to line. It is well known that x √ 2π(1 + x^2) e^{−x2/2} ≤ P (N(0, 1) ≥ x) ≤ 1 √ 2πx e^{−x2/2} (2.5)

for any x > 0. Since ∑ j≠i ξ (n) ij ≤ ∑ j≠i η (n) ij + | ∑ j≠i ξ (n) ij − ∑ j≠i η (n) ij |, then

P (T_n ≥ (α + 2ϵ) √ n log n) ≤ n · max_{1≤i≤n} P ( ∑ j≠i

ξ^{(n)}_{ij} ≥ (α + 2ϵ) √ n log n )

≤ n · max_{1≤i≤n} P ( ∑ j≠i

η^{(n)}_{ij} ≥ (α + ϵ) √ n log n )

+ n · max_{1≤i≤n} P (| ∑ j≠i

ξ^{(n)}_{ij} − ∑ j≠i

η^{(n)}_{ij} | ≥ ϵ √ n log n ) (2.6)

for any α > 0 and ϵ > 0. Noticing ∑ j≠i η (n) ij ∼ √ n − 1 · N(0, 1) for any 1 ≤ i ≤ n, by (2.5) and then

(2.4),

P (T_n ≥ (α + 2ϵ) √ n log n) ≤ nP (N(0, 1) ≥ (α + ϵ) √ log n ) + C n(log n)^3

≤ C n^{1−(α+ϵ)2/2} + C n(log n)^3

(2.7) for n sufficiently large. In particular, taking α = √ 2, we obtain that P ( T_n √ n log n ≥ √ 2 + 2ϵ ) = O ( 1 n^ϵ ) (2.8)

as n → ∞ for any ϵ ∈ (0, 1], since the last term in (2.7) is of order n^{−1}(log n)^{−3} as n → ∞.

Define k_n = [n/ log n] and V_n = max_{1≤i≤kn} | ∑ 1≤j≤k_n ξ (n) ij | with ξ^{(n)}_{ii} = 0 for all 1 ≤ i ≤ n. By the same argument as in obtaining (2.7), we have that, for any fixed α > 0, P ( V_n √ k_n log k_n

≥ α + 2ϵ ) ≤ C (k_n)^{1−(α+ϵ)2/2} + C k_n(log k_n)^3

(2.9)

as n is sufficiently large. Noticing n/k_n → ∞, and taking α + ϵ = 10 above, we have

P (V_n ≥ ϵ √ n log n) ≤ 1 n(log n)^{3/2}

(2.10)

as n is sufficiently large. Observe that

T_n ≥ max

1≤i≤k_n n∑ j=k_n +1

ξ^{(n)}_{ij} − V_n. (2.11)

Similar to (2.4), by Lemma A.1, for each 1 ≤ i ≤ n and n ≥ 2, there exist i.i.d. N(0, 1)-distributed random variables {ζ^{(n)}_{ij} ; 1 ≤ i ≤ n, j ≠ i} such that max 1≤i≤k_n P ( | n∑ j=k_n +1

ξ^{(n)}_{ij} − n∑ j=k_n+1

ζ^{(n)}_{ij} | ≥ ϵ √ n log n ) ≤ C 1 + (ϵ √ n log n)^6 n∑ j=k_n +1

E|ξ^{(n)}_{ij} |^6

≤ C n^2(log n)^3

(2.12)

as n is sufficiently large for any ϵ > 0. Fix β > 0. By (2.11), (2.10) and then independence,

P (T_n ≤ (β − 2ϵ) √ n log n)

≤ P ( max_{1≤i≤kn} n∑ j=k_n+1

ξ^{(n)}_{ij} ≤ (β − ϵ) √ n log n) + P (V_n ≥ ϵ √ n log n)

≤ max

1≤i≤k_n P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≤ (β − ϵ) √ n log n)^{kn} + 1 n(log n)^{3/2}

(2.13)

as n is sufficiently large. Observe that P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≤ (β − ϵ) √ n log n)

≤ P ( n∑ j=k_n +1

ζ^{(n)}_{ij} ≤ (β − ϵ 2 ) √ n log n) + P (| n∑ j=k_n +1

ξ^{(n)}_{ij} − n∑ j=k_n+1

ζ^{(n)}_{ij} | ≥ ϵ 2 √ n log n). (2.14)

Use the fact that

∑_n

j=k_n +1 ζ (n) ij ∼ √ n − k_n · N(0, 1) and (2.5) to have P ( n∑ j=k_n +1

ζ^{(n)}_{ij} > (β − ϵ 2 ) √ n log n) = P ( N(0, 1) > (β − ϵ 2 ) √ n n − k_n · √ log n )

≥ C n^{(β− ϵ}3^{)2/2} log n uniformly for all 1 ≤ i ≤ k_n as n is sufficiently large and as 0 < ϵ/3 < β, where in the last inequality we use the fact that (β − (ϵ/2)) √ n/(n − k_n) ≤ (β − (ϵ/3)) as n is sufficiently large. This, (2.12) and (2.14) imply max 1≤i≤k_n P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≤ (β − ϵ) √ n log n) ≤ 1 −

C_1 n^{(β− ϵ}3^{)2 /2} log n + C_2 n^2(log n)^3

≤ 1 −

C_3 n^{(β− ϵ}3^{)2 /2} log n

as n is sufficiently large for any 0 < ϵ/3 < β ≤ 2. Use inequality 1 − x ≤ e^{−x} for any x > 0 to obtain max 1≤i≤k_n P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≤ (β − ϵ) √ n log n)^{kn} ≤ exp { −Cn^{1− (β−ϵ/4)22} } (2.15)

as n is sufficiently large for any 0 < ϵ/4 < β ≤ 2. From (2.13), we conclude that

P (T_n ≤ (β − 2ϵ) √ n log n) ≤ exp { −Cn^{1− (β−ϵ/4)22} } + 1 n(log n)^{3/2}

(2.16)

as n is sufficiently large for any 0 < ϵ/4 < β ≤ 2. Now, take β = √ 2, we get P ( T_n √ n log n ≤ √ 2 − 2ϵ ) = O ( 1 n(log n)^{3/2} ) (2.17)

as n → ∞ for sufficiently small ϵ > 0. This and (2.8) imply (2.1).

Proof of (2.2) and (2.3). To prove these, it suffices to show

lim sup n→∞ T_n √ n log n

≤ 2 a.s. and lim inf_{n→∞}

T_n √ n log n ≥ √ 2 a.s. and (2.18) P ( T_n √ n log n

∈ [a, b) for infinitely many n ≥ 2 ) = 1 (2.19)

for any (a, b) ⊂ ( √ 2, 2).

First, choosing α = 2 in (2.7), we have that P (T_n ≥ (2 + 2ϵ) √ n log n) = O(n^{−1}(log n)^{−3}) as n → ∞ for any ϵ ∈ (0, 1). Thus, ∑ n≥2 P (T_n ≥ (2 + 2ϵ) √ n log n) < ∞. By the Borel-Cantelli lemma,

lim sup n→∞ T_n √ n log n

≤ 2 + 2ϵ a.s.

for any ϵ ∈ (0, 1). This gives the first inequality in (2.18). By the same reasoning, the second inequality follows from (2.17). To prove (2.19), since {T_n, n ≥ 2} are independent from assumption, by the second Borel-Cantelli lemma, it is enough to show ∑ n≥2 P ( T_n √ n log n

∈ [a, b) ) = ∞ (2.20)

for any (a, b) ⊂ ( √ 2, 2). By (2.7), we have that P ( T_n √ n log n ≥ b ) ≤ C n^{(b−ϵ)2/2−1}

(2.21) as n is sufficiently large and ϵ > 0 is sufficiently small. By (2.11), max 1≤i≤k_n n∑ j=k_n +1

ξ^{(n)}_{ij} ≤ T_n + V_n

for n ≥ 2. Thus, by independence and (2.10),

P (T_n ≥ a √ n log n)

≥ P ( max_{1≤i≤kn} n∑ j=k_n +1

ξ^{(n)}_{ij} ≥ (a + ϵ) √ n log n) − P (V_n ≥ ϵ √ n log n)

