Mathematical Statistics

1 Introduction to the materials to be covered in this course

1. Univariate & Multivariate r.v’s

2. Borl-Cantelli Lemma

Large Deviations. e.g. X1, --,X,, are iid r.v’s,

X4+ X,
n

P( € A) < e A

where I(A) is a number depending on A (event).

3. Extreme value theory
X; iid N(0,1) with W), = maxi<i<p | X; | We will prove

° Wy
Viogn

e PW,<Cp,+z)— F(z)Vx

— C a.s.

4. Multivariate Normal Distribution

X1
Xk

, 1
Bet"X = explit’ yu — EtTEt]

5. Exponential Family

po(z) = exply_ 1:(6)Ti(x) — B(6)]h(x)
1=1

6. Sufficiency & Factorization Thm
P, 0 € Q, T(x) is a statistic. If P(X € A | T = t) doe not depend on 6, then we say
T is a sufficient statistic. If pg(x) = go(T(x))h(x), then T is sufficient.

7. Rao-Blackwell Theorem

Unbiasedness, uniqueness, Basu’s thoerem, completeness and MVUE (i.e. minimum

variance unbiased estimators).



8. If time permits, we will study some of the following:

e Weak convergence of probability measures. i.e. p, with n = 1,2,3,--- are

measures, fb, — [

e Empirical Processes
Let X;;4 > 1 beiid random variables with distribution N (0, 1). Then % Yo bp —

1 A
F(z) where 05, = { ve So

0 ow.
ap | £3°6,.(4) - p(4) |- 0
155,04 - .
AeA NI

If A is VC class, then garanteed to go to 0.
X1 oo X
e Random Matrices

an o Xnn

If Xzfjs are random, what’s the distribution of the eigenvalues? How about as

n — 007

2 Probability

2.1 Probability measure and probability spaces

9. Qis a set.
F is a set of subsets of €.

10. If
(i) QeF
(i) Ae FiftAe F
(iii) If Ay e F,Ay € F,--- then UfilAl e F
Then F is called a o-algebra or o-field.
11. If F is a o-algebra, then
(i) peF
(ii) If Ay, Ag,--- are in F, then ()2, 4; € F



12.

13.

14.

15.

16.

17.

18.

19.

20.

(111) If B1,B>,---,B, are in F then Ufil A; € F, ﬂfil A; € F.

Eg. Q=1,2,--.. F =all subsets of 2. Then F is o-algebra. It is generated by the

set F'=finite subset of 2. i.e. F is the smallest o-algebra containing F’.

Eg. Q =RY. F' = (a,b),—00 < a < b < oco. The smallest o-algebra containing F,
denoted by B(R!), is called the Borel o-algebra of R!.

For any F' € F, assign a number to F', call it P(F') and satisfies the following properties

(i) P2 =1)
(ii) P(A°)=1— P(A) for any A€ F
(i) P(U;2; 4i) = >0, P(A;) provided Als are disjoint, or mutually exclusive, i.e.
AN A; = ¢ for any i # j.

If (i),(ii) and (iii) are true, then P : F — [0,1] is called probability. Right now,
(Q,F, P) is a triplet which is called a probability space.

Eg. Q=1,2, .-, F ={all subsets of Q}. Define P(F) = Y ,.p 2 for VF € F. Then

P is a probability.

Eg. Q = [0,1], B = o—algebra generated by {9a,b], [a,b),0 < a < b < 1}. One can
verify that B = [0,1] () B(R!). P(B) = the Lebesque measure of B for any B € B.(The

r.v. generates this P is uniform.), defines a probability over (|0, 1], B)

If X:Q— R ie X(w)isareal number for any w € 2, satisifies that
X }B) ={w € Q,X(w) € B} € F for any B € B(R")

then we say X is a random variable.

1 fweF . .
Eg. For any F' € F, define 1p(w) = { . Then 1p, the indicator function

0 o.w.
of F is a random variable.