≥ 1 −

1 − min_{1≤i≤kn} P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≥ (a + ϵ) √ n log n )

k_n − 1 n(log n)^{3/2}

(2.22)

as n is sufficiently large. By (2.12) P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≥ (a + ϵ) √ n log n)

≥ P ( n∑ j=k_n +1

ζ^{(n)}_{ij} ≥ (a + 2ϵ) √ n log n) − P (| n∑ j=k_n+1

ξ^{(n)}_{ij} − n∑ j=k_n +1

ζ^{(n)}_{ij} | ≥ ϵ √ n log n)

≥ P (N(0, 1) ≥ (a + 3ϵ) √ log n) − 1 n^2 uniformly for all 1 ≤ i ≤ k_n as n is sufficiently large. From (2.5), for any ϵ > 0,

P (N(0, 1) ≥ (a + 3ϵ) √ log n) ∼ C n^{(a+3ϵ)2/2} √ log n

as n is sufficiently large. Noting that a ∈ ( √ 2, 2), we have P ( n∑ j=k_n +1

ξ^{(n)}_{ij} ≥ (a + ϵ) √ n log n) ≥ C n^{(a+3ϵ)2/2} √ log n

uniformly for all 1 ≤ i ≤ k_n as n is sufficiently large and ϵ is sufficiently small. Thus, since k_n = [n/ log n], relate the above to (2.22) to give us that

P (T_n ≥ a √ n log n) ≥ 1 − ( 1 − C n^{(a+3ϵ)2/2} √ log n

)_{kn} − 1 n(log n)^{3/2} ∼ Ck_n n^{(a+3ϵ)2/2} √ log n

(1 + o(1)) − 1 n(log n)^{3/2} ≥ C n^{(a+3ϵ)2/2−1}(log n)^2

as n is sufficiently large and ϵ > 0 is small enough, where in the “∼” step above we use the fact that 1 − (1 − x_n)^{kn} ∼ k_nx_n if x_n → 0, k_n → +∞ and k_nx_n → 0 as n → ∞. Combining this and (2.21), we eventually arrive at P ( T_n √ n log n

∈ [a, b) ) = P ( T_n √ n log n ≥ a ) − P ( T_n √ n log n ≥ b )

≥ C_3 n^{(a+3ϵ)2/2−1}(log n)^2 − C_4 n^{(b−ϵ)2/2−1} ∼ C_3 n^{(a+3ϵ)2/2−1}(log n)^2 as n is sufficiently large and ϵ > 0 is sufficiently small, where [a, b) ⊂ ( √ 2, 2). Finally, choosing ϵ > 0 so small that (a + 3ϵ)^2/2 − 1 ∈ (0, 1), we get (2.20). ■

Proof of Corollary 1.1. Recalling (1.2), let ξ̃^{(n)}_{ij} = (ξ^{(n)}_{ij} − μ_n)/σ_n for all 1 ≤ i < j ≤ n and n ≥ 2. Then {ξ̃^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} satisfies (1.5) with μ_n = 0, σ_n = 1 and p > 6. Let Δ̃_n be generated by {ξ̃^{(n)}_{ij} } as in (1.2). By Theorem 1, the conclusions there hold if λ_{max}(Δ_n) is replaced by λ_{max}(Δ̃_n). Notice,

Δ_n = σ_nΔ̃_n + μ_n · (nI_n − J_n) (2.23)

where I_n is the n × n identity matrix, and J_n is the n × n matrix with all of its entries equal to 1. It is easy to check that the eigenvalues of nI_n − J_n are 0 with one fold and n with n − 1 folds, respectively. First, apply the triangle inequality to (2.23) to have that |λ_{max}(Δ_n) − σ_nλ_{max}(Δ̃_n)| ≤ ‖μ_n · (nI_n − J_n)‖ ≤ n|μ_n|. It follows that | | | | λ_{max}(Δ_n) √ n log n σ_n − λ_{max}(Δ̃_n) √ n log n | | | | ≤ |μ_n| (log n)^{1/2}n^{−1/2}σ_n → 0

provided |μ_n| ≪ σ_n √ log n/n. Then (a1) and (b1) follow from Theorem 1. By the same argument

|λ_{max}(Δ_n) − λ_{max}(μ_n · (nI_n − J_n))| ≤ σ_n‖Δ̃_n‖ = O(σ_n √ n log n) a.s.

as n → ∞. Note that λ_{max}(μ_n · (nI_n − J_n)) = 0 if μ_n < 0, and is equal to nμ_n if μ_n > 0 for any n ≥ 2. Thus, if μ_n ≫ σ_n √ log n/n, we have λ_{max}(Δ_n)/(nμ_n) → 1 a.s. as n → ∞. If μ_n < 0 for all n ≥ 2, and |μ_n| ≫ σ_n √ log n/n, we obtain λ_{max}(Δ_n)/(nμ_n) → 0 a.s. as n → ∞. Then (a2), (a3), (b2) and (b3) are yielded.

Finally, since E(−ξ^{(n)}_{ij} ) = −μ_n and V ar(−ξ^{(n)}_{ij} ) = V ar(ξ^{(n)}_{ij} ) = σ^2_n for all i, j, n, by using of the proved (a1) and (b1), we know that (a1) and (b1) are also true if λ_{max}(Δ_n) is replaced by λ_{max}(−Δ_n). Now, use the same arguments as in the proof of part (c) in Theorem 1 to get (a1) and (b1) when λ_{max}(Δ_n) is replaced with ‖Δ_n‖. On the other hand, it is well known that Δ_n is nonnegative definite if ξ^{(n)}_{ij} ≥ 0 for all i, j, n (see, e.g., p.5 in [14]). Thus ‖Δ_n‖ = λ_{max}(Δ_n). Consequently (a2) and (b2) follow when λ_{max}(Δ_n) is replaced with ‖Δ_n‖. ■

To prove Theorem 2, we need some preliminary results.

LEMMA 2.2 Let {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} be defined on the same probability space. For each n ≥ 2, let {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n} be independent r.v.’s with Eξ^{(n)}_{ij} = 0. Define ξ^{(n)}_{ji} = ξ^{(n)}_{ij} for all i, j, n, and S_{n,1} = ∑ 1≤i≠j≤n(ξ (n) ij )^2 and S_{n,2} =

∑_n i=1( ∑ j≠i ξ (n) ij )^2. If sup_{1≤i<j≤n, n≥2} E|ξ^{(n)}_{ij} |^{4+δ} < ∞ for some δ > 0, then lim_{n→∞}

S_{n,k} − ES_{n,k} n^2

= 0 a.s. for k = 1, 2. (2.24)

Proof. To make notation simple, we write ξ_{ij} = ξ^{(n)}_{ij} for all 1 ≤ i ≤ j ≤ n when there is no confusion.

Case 1: k = 1. Recall the Marcinkiewicz-Zygmund inequality (see, e.g., Corollary 2 and its proof on p.368 in [13]), for any p ≥ 2, there exists a constant C_p depending on p only such that E| n∑ i=1 X_i|^p ≤ C_p n^{p2 −1} n∑ i=1 E|X_i|^p (2.25)

for any sequence of independent random variables {X_i; 1 ≤ i ≤ n} with EX_i = 0 and E(|X_i|^p) < ∞ for all 1 ≤ i ≤ n. Taking p = 2 + (δ/2) in (2.25), we have from the Hölder inequality that

E(|ξ^2_{ij} − Eξ^2_{ij} |^p) ≤ 2^{p−1}E|ξ_{ij} |^{2p} + 2^{p−1}(E|ξ_{ij} |^2)^p ≤ 2^p · sup

1≤i,j≤n, n≥1

E|ξ^{(n)}_{ij} |^{4+δ} < ∞ (2.26)

uniformly for all 1 ≤ i < j ≤ n, n ≥ 2. Write S_{n,1} − ES_{n,1} = 2 ∑ 1≤i<j≤n(ξ 2 ij − Eξ^2_{ij} ). By (2.25),

E|S_{n,1} − ES_{n,1}|^p ≤ C · ( n(n − 1) 2 )_{δ/4} · ∑ 1≤i<j≤n

E(|ξ^2_{ij} − Eξ^2_{ij} |^p)

≤ C · n^{2+(δ/2)} (2.27)

where C here and later, as earlier, is a constant not depending on n, and may be different from line to line. Then P (|S_{n,1} − ES_{n,1}| ≥ n^2ϵ) ≤ (n^2ϵ)^{−p}E|S_{n,1} − ES_{n,1}|^p = O(n^{−2−(δ/2)}) for any ϵ > 0 by the Markov inequality. Then (2.24) holds for k = 1 by the Borel-Cantelli lemma.

Case 2: k = 2. For n ≥ 2, set u_1 = v_n = 0 and

u_i = i−1∑ j=1 ξ_{ij} for 2 ≤ i ≤ n + 1 and v_i = n∑ j=i+1

ξ_{ij} for 0 ≤ i ≤ n − 1.

Then, ∑ j≠i ξij = ui + vi for all 1 ≤ i ≤ n. Clearly, Sn,2 =

∑_n

i=1 u^2_i +

∑_n i=1 v^2_i + 2

∑_n i=1 u_iv_i for all n ≥ 1. Since E(u_iv_i) = (Eu_i)Ev_i = 0 by independence, to prove the lemma for k = 2, it suffices to show 1 n^2 n∑ i=1 (u^2_i − Eu^2_i ) → 0 a.s., 1 n^2 n∑ i=1 (v^2_i − Ev^2_i ) → 0 a.s and 1 n^2 n∑ i=1 u_iv_i → 0 a.s. (2.28)

as n → ∞. We will only prove the first and the last assertions in two steps. The proof of the middle one is almost the same as that of the first, therefore is omitted.

Step 1. Similar to the discussion in (2.26) and (2.27), we have E|u_i|^{4+δ} ≤ C i^{2+(δ/2)} for all 1 ≤ i ≤ n and n ≥ 2. Now set Y_{n,i} = (u^2_i − Eu^2_i )/i for i = 1, 2, · · · , n. Then, {Y_{n,i}; 1 ≤ i ≤ n} are independent random variables with

EY_{n,i} = 0, sup

1≤i,j≤n, n≥1

E|Y_{n,i}|^{2+δ′} < ∞ and (2.29) 1 n^2 n∑ i=1 (u^2_i − Eu^2_i ) = 1 n^2 n∑ i=1 iY_{n,i} (2.30) for all 1 ≤ i ≤ n and n ≥ 2, where δ^′ = δ/2. By (2.25) and (2.29), E| n∑ i=1 iY_{n,i}|^{2+δ′} ≤ C · n^{(2+δ′ )/2−1} n∑ i=1 i^{2+δ′} = O(n^{3+(3δ′ /2)})

as n → ∞, where the inequality

∑_n

i=1 i^{2+δ′} ≤

∑_n

i=1 n^{2+δ′} ≤ n^{3+δ′} is used in the above inequality. For any t > 0, P ( 1 n^2 | n∑ i=1 iY_{n,i}| ≥ t ) ≤ E| ∑_n i=1 iY_{n,i}|^{2+δ′} (n^2t)^{2+δ′} = O ( 1 n^{1+(δ′/2)} )

as n → ∞. This together with (2.30) concludes the first limit in (2.28) by the Borel-Cantelli lemma.

Step 2. We will prove the last assertion in (2.28) in this step. Define σ-algebra

F_{n,0} = {∅, Ω} and F_{n,k} = σ ( ξ^{(n)}_{ij} ; 1 ≤ i ≤ k, i + 1 ≤ j ≤ n )

for 1 ≤ k ≤ n − 1. Obviously, F_{n,0} ⊂ F_{n,1} ⊂ · · · ⊂ F_{n,n−1}. It is easy to verify that E (_{k+1} ∑ i=1 u_iv_i|F_{n,k} ) = k∑ i=1 u_iv_i

for k = 1, 2, · · · , n − 1. Therefore, {

∑_k i=1 u_iv_i, F_{n,k}, 1 ≤ k ≤ n − 1} is a martingale. By the given moment condition, τ := sup_{1≤i,j≤n,n≥1} E|ξ^{(n)}_{ij} |^4 < ∞. From (2.25), E(u^4_i ) ≤ Ci^2 ≤ Cn^2 and E(v^4_i ) ≤ C(n − i)^2 ≤ Cn^2 for 1 ≤ i ≤ n and n ≥ 2. By applying the Burkholder inequality (see, e.g., Theorem 2.10 from [29] or Theorem 1 on p.396 and the proof of Corollary 2 on p.268 from [13]), we have E (_{n−1} ∑ i=1 u_iv_i

)_4 ≤ Cn^{(4/2)−1} n−1∑ i=1 E((u_iv_i)^4) = Cn n−1∑ i=1 E(u_i)^4 · E(v_i)^4 = O(n^6)

as n → ∞. By the Markov inequality, P ( 1 n^2 | n∑ i=1 u_iv_i| ≥ δ ) ≤ E| ∑_{n−1}

i=1 u_iv_i|^4 n^8δ^4 = O ( 1 n^2 )

as n → ∞. The Borel-Cantelli says that

∑_n

i=1 u_iv_i/n^2 → 0 a.s. as n → ∞. ■

For any two probability measures μ and ν on R, define

d_{BL}(μ, ν) = sup{ ∫ fdμ − ∫ fdν : ‖f‖_∞ + ‖f‖_L ≤ 1}, (2.31)

where ‖f‖_∞ = sup_{x∈R} |f(x)|, ‖f‖_L = sup_{x≠y} |f(x) − f(y)|/|x − y|. It is well known, (see, e.g., Section 11.3 from [17]), that d_{BL}(·, ·) is called the bounded Lipschitz metric, which characterizes the weak convergence of probability measures. Reviewing (1.4), for the spectral measures of n × n real and symmetric matrices M_1 and M_2, we have (see, e.g., (2.16) from [12])

d^2_{BL}(μ̂(M_1), μ̂(M_2)) ≤ 1 n tr((M_1 − M_2)^2). (2.32)

To prove Theorem 2, we first reduce it to the case that all random variables in the matrices are uniformly bounded. This step will be carried out through a truncation argument by using (2.32).

LEMMA 2.3 If Theorem 2 holds for all uniformly bounded r.v.’s {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} satisfying (1.5) with μ_n = 0 and σ_n = 1 for all n ≥ 2, then it also holds for all r.v’s {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} satisfying (1.5) with p = 4 + δ for some δ > 0, and μ_n = 0 and σ_n = 1 for all n ≥ 2.

Proof. As in the proof of Lemma 2.2, we write ξ_{ij} for ξ^{(n)}_{ij} if there is no danger of confusion. Fix u > 0. Let ξ̃_{ij} = ξ_{ij} I{|ξ_{ij} | ≤ u} − E(ξ_{ij} I{|ξ_{ij} | ≤ u}) and

σ_{ij} (u) = √ V ar(ξ̃_{ij} )

for all i and j. Note that |σ_{ij} (u) − √ V ar(ξ_{ij} )| ≤ √ V ar(ξ_{ij} − ξ̃_{ij} ) ≤ √ Eξ^2_{ij} I{|ξ_{ij} | > u} by the triangle inequality. Thus, with condition that sup_{1≤i<j≤n, n≥2} E|ξ^{(n)}_{ij} |^{4+δ} < ∞, we see that sup 1≤i<j≤n, n≥2

|σ_{ij} (u) − 1| → 0 and sup_{1≤i<j≤n, n≥2} E(ξ_{ij} − ξ̃_{ij} )^2 → 0 (2.33)

as u → +∞. Take u > 0 large enough such that σ_{ij} (u) > 1/2 for all 1 ≤ i ≠ j ≤ n and n ≥ 2. Write

ξ_{ij} = ξ̃_{ij} σ_{ij} (u)

x^{(n)}_{ij} + σ_{ij} (u) − 1 σ_{ij} (u)

· ξ̃_{ij}

y^{(n)}_{ij}

+ (ξ_{ij} − ξ̃_{ij} )

z^{(n)}_{ij}

for all 1 ≤ i ≠ j ≤ n, n ≥ 2. Obviously, for a^{(n)}_{ij} = x^{(n)}_{ij} , y^{(n)}_{ij} or z^{(n)}_{ij} , we know {a^{(n)}_{ij} ; 1 ≤ i < j ≤ n} are independent for each n ≥ 2, and

Ea^{(n)}_{ij} = 0 and sup

1≤i<j≤n, n≥2

E|a^{(n)}_{ij} |^{4+δ} < ∞. (2.34)

Again, for convenience, write x_{ij} , y_{ij} and z_{ij} for x^{(n)}_{ij} , y^{(n)}_{ij} and z^{(n)}_{ij} . Clearly, {x_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} are uniformly bounded. Besides, it is easy to see from (2.33) that sup 1≤i<j≤n, n≥2

(E(y^2_{ij} ) + E(z^2_{ij} )) → 0 (2.35)

as u → +∞.