(Q,F,P) and X is a r.v. Define u(B) = P(X € B) = P(w € ;X(w) € B) for
B € B(Re'). Note that u is a probability on (R!, B(R!)), call p the distribution of
X.

Verify: X is ar.v. iff {X <z} € F for any x € R!. (HW)



21. Def. If r.v. X & Y generate the same distribution, then we say X & Y are identically
distributed, denoted by X £V, or L(X)=L(Y) (law).

22. Eg. X ~ U[0,1], then X £ 1 — X. Actually, P(1— X € B) = P(X € 1 — B) =Leb

measure of (1-B)=Leb measure of B.

Problem 1. Let X be a random variable and p is a positive number such that P(|X| >
x) < 1/2P for any x > 0. Show that E(|X|*) < p/(p — ) for any 0 < o < p.

Sep. 17, Wednesday, 2003
1. Let X be a random variable, then

o0 o
> P(IX| = n'/") < EIX|" <> P(IX| > n'/"),wherer > 0.
n=1 n=0

2. In general, if g(X), X > 0 is a strictly increasing continuous function, let a,, = g(n),n =
0,1,2,..., then

S P(X > ay) < By (X) <30 P(X > ay).
n=1 n=0

Notice that the first statement is just a general case of the second case, so we are going
to prove the second one.
Proof: Let ®(X) = ¢~ '(X) and

D x
Y = Zﬂjg@(x)<j+17 Z = Z(j + D1<a(x)<j+1)-
= =0

Yy < Z Lij<a(x)<j+1)

[ee]
= g Lij<ox)<jt1)
7=1

= ®(X)lu<a(x))
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By
>

N
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X)) cax)<ivn
=0

X)lox)>0
o(X)

[
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First,

Similarly, > 07 P(X > a,) = EZ. 3. E|X|P =p [[* P(|X| > t)t*~dt = p [} P(|X| <

t)tP=Ldt, forp > 0.
Proof: Notice that

| X1
X = p/ tP=Ldt
o
* —1
= p/o tp 1(t<\X|)dt

= p/o tp_ll(tg‘)ﬂ)dt

Take expectation on both sides, we have:

|X|
E|XPP = pE(/ tP=Ldt)

[e o]
using Fubini’s Theorem, = p/ P(IX| > t)tP~at
0

4. Chernoff’s bound (simple example of large deviations.) Let X1, Xs,..., X, be iid r.v.



with mean p. S, =Y " ;,a > pu. Then we like to study P(ST" > a).

P(% >a) < P(tS, >tan), for allt >0
P(efSn > etan)
< et petSn, by Markov’s Inequality
etan (Betoryn
_ efn(atflogE'et’cl)
Thus,

P2 a) < Infuge @ tone™)

e—nSup(t>0)(at—logMX ®)) let My (t) — EetXl,

Thus, P(i—" > a) < e ™M@ where I(a) = Sup ;o) (at — logMx (t)).

Compare to Chevychev’s inequality:

P2 sa) < PUZ—plza—p)
Var(Xy)
n(a — p)?
09/22
Chernoff’s bound
Let X, X1, Xo,..., X, "~ rv's with M(t) = EetX < 00,V |t| < to,to € R, S, =
37 X;. Then

S,

P(2>a)<e ™ a>p=EX
n
Sn —nB

Where

A=1I(a) = i1>110){ta —log M(t)}

B=1(b) = igg{tb —log M (t)}

Define: I(z) = sup;cp{tx —log M(t)}, then

()I(x) / on [u, +oo] and N\, on(—o0, w)

(2)I(-) is convex

(3)1(2) = supyo{tz — log M(D)} if = > 4
I(x) = sup;co{te —log M(t)} if v < pu



DI(z) =0 z=7p

Proof:
(4)Assume I(zy) =0,
tr < logM(t) vVt >0

tX I ital
Let t /0, x < hmt/o logEe opitale

T Z log ]tW(t)

hmt/o o Ee X Similarly, tz < log M(t) Vt < 0, so

—past 0, andz > p
So we get x = p.