Let X_n, Y_n and Z_n be the Laplacian matrices generated by {x_{ij} }, {y_{ij} } and {z_{ij} } as in (1.2) respectively. Then Δ_n = X_n + Y_n + Z_n. With (2.32), use the inequality that tr((M_1 + M_2)^2) ≤ 2 tr(M^2_1) + 2 tr(M^2) for any symmetric matrices M_1 and M_2 to obtain that

d^2_{BL} ( Δ_n √ n , X_n √ n ) ≤ 1 n^2 tr((Y_n + Z_n)^2) ≤ 2 n^2 ∑ 1≤i≠j≤n

((y_{ij} )^2 + (z_{ij} )^2) + 2 n^2 n∑ i=1 {( ∑ j≠i

y_{ij} )^2 + ( ∑ j≠i

z_{ij} )^2}.

By independence and symmetry, E(( ∑ j≠i yij )

2 + ( ∑ j≠i zij )

2) = 2 ∑ j≠i{E(yij )

2 + E(z_{ij} )^2)}. Recalling (2.34), by applying Lemma 2.2, we have

lim sup n→∞ d^2_{BL} ( Δ_n √ n , X_n √ n ) ≤ C · sup

1≤i<j≤n, n≥2

(E(y^2_{ij} ) + E(z^2_{ij} )) → 0 a.s. (2.36) as u → +∞ thanks to (2.35). Noticing Ex_{ij} = 0, Ex^2_{ij} = 1 for all i, j, and {x_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} are uniformly bounded. By assumption, d_{BL}(μ̂(n^{−1/2}X_n), γ_M ) → 0 as n → ∞, where γ_M is the probability measure mentioned in Theorem 2. With this, (2.36) and the triangle inequality of metric d_{BL}, we see that d_{BL}(μ̂(n^{−1/2}Δ_n), γ_M ) → 0 as n → ∞. ■

Given n ≥ 2, let Γ_n = {(i, j); 1 ≤ j < i ≤ n} be a graph. We say a = (i_1, j_1) and b = (i_2, j_2) form an edge and denote it by a ∼ b, if one of i_1 and j_1 is identical to one of i_2 and j_2. For convenience of notation, from now on, we write a = (a^+, a^−) for any a ∈ Γ_n. Of course, a^+ > a^−. Given a, b ∈ Γ_n, define an n × n matrix

Q_{a,b}[i, j] =

−1, if i = a^+, j = b^+, or i = a^−, j = b^−; 1, if i = a^+, j = b^−, or i = a^−, j = b^+; 0, otherwise.

With this notation, we rewrite M_n as follows.

−Δ_n = ∑ a∈Γ_n

ξ^{(n)}_a Q_{a,a}, (2.37)

where ξ^{(n)}_a = ξ^{(n)}_{a+a−} for a ∈ Γ_n. Let t_{a,b} = tr(Q_{a,b}). We summarize some facts from [12] in the following lemma.

LEMMA 2.4 Let a, b ∈ Γ_n. The following assertions hold:

(i) t_{a,b} = t_{b,a}.

(ii) t_{a,b} =

−2, if a = b;

−1, if a ≠ b and a^− = b^− or a^+ = b^+; 1, if a ≠ b and a^− = b^+ or a^+ = b^−; 0, otherwise.

(iii) Q_{a,b} × Q_{c,d} = t_{b,c}Q_{a,d}. Therefore, tr(Q_{a1 ,a1} × Q_{a2,a2} × · · · × Q_{ar ,ar} ) =

∏_r j=1 t_{aj ,aj+1} , where a_1, · · · , a_r ∈ Γ_n, and a_{r+1} = a_1.

We call π = (a_1, · · · , a_r) a circuit of length r if a_1 ∼ · · · ∼ a_r ∼ a_1. For such a circuit, let

ξ^{(n)}_π = r∏ j=1 t_{aj ,aj+1} r∏ j=1 ξ^{(n)}_{aj} . (2.38)

From (2.37), we know

tr(Δ^r_n) = (−1)^r ∑ π ξ^{(n)}_π and E tr(Δ^r_n) = (−1)^r ∑ π Eξ^{(n)}_π (2.39)

where the sum is taken over all circuits of length r in Γ_n.

DEFINITION 2.1 We say that a circuit π = (a_1 ∼ · · · ∼ a_r ∼ a_1) of length r in Γ_n is vertexmatched if for each i = 1, · · · , r there exists some j ≠ i such that a_i = a_j , and that it has a match of order 3 if some value is repeated at least three times among {a_j , j = 1, · · · , r}.

Clearly, by independence, the only possible non-zero terms in the second sum in (2.39) come from vertex-matched circuits. For x ≥ 0, denote by ⌊x⌋ the integer part of x. The following two lemmas will be used later.

LEMMA 2.5 (Proposition 4.10 and 4.14 from [12]). Fix r ∈ N.

(i) Let N denote the number of vertex-matched circuits in Γ_n with vertices having at least one match of order 3. Then N = O(n^{⌊(r+1)/2⌋}) as n → ∞.

(ii) Let N denote the number of vertex-matched quadruples of circuits in Γ_n with r vertices each, such that none of them is self-matched. Then N = O(n^{2r+2}) as n → ∞.

Let U_n be a symmetric matrix of form

U_n =

∑ j≠1 Y1j −Y12 −Y13 · · · −Y1n

−Y_{21} ∑ j≠2 Y2j −Y23 · · · −Y2n

−Y_{31} −Y_{32} ∑ j≠3 Y3j · · · −Y3n . . . . . . . . . . −Y_{n1} −Y_{n2} −Y_{n3} · · · ∑ j≠n Ynj

(2.40)

where {Y_{ij} ; 1 ≤ i < j < ∞} are i.i.d. standard normal random variables not depending on n.

LEMMA 2.6 Suppose the conditions in Theorem 2 hold with μ_n = 0 and σ_n = 1 for all n ≥ 2. Furthermore, assume {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} are uniformly bounded. Then

(i) lim_{n→∞} 1 n^{k+1/2}

Etr(Δ^{2k−1}_n ) = 0;

(ii) lim_{n→∞} 1 n^{k+1} ( Etr(Δ^{2k}_n ) − Etr(U^{2k}_n ) ) = 0 for any integer k ≥ 1, where U_n is as in (2.40).

Proof. (i) As remarked earlier, all non-vanishing terms in the representation of Etr(Δ^{2k−1}_n ) in (2.39) are of form Eξ^{(n)}_π with the vertices of the path a_1 ∼ a_2 ∼ · · · ∼ a_{2k−1} ∼ a_1 in π repeating at least two times. Since 2k − 1 is an odd number, there exists a vertex such that it repeats at least three times. Also, in view of (2.38) and that |t_{a,b}| ≤ 2 for any a, b ∈ Γ_n, thus all such terms Eξ^{(n)}_π are uniformly bounded. Thus, by (i) of Lemma 2.5, | 1 n^{k+1/2}

· Etr(Δ^{2k−1}_n )| ≤ C √ n → 0 as n → ∞, where C is a constant not depending on n.

(ii) Recall (2.40). Define Y^{(n)}_π similar to ξ^{(n)}_π in (2.38). We then have that

| Etr(Δ^{2k}_n ) − Etr(U^{2k}_n ) | = | ∑ π (Eξ^{(n)}_π − EY^{(n)}_π )| ≤ | ∑ π∈A_1

(Eξ^{(n)}_π − EY^{(n)}_π ) | + | ∑ π∈A_2

(Eξ^{(n)}_π − EY^{(n)}_π ) |

:= I_1 + I_2, where A_1 denotes the set of the vertex-matched circuits with match of order 3, and A_2 denotes the set of the vertex-matched circuits in Γ_n such that there are exact k distinct matches. Observe that each vertex of any circuit in A_2 matches exactly two times. From the independence assumption and that E|ξ^{(n)}_{ij} |^2 = 1 for all 1 ≤ i < j ≤ n and n ≥ 2, we know Eξ^{(n)}_π = EY^{(n)}_π = 1 for π ∈ A_2. This gives I_2 = 0. By Lemma 2.5, the cardinality of A_1 ≤ n^k. Since ξ^{(n)}_{ij} are uniformly bounded and Y_{ij} are standard normal random variables, we have I_1 ≤ Cn^k for some constant C > 0 not depending on n. In summary, 1 n^{k+1}

| Etr(Δ^{2k}_n ) − Etr(U^{2k}_n ) |= O ( 1 n )

as n → ∞. The proof is complete. ■

LEMMA 2.7 Suppose (1.5) holds for some p > 4. Assume μ_n = 0, σ_n = 1 for all n ≥ 2. Then, as n → ∞, F^{Δn/√n} converges weakly to the free convolution γ_M of the semicircular law and standard normal distribution. The measure γ_M is a non-random symmetric probability measure with smooth bounded density, does not depend on the distribution of {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2}, and has an unbounded support.

Proof. By Lemma 2.3, without loss of generality, we now assume that {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} are uniformly bounded random variables with mean zero and variance one, and {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n} are independent for each n ≥ 2.

Proposition A.3 from [12] says that γ_M is a symmetric distribution and uniquely determined by its moments. Thus, to prove the theorem, it is enough to show that 1 n tr(n^{−1/2}Δ_n)^r = 1 n^{r/2+1} tr(Δ^r_n) = ∫ x^rdF^{n−1/2 Δn} → ∫ x^rdγ_M as n → ∞ a.s. (2.41)

for any integer r ≥ 1. First, we claim that

E[(tr(Δ^r_n) − Etr(Δ^r_n))^4] = O(n^{2r+2}) (2.42)

n → ∞. In fact, by (2.39), we have

E[(tr(Δ^r_n) − Etr(Δ^r_n))^4] = ∑ π_1,π_2,π_3,π_4 E[ 4∏ j=1 (ξ_{πj} − E(ξ_{πj} ))], (2.43)

where the sum runs over all circuits π_j , j = 1, 2, 3, 4 in Γ_n, each having r vertices. From the assumption, we know {ξ^{(n)}_{ij} , 1 ≤ i < j ≤ n} are independent random variables of mean zero, it is enough to consider the terms in (2.43) with all vertex-matched quadruples of circuits on Γ_n, such that none of them is self-matched. By assumption, {ξ^{(n)}_{ij} ; 1 ≤ i < j ≤ n; n ≥ 2} are uniformly bounded, so all terms E[

∏_4

j=1(ξ_{πj} − E(ξ_{πj} ))] in the sum are uniformly bounded. By (ii) of Lemma 2.5, we obtain (2.42).

By the Markov inequality, P ( 1 n |tr((n^{−1/2}Δ_n)^r) − Etr((n^{−1/2}Δ_n)^r)| ≥ ϵ )

≤ E|tr(Δ^r_n) − Etr(Δ^r_n)|^4

(n^{1+(r/2)}ϵ)^4 = O ( 1 n^2 ) (2.44)

as n → ∞. It follows from the Borel-Cantelli lemma that 1 n ( tr((n^{−1/2}Δ_n)^r) − Etr((n^{−1/2}Δ_n)^r) ) → 0 a.s. (2.45)

as n → ∞. Recalling U_n in (2.40), Proposition 4.13 in [12] says that 1 n E tr((n^{−1/2}U_n)^{2k}) → ∫ R x^{2k} d γ_M

as n → ∞ for any k ≥ 1. This, (ii) of Lemma 2.6 and (2.45) imply (2.41) for any even number r ≥ 1. For odd number r, (i) of Lemma 2.6 and (2.45) yield (2.41) since γ_M is symmetric, hence its odd moments are equal to zero. ■

Proof of Theorem 2. Recalling (1.2), let ξ̃^{(n)}_{ij} = (ξ^{(n)}_{ij} − μ_n)/σ_n for all 1 ≤ i < j ≤ n and n ≥ 2. Then {ξ̃^{(n)}_{ij} ; 1 ≤ i < j ≤ n, n ≥ 2} satisfies (1.5) with μ_n = 0, σ_n = 1 and p > 4. Let Δ_{n,1} be generated by {ξ̃^{(n)}_{ij} } as in (1.2). By Lemma 2.7, almost surely,

F^{Δn,1 /√n} converges weakly to γ_M (2.46)

as n → ∞. It is easy to verify that

Δ_n = σ_nΔ_{n,1} + (nμ_n)I_n

Δ_{n,2}

−μ_nJ_n (2.47)

where I_n is the n × n identity matrix, and J_n is the n × n matrix with all of its entries equal to 1. Obviously, the eigenvalues of Δ_{n,2} are σ_n · λ_i(Δ_{n,1}) + nμ_n, 1 ≤ i ≤ n. By (2.46), 1 n n∑ i=1 I ( λ_i(Δ_{n,2}) − nμ_n √ nσ_n ≤ x ) converges weakly to γ_M (2.48)

almost surely as n → ∞. By (2.47) and the rank inequality (see Lemma 2.2 from [6]),

‖F^{(Δn−nμnIn)/√nσn} − F^{(Δn,2−nμnIn)/√nσn} ‖ ≤ 1 n · rank ( Δ_n √ nσ_n − Δ_{n,2} √ nσ_n )

= 1 n · rank ( μ_n √ nσ_n

J_n ) ≤ 1 n → 0, (2.49)

where ‖f‖ = sup_{x∈R} |f(x)| for any bounded, measurable function f(x) defined on R. Finally, (2.48) and (2.49) lead to the desired conclusion. ■

Proof of Theorem 3. Let V_n = (v^{(n)}_{ij} ) be defined by

v^{(n)}_{ii} = 0 and v^{(n)}_{ij} = ξ^{(n)}_{ij} − μ_n

σ_n

(2.50) for any 1 ≤ i ≠ j ≤ n and n ≥ 2, where A_n = (ξ^{(n)}_{ij} )_{n×n} as in (1.1) with ξ^{(n)}_{ii} = 0 for all 1 ≤ i ≤ n

and n ≥ 2. It is easy to check that A_n = μ_n(J_n − I_n) + σ_nV_n, where all the entries of J_n are equal

to one, and I_n is the n × n identity matrix. Thus

A_n + μ_nI_n √ nσ_n − V_n √ n = μ_nJ_n √ nσ_n , where all entries of J_n are equal to 1. By the rank inequality (see Lemma 2.2 from [6]),

‖F^{(An+μnI)/√nσn} − F^{n−1/2Vn} ‖ ≤ 1 n · rank ( A_n + μ_nI_n √ nσ_n − V_n √ n ) ≤ 1 n → 0,

where ‖f‖ = sup_{x∈R} |f(x)| for any bounded, measurable function f(x) defined on R as in (2.49). So,

to prove the theorem, it is enough to show that F^{n−1/2Vn} converges weakly to the semicircular law

with the density given in statement of the theorem. In view of normalization (2.50), without loss of

the generality, we only need to prove the theorem under the conditions that

Eω^{(n)}_{ij} = 0, E(ω^{(n)}_{ij} )^2 = 1 and max_{1≤i<j≤n} E { (ω^{(n)}_{ij} )^2I ( |ω^{(n)}_{ij} | ≥ ϵ √ n )} → 0 as n → ∞

for all 1 ≤ i, j ≤ n and n ≥ 2. Given δ > 0, note that 1 n^2δ^2 ∑ 1≤i,j≤n E { (ω^{(n)}_{ij} )^2I(|ω^{(n)}_{ij} | ≥ δ √ n) }

≤ 2 δ^2

· max

1≤i<j≤n E { (ω^{(n)}_{ij} )^2I ( |ω^{(n)}_{ij} | ≥ δ √ n )} → 0 as n → ∞. By Lemma A.2 in the Appendix, F̃_n := F^{n−1/2Vn} , and hence F^{n−1/2(An+μnI)}, converges

weakly to the semicircular law. ■

Proof of Corollary 1.2. To apply Theorem 3, we first need to verify max 1≤i<j≤n E { (ω^{(n)}_{ij} )^2I ( |ω^{(n)}_{ij} | ≥ ϵ √ n )} → 0 (2.51)

as n → ∞ for any ϵ > 0, where ω^{(n)}_{ij} := (ξ^{(n)}_{ij} − μ_n)/σ_n. Note that μ_n = p_n and σ^2_n = p_n(1 − p_n).