3)
M(t) = EetX > et

te —log M(t) < t(x — p)
I(x) = sup{tx — log M (t)}
t
If x > pand t <0, then tx —log M(t) <0

But I(z) > 0, so I(z) = sup;>o{tr — log M(t)}

Chernoff’s bound: General case

Sn
P(? e A) < 2e7A) v closed set A, where I(A) = in1f4 I(x)
Tre
Proof:
Ja,bst.b<pu<a,ac A be A
and A C (—oo, bJUa, +0o0)

P(22 € A) < P(22 > a) + P(22 <b) < e ™M@ 4+ ) < 2exp{—nmin (I(a), (b))}
SUDgl1such(a,b)pairs {L (@), I(b)} = infzea I(2)
Comment:
(1)Lower bound:
hmmf—log P(S— € A) > —inf I( ) VA open

n—oo N z€A

(2)
Sp 9 —nl(a)
P(— >a) ~ —e as n — oo where a > 1 for some C
n Vn
What’s large deviation?
tn m > 1 are probability measures, if 3 a function I(x) satisfies
(1)) = 0

(2){x : I(z) <} is b.d.d. and closed set VI



(3) limsup,, £ log i, (A) < —infreq I(z) VA closed

n

liminf, 1 log 1, (B) > —inf,ep I(x) VB open
Then we say {u,} satisfies Large Deviation Principle (LDP) with rate function I(z).
Note 10 of Stat8111, 9/24/Fall 2003

Characteristic Function:

X is a random variable, then the characteristic function of X is
ox(t) = Ee™ = E(cos(tz) + isin(tz)

where t is a real number, i = /=1, €* = cos(s) + isin(s).
Example 1. X ~ Ber(p), P(X =1)=p,P(X =0)=¢q¢=1—0p.

px(t) = B = g+ pe"

Example 2. X ~ Bin(n,p). There are two methods to calculate the characteristic function.

px(t) = Ee'*

" mn
— eztk <k) pkqnfk
k=0

— i Z) (peit)eqnF

it)n

aQ

0
= (¢+p
Method 2: X = X7 +---+ X,,, X;’s are i.i.d Ber(p), then

©x (t) _ Eeitm
— E(eit:vl X eit:vg L. eitxn)
— Eeitl‘l X Eeitmg . Eeit:vn
— (Ee’itxl )n
= (qg+pe)"

Example 3. X ~ N(u,0?), then

2
ox(t) =™ TP 1 e R



Example 4. X ~ Unif[—1,1], then

1
ex(t) = —/ e dx
2 ),

— o (ezt e—zt)
1
= 2t(costJrzmnt—(cost—zsmt))
_ sint
ot

Levy’s Inversion Formular

Theorem: X is a random variable with characteristic function ¢(t). Then, for any a < b,

. 1 (€ eita_e~ith P(X =a)+ P(X =b)
Jim [%/ Tgp(t}dt] =Pla< X <b)+ 5

Proof: Let
1 c e—ita _ e—itb

I(c) = — ————p(t)dt

2 J_,

_ LE /c efz'ta _ efitb eita:dt
2 ¢ 1t
it(z—a) _ it(z—

First,
c eit(x a) 1 <1 .
/_C n dt = ;/CZ cos(t(x — a)) + isin(t(z — a))]dt
_ 1/62 sin(¢ :U—a))dt
(-
_ 2/ sin(t(x — a) dt
0 t
_ 2/ sin t(x—a sin(t(@ = a)) g
0 .’E — a
(z—a)
— 2 / snf g
0 t
Similarly,
/c eit(‘xfb) g — /c(z—b) Sl_Iltd
—c it 0 t
Then,
(x—a) c(z—b)
()= 1B / Sl—ntdt—/ ﬂdt]
m 0 0 t