Now, use the fact that ξ^{(n)}_{ij} take values one and zero only, and then the condition np_n(1 − p_n) → ∞

to see that |ω^{(n)}_{ij} | ≤ 1/σ_n = o ( √ n) as n → ∞. Then (2.51) follows. By Theorem 3, 1 n n∑ i=1 I { λ_i(A_n) + p_n √ np_n(1 − p_n) ≤ x } (2.52)

converges weakly to the distribution with density^1_{2π} √ 4 − x^2 I(|x| ≤ 2) almost surely. Notice { λ_i(A_n) + p_n √ np_n(1 − p_n) ≤ x } = { λ_i(A_n) √ np_n(1 − p_n)

≤ x − p_n √ np_n(1 − p_n) } . and p_n/ √ np_n(1 − p_n) → 0 as n → ∞. By using a standard analysis, we obtain that, with probability

one, F^{An/αn} converges weakly to the semicircular law with density^1_{2π} √ 4 − x^2 I(|x| ≤ 2), where

α_n = √ np_n(1 − p_n). Further, assume now 1/n ≪ p_n → 0 as n → ∞. Write { λ_i(A_n) + p_n √ np_n(1 − p_n) ≤ x } = { λ_i(A_n) √ np_n ≤ x √ 1 − p_n − √ p_n n } .

Clearly, x √ 1 − p_n − √ p_n/n → x as n → ∞. Thus, by (2.52), we have^1_n

∑_n i=1 I{^{λi(An)}√_{npn} ≤ x} converges weakly the semicircular law with density^1_{2π} √ 4 − x^2 I(|x| ≤ 2). ■

We need the following lemma to prove Theorem 4.

LEMMA 2.8 For n ≥ 2, let λ_{n,1} ≥ λ_{n,2} ≥ · · · ≥ λ_{n,n} be real numbers. Set μ_n = (1/n)

∑_n i=1 δ_{λn,i} .

Suppose μ_n converges weakly to a probability measure μ. Then, for any sequence of integers {k_n; n ≥ 2} satisfying k_n = o(n) as n → ∞, we have lim inf_{n→∞} λ_{n,kn} ≥ α, where α = inf{x ∈ R : μ([x, +∞]) = 0} with inf ∅ = +∞.

Proof. Since μ is a probability measure, we know that α > −∞. Without loss of the generality, assume that α > 0. For brevity of notation, write k_n = k. Set μ̃_n = (n − k + 1)^{−1}

∑_n i=k δ_{λn,i} for n ≥ k. Observe that

μ_n(B) − μ̃_n(B) = 1 n k−1∑ i=1 I(λ_{n,i} ∈ B) − k − 1 n(n − k + 1) n∑ i=k I(λ_{n,i} ∈ B)

for any set B ⊂ R, where

∑_{k−1}

i=1 I(λ_{n,i} ∈ B) is understood to be zero if k = 1. Thus, |μ_n(B) − μ̃_n(B)| ≤ 2k/n. Therefore,

μ̃_n converges weakly to μ (2.53)

since k = k_n = o(n) as n → ∞. Easily,

λ^m_{n,k}I(λ_{n,k} > 0) ≥ 1 n − k + 1 n∑ i=k λ^m_{n,i}I(λ_{n,i} > 0) =

∫_∞ 0 x^mμ̃_n(dx)

for any integer m ≥ 1. Write the last term above as ∫ R g(x)μ̃_n(dx), where g(x) := x^mI(x ≥ 0), x ∈ R, is a continuous and non-negative function. By (2.53) and the Fatou lemma,

lim inf n→∞ λ^m_{n,k}I(λ_{n,k} > 0) ≥ lim inf_{n→∞} ∫ R g(x)μ̃_n(dx) ≥

∫_∞ 0 x^mμ(dx) (2.54)

for any m ≥ 1. If α < ∞, then ∫_∞ 0 x^mμ(dx) ≥

∫_α α−ϵ x^mμ(dx) ≥ (α − ϵ)^mμ([α − ϵ, α]) > 0 (2.55)

for any ϵ ∈ (0, α). Take the (1/m)-th power for each term in (2.54) and (2.55), and let m → ∞ to get lim inf n→∞ {λ_{n,k}I(λ_{n,k} > 0)} ≥ α − ϵ

for any ϵ ∈ (0, α). By sending ϵ ↓ 0 and using the fact α > 0, the conclusion is yielded.

If α = +∞, notice ∫_∞ 0 x^mμ(dx) ≥

∫_∞ ρ x^mμ(dx) ≥ ρ^mμ([ρ, ∞)) > 0 for any ρ > 0. Using the same argument as above and then letting ρ → +∞, we get the desired assertion. ■

Proof of Lemma 2.1. (i) By Theorem 3, F^{n−1/2Un} converges weakly the semicircular law with density function^1_{2π} √ 4 − x^2I(|x| ≤ 2). Use Lemma 2.8 to have that

lim inf n→∞ λ_{max}(U_n) √ n ≥ 2 a.s. (2.56)

Now we prove the upper bound, that is,

lim sup n→∞ λ_{max}(U_n) √ n ≤ 2 a.s. (2.57)

Define

δ_n = 1 log(n + 1)

, ũ^{(n)}_{ij} = u^{(n)}_{ij} I(u^{(n)}_{ij} ≤ δ_n √ n) and Ũ_n = (ũ^{(n)}_{ij} )_{1≤i,j≤n}

for 1 ≤ i ≤ j ≤ n and n ≥ 1. By the Markov inequality,

P (U_n ≠ Ũ_n) ≤ P (|u^{(n)}_{ij} | > δ_n √ n for some 1 ≤ i, j ≤ n)

≤ n^2 max

1≤i,j≤n

P (|u^{(n)}_{ij} | > δ_n √ n) ≤

K(log(n + 1))^{6+δ} n^{1+(δ/2)}

where K = sup_{1≤i,j≤n, n≥1} E|u^{(n)}_{ij} |^{6+δ} < ∞. Therefore, by the Borel-Cantelli lemma,

P (U_n = Ũ_n for sufficiently large n) = 1. (2.58)

From Eu^{(n)}_{ij} = 0, we have that

|Eu^{(n)}_{ij} I(u^{(n)}_{ij} ≤ δ_n √ n)| = |Eu^{(n)}_{ij} I(u^{(n)}_{ij} > δ_n √ n)| ≤ K (δ_n √ n)^{5+δ}

(2.59)

for any 1 ≤ i ≤ j ≤ n, n ≥ 1. Note that λ_{max}(A + B) ≤ λ_{max}(A) + λ_{max}(B), and λ_{max}(A) ≤ ‖A‖ ≤ n · max_{1≤i,j≤n} |a_{ij} | for any n × n symmetric matrices A = (a_{ij} ) and B. We have from (2.59) that

λ_{max}(Ũ_n) − λ_{max}(Ũ_n − E(Ũ_n)) ≤ λ_{max}(EŨ_n)

≤ n max

1≤i,j≤n

|Eu^{(n)}_{ij} I(u^{(n)}_{ij} ≤ δ_n √ n)| ≤ K δ^{5+δ}n ( √ n)^{3+δ} for any n ≥ 1. This and (2.58) imply that

lim sup n→∞ λ_{max}(U_n) √ n = lim sup n→∞ λ_{max}(Ũ_n) √ n ≤ lim sup n→∞ λ_{max}(Ũ_n − EŨ_n) √ n almost surely. Note that |ũ^{(n)}_{ij} | ≤ |u^{(n)}_{ij} | and V ar(ũ^{(n)}_{ij} ) ≤ E(u^{(n)}_{ij} )^2 = 1, to save notation, without loss of generality, we will prove that (2.57) by assuming that

E(u^{(n)}_{ij} ) = 0, E(u^{(n)}_{ij} )^2 ≤ 1, |u^{(n)}_{ij} | ≤ 2 √ n log(n + 1) and max

1≤i,j≤n,n≥1

E|u^{(n)}_{ij} |^{6+δ} < ∞ for all 1 ≤ i, j ≤ n and n ≥ 1. Now, max_{i,j,n} E|u^{(n)}_{ij} |^3 ≤ max_{i,j,n}(E|u^{(n)}_{ij} |^{6+δ} )^{3/(6+δ)} = K^{3/(6+δ)} by the Hölder inequality. Hence, max 1≤i,j≤n

E|u^{(n)}_{ij} |^l ≤ K^{3/(6+δ)} · ( 2 √ n log(n + 1)

)_{l−3} (2.60)

for all n ≥ 1 and l ≥ 3, where K is a constant. The inequality in (2.57) follows from Lemma A.3 in Appendix. Thus the first limit in the lemma is proved. Applying this result to −U_n, we obtain

lim_{n→∞} λ_{min}(U_n) √ n = − lim_{n→∞} λ_{max}(−U_n) √ n = −2 a.s. (2.61)

Since ‖U_n‖ = max{λ_{max}(U_n), −λ_{min}(U_n)}, the above and the first limit in the lemma yield the second limit.

(ii) Let Û_n = U_n −diag(u^{(n)}_{ii} )_{1≤i≤n}. It is not difficult to check that both |λ_{max}(Û_n)−λ_{max}(U_n)| and | ‖Û_n‖ − ‖U_n‖ | are bounded by ‖diag(u^{(n)}_{ii} )_{1≤i≤n}‖ = max_{1≤i≤n} |u^{(n)}_{ii} |. By (i), it is enough to show max 1≤i≤n

|u^{(n)}_{ii} |/n^{1/3} → 0 a.s. (2.62)

as n → ∞. In fact, by the Markov inequality ∞∑ n=1 P ( max

1≤i≤n

|u^{(n)}_{ii} | ≥ n^{1/3}t) ≤ ∞∑ n=1 n · max

1≤i≤n

P (|u^{(n)}_{ii} | ≥ n^{1/3}t)

≤ ∞∑ n=1 t^{−6−δ} n^{1+(δ/3)}

· sup

1≤i,j≤n, n≥1

E|u^{(n)}_{ij} |^{6+δ} < ∞

for any t > 0. Thus, (2.62) is concluded by the Borel-Cantelli lemma. ■

Proof of Theorem 4. Let J_n be the n × n matrix whose n^2 entries are all equal to 1. Let V_n be defined as in (2.50). Then B_n := A_n + μ_nI_n = σ_nV_n + μ_nJ_n. First, by Lemma 2.1,

lim_{n→∞} λ_{max}(V_n) √ n = 2 a.s. and lim_{n→∞}

‖V_n‖ √ n = 2 a.s. (2.63)

Since V_n is symmetric, ‖V_n‖ = sup_{x∈R}n_{: ‖x‖=1} ‖V_nx‖ = sup_{‖x‖=1} |x^T V_nx|. By definition.

λ_{max}(B_n) = sup_{‖x‖=1}{σ_n(x^T V_nx) + μ_n(x^T J_nx)}

= sup_{‖x‖=1}{σ_n(x^T V_nx) + μ_n(1^′x)^2} (2.64)

because J = 1·1^T , where 1 = (1, · · · , 1)^T ∈ R^n. Second, by Theorem 3, F^{Bn/√nσn} converges weakly to the semicircular law^1_{2π} √ 4 − x^2I(|x| ≤ 2). From Lemma 2.8, we know that

lim inf n→∞ λ_{kn} (B_n) √ nσ_n

≥ 2 a.s. (2.65)

Now we are ready to prove the conclusions.

(i) It is easy to check that sup_{‖x‖=1}{(1^′ x)^2} = n. By (2.64), λ_{max}(B_n) ≤ σ_n‖V_n‖ + n|μ_n|. Thus lim sup_{n→∞} λ_{max}(B_n)/ √ nσ_n ≤ 2 a.s. by (2.63) under the assumption μ_n/(n^{−1/2}σ_n) → 0 as n → ∞. Since λ_{max}(B_n) = μ_n + λ_{max}(A_n). From (2.65) we see that lim_{n→∞} λ_{kn} (A_n)/ √ nσ_n = 2 a.s. when μ_n/(n^{−1/2}σ_n) → 0 as n → ∞. In particular, lim_{n→∞} λ_{max}(A_n)/ √ nσ_n = 2 a.s.

Under the same condition, we also have lim_{n→∞} λ_{max}(−A_n)/ √ nσ_n = 2 a.s. Finally, using ‖A_n‖ = max{λ_{max}(A_n), λ_{max}(−A_n)}, we obtain that lim_{n→∞} ‖A_n‖/ √ nσ_n = 2 a.s.

(ii) Without loss of generality, assume μ_n > 0 for all n ≥ 2. From (2.64) we see that

μ_n sup_{‖x‖=1}{(1^′ x)^2} − σ_n sup_{‖x‖=1}{|x^T V_nx|} ≤ λ_{max}(B_n)

≤ μ_n sup_{‖x‖=1}{(1^′ x)^2} + σ_n sup_{‖x‖=1}{|x^T V_nx|}.

Hence, nμ_n − σ_n‖V_n‖ ≤ λ_{max}(B_n) ≤ nμ_n + σ_n‖V_n‖. Consequently, if μ_n ≫ n^{−1/2}σ_n, by (2.63), we have

lim_{n→∞} λ_{max}(A_n)

nμ_n

= lim_{n→∞} λ_{max}(B_n) nμ_n

= 1 a.s.

since λ_{max}(B_n) = μ_n + λ_{max}(A_n).

(iii) Since B_n = σ_nV_n + μ_nJ_n and ‖J_n‖ = n, by the triangle inequality of ‖ · ‖,

n|μ_n| − σ_n‖V_n‖ ≤ ‖B_n‖ ≤ n|μ_n| + σ_n‖V_n‖.

By (2.63) and the definition that A_n = B_n − μ_nI_n, we obtain

lim_{n→∞}

‖A_n‖ n|μ_n|

= lim_{n→∞}

‖B_n‖ n|μ_n|

= 1 a.s.

as |μ_n| ≫ n^{−1/2}σ_n. ■

3 Appendix

LEMMA A.1 (Sakhanenko) Let {ξ_i; i = 1, 2, · · · } be a sequence of independent random variables with mean zero and variance σ^2_i . If E|ξ_i|^p < ∞ for some p > 2, then there exists a constant C > 0 and {η_i; i = 1, 2, · · · }, a sequence of independent normally distributed random variables with η_i ∼ N(0, σ^2_i ) such that

P ( max

1≤k≤n

|S_k − T_k| > x) ≤ C 1 + |x|^p n∑ i=1 E|ξ_i|^p

for any n and x > 0, where S_k =

∑_k i=1 ξ_i and T_k =

∑_k

i=1 η_i.

Let W_n = (ω^n_{ij} )_{1≤i,j≤n} be an n × n symmetric matrix, where {ω^n_{ij} ; 1 ≤ i ≤ j ≤ n} are random variables defined on the same probability space. We need the following two results from Bai [6].

LEMMA A.2 (Theorem 2.4 in [6]) For each n ≥ 2, let {ω^n_{ij} ; 1 ≤ i ≤ j ≤ n} be independent random variables (not necessarily identically distributed) with ω^n_{ii} = 0 for all 1 ≤ i ≤ n, E(ω^n_{ij} ) = 0 and E(ω^n_{ij} )^2 = σ^2 > 0 for all 1 ≤ i < j ≤ n, and

lim_{n→∞} 1 n^2δ^2 ∑ 1≤i,j≤n

E(ω^n_{ij} )^2I(|ω^n_{ij} | ≥ δ √ n) = 0

for any δ > 0. Then F^{n−1/2Wn} converges weakly to the semicircular law of scale-parameter σ with density function p_σ (x) =

{_1

2πσ^2 √ 4σ^2 − x^2, if |x| ≤ 2σ;

0, otherwise.