c(z—b)
Let J,(z) = / Sl g
c(z—a) t

(i) Suppose = > a and = < b, then

Jo(x) — / Y e =7

x

(ii) Suppose z > b, then

Je(x) — 0as ¢ — 400

(iii) Suppose = < a, then

Je(x) — 0as ¢ — 400

(iv) Suppose z = a, then

0 .
sin z v
Jc(x)—>/_oo . dx—§
(v) Suppose = = b, then
* sinx us
Jo(x) — /0 . dx = 5

Let’s summarize,

lim Ju(z) = 7l(a < z < b) + ~(1(z = a) + L(z = b))

C— 00 2

. ° sinx .
Since / dx = 7, we have sup J.(x) < co. By dominant convergence theorem,
C

—00

lim I(c) = 1 lim EJ.(z) = Pla <z < b)+ P(z =a)+ P(x =b)

CcC— 00 T c—00 2

Theorem: If / |p(t)|dt < oo, then the distribution function of X has a bounded prob-

oo
ability density function given by

10) =5 [ e

=5/
09-26-03 Friday

1. Levy’s Inversion Formula
Suppose X has characteristic function ¢(¢), then

1 /c o ita Z_t it S = Pla< X <b)+ P(X =a)+ P(X =)

Given ¢(t), how do we get distribution of X? Note: we can not recover the random
variable X because different random variables could have the same distribution. (e.g.

X ~ UJ[0,1], then —X ~ UJ[0,1]).

10



2. Discussion

Given ¢(t), we recover F(x) = P(X < z). From the inversion formula, I know that
P(a < X <b) for a and b such that P(X =a) =0,P(X =b) =0.

Note:
D=a:P(X=a)#0
is countable, i.e. discontinous points are countable. So I know the value of F'(b)— F'(a)
fora,be R—D.
e Let a, € R— D, and a,, — —o0, then I get F'(b) for any b € R — D.

e Now for any = € D, choose b,, — x, define

F(x) = lim F(b,)

bpn—x

So I obtain F(x) for any = € R

3. Proposition

If cdf F(x) and G(x) are identical on H, where the closure of H is R, then F(z) =
G(x),Vz € R.

Proof: Vzy € H, choose z,, € H and x,, — x¢. Since F(x,) = G(x,),n > 1. Now let

n — oo, we then have F(zo) = G(xg), because F(z) and G(x) are right-continuous.

4. Theroem

If ffooo dt < 0o, then X doesn’t have any discontinuous points and the density of X
is given by Lo
f@) =5 [ o

27 J_ o

Also, f(x) is bounded.
Note: density of f(z) can be unbounded. For example,
0 x<0
2 0<z<1
5. Proof:
Note:

e—ita _ o—ith b b )
— | / e "y |< / le ™ |de=b—a
it a a



Claim: No discontinuous points.

In fact, by the inversion formula,

P(X = a)+ P(X =) =9 | pla<x <)

<
2 - 2
1 c efz'ta _ efitb
= lim — —(t)dt
ohe 2 /_ . it o(t)
1 C
< —(b—a) lim | o(t) | dt

—C

< - Jo0|a

If P(X = a) > 0, then pick b, = a+ €,,€, > 0 and ¢, — 0, and b,, is a continuous
point of F(z). Let n — oo, then

P(X=0a)<0=P(X=a)=0

. So far the inversion formula becomes

1 00 e—ita . e—itb

o | it
Now,
fla) = F'(a)
L )~ Flo)
b—a b—a
= i]jm ~ lMgb(t)dt

21 b—a J_o it b—a

Since %% is bounded and [ | ¢(t) | dt < oo, so by Dominated Convergence
Therorem,
Fla) = o [ Seyona
2 J_o it
_ L e~ p(t)dt
2 J_ o
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