(3.1)

Some recent results in [4, 41] are in the realm of the above lemma.

LEMMA A.3 (Remark 2.7 in [6]) Suppose, for each n ≥ 1, {ω^{(n)}_{ij} ; 1 ≤ i ≤ j ≤ n} are independent random variables (not necessarily identically distributed) with mean μ = 0 and variance no larger than σ^2. Assume there exist constants b > 0 and δ_n ↓ 0 such that sup_{1≤i,j≤n} E|ω^{(n)}_{ij} |^l ≤ b(δ_n √ n)^{l−3} for all n ≥ 1 and l ≥ 3. Then lim sup n→∞ λ_{max}(W_n) n^{1/2}

≤ 2σ a.s.

References

[1] Arnold, L. (1967). On the asymptotic distribution of the eigenvalues of random matrices.

J. Math. Analysis and Appl. 20, 262-268.

[2] Arnold, L. (1971). On Wigner’s semicircle law for the eigenvalues of random matrices. Z.

Wahr. und Verw. Gebiete 19, 191-198.

[3] Barabási, A. L. and Albert, R. (1999). Emergence of scaling in random networks. Science 286, 509-512.

[4] Bai, Z. D. and Zhou, W. (2008). Large sample covariance matrix without independence structures in columns. Statistica Sinica. 18, 425-442.

[5] Bai, Z. D. and Silverstein, J. (2006). Spectral Analysis of Large Dimensional Random Matrices. Science Press.

[6] Bai, Z. (1999). Methodologies in spectral analysis of large dimensional random matrices, a review. Statistica Sinica. 9, 611-677.

[7] Bauer, M. and Golinelli, O. (2001). Random incidence matrices: moments of the spectral density. J. Stat. Phys. 103, 301-337.

[8] Ben Arous, G. Dembo, A. and Guionnet, A. (2001). Aging of spherical spin glasses.

Probab. Theor. Relat. Fields. 120, 1-67.

[9] Biggs, N. L., Lloyd, E. K. and Wilson, R. J. (1976). Graph Theory 1736-1936. Clarendon Press, Oxford.

[10] Bollobás, B. (1985). Random Graphs. Academic Press, New York.

[11] Bollobás, B. (1979). Graph Theory: An Introductory Course. New York: Springer-Verlag. [12] Bryc, W., Dembo, A. and Jiang, T. (2006). Spectral measure of large random Hankel, Markov and Toeplitz matrices. Ann. Probab. Vol.34, 1-38.

[13] Chow, Y. and Teicher, H. (1988). Probability Theory, Independence, Interchangeability, Martingales. Springer, New York, 2nd Ed.

[14] Chung, F. (1997). Spectral Graph Theory (CBMS Regional Conference Series in Mathematics, No. 92). American Mathematical Society.

[15] Chung, F. and Lu, L. (2006). Complex Graphs and Networks (CBMS Regional Conference Series in Mathematics, No. 107). American Mathematical Society.

[16] Colin de Verdière, Y. (1998). Spectres de Graphes. Societe Mathematique De France. [17] Dudley, R. (2002). Real Analysis and Probability. Cambridge University Press. [18] Durrett, R. (2006). Random Graph Dynamics. Cambridge University Press. [19] Erdös, P. and Rényi, A. (1959). On random graphs I. Publ. Math. Debrecen 6, 290-297. [20] Erdös, P. and Rényi, A. (1960). On the evolution of random graphs. Magyar Tud. Akad.

Mat. Kuató Int. Közl 5, 17-61.

[21] Erdös, P. and Rényi, A. (1961a). On the evolution of random graphs. Bull. Inst. Int.

Statist. Tokyo 38, 343-347.

[22] Erdös, P. and Rényi, A. (1961b). On the strength of connectedness of a random graph.

Acta Math. Acad. Sci. Hungar. 12, 261-267.

[23] Erdös, P. and Spencer, J. (1974). Probabilistic Methods in Combinatorics. New York:

Academic Press.

[24] Evangelou, S. N. (1992). A numerical studies of sparse random matrices. J. Stat. Phys.

69, 361-383.

[25] Evangelou, S. N. and Economou, E. N. (1992). Spectral density singularities, level statistics, and localization in sparse random matrices. Phys. Rev. Lett. 68, 361-364.

[26] Evangelou, S. N. (1983). Quantum percolation and the Anderson transition in dilute systems. Phys. Rev. B 27, 1397-1400.

[27] Fey, A., Hofstad, R. and Klok, M. Large deviations for eigenvalues of sample covariance matrices, with applications to mobile communication systems. Available at http://arxiv.org/abs/0712.3650.

[28] Füredi, Z. and Komlós (1981). The eigenvalues of random symmetric matrices. Combinatorica 1, 233-241.

[29] Hall, P. and Heyde, C. (1980). Martingale Limit Theory and Its Application. Academic Press.

[30] Janson, S., Łuczak, T. and Ruciński, A. (2000). Random Graphs. New York: Wiley. [31] Juhász, F. (1981). On the spectrum of a random graph, in Algebraic Methods in Graph Theory, Lovász et al., eds., Coll. Math. Soc. J. Bolyai 25(North-Holland), 313-316.

[32] Khorunzhy, O., Shcherbina, M., and Vengerovsky, V. (2004). Eigenvalue distribution of large weighted random graphs. J. Math. Phys., 45(4), 1648-1672.

[33] Khorunzhy, A., Khoruzhenko, B., Pastur, L. and Shcherbina, M. (1992). The large n-limit in Statistical Mechanics and the Spectral Theory of Disordered Systems, Phase Transition and Critical Phenomenon (Academic, New York), Vol. 15, p.73.

[34] Kolchin, V. F. (1998). Random Graphs. New York: Cambridge University Press.

[35] Krivelevich, M. and Sudakov B. (2003). The largest eigenvalue of sparse random graphs.

Combinatorics, Probability and Computing, 12(1), 61-72.

[36] Ledoux, M. (2007). Deviation inequalities on largest eigenvalues. Lecture notes in Mathematics, Vol. 1910, 167-219.

[37] Mckay, B. D. (1981). The expected eigenvalue distribution of a large regular graph. Linear Algebra and Its Appl. 40, 203-216.

[38] Mirlin, A. D. and Fyodorov, Y. V. (1991). Universality of the level correlation function of sparse random matrices. J. Phys. A. 24, 2273-2286.

[39] Novikov, S. Schrödinger operator on graphs and symplectic geometry. Preprint arXiv:

math-ph/0004013.

[40] Palmer, E. M. (1985). Graphical Evolution: an Introduction to the Theory of Random Graphs. New York: Wiley.

[41] Pan, G. M., Guo, M. H. and Zhou, W. (2007). Asymptotic distributions of the signal-to-interference ratios of LMMSE detection in multiuser communications. Ann. Appl. Prob. 17(1), 181-206.

[42] Puppe, T. (2008). Spectral Graph Drawing: A Survey. VDM Verlag.

[43] Rogers, G. J. and Bray, A. J. (1988). Density of states of a sparse random matrix. Phys.

Rev. B, 37, 3557-3562.

[44] Rogers, G. J. and De Dominicis, C. (1990). Density of states of sparse random matrices.

J. Phys. A: Math. Gen. 23, 1567-1573.

[45] Vivo, P., Majumdar, S. and Bohigas, O. (2007). Large Deviations of the Maximum Eigenvalue in Wishart Random Matrices. Available at http://arxiv.org/abs/cond-mat/0701371.

[46] Watts, D. J. and Strogatz, S. H. (1998). Collective dynamics of ‘small-world’ networks.

Nature 393, 440-442.

[47] Wigner, E. P. (1958). On the distribution of roots of certain symmetric matrices. Ann.

Math. 67, 325-328.