Model Combination for Quantile Regression

Yuhong Yang
School of Statistics

University of Minnesota

2008 Beijing Conference on Machine Learning and Data Mining

June 19, 2008

Joint work with Kejia Shan

Supported by US NSF Grant #00003096



Outline

Quantile estimation

Difficulty in model comparison for quantile regression
Adaptive quantile regression by mixing (AQRM)
Optimality of AQRM

Numerical results

Conclusion



(Quantile regression

e Conditional quantile estimation is useful in agriculture, economics,

finance, etc.

e Numerous methods have been proposed under different settings
including the classical linear regression, nonlinear regression, time

series, and longitudinal experiment.

e When a range of 7 values are considered, the quantile profile pro-

vides information much beyond the conditional mean.



Linear quantile regression (LQR)

e Koenker and Bassett (1978) introduced regression quantile estima-

tion by minimizing an asymmetric loss function

L:(&) = Tle>0 + (1 — 7)Ie<o
for 0 < 7 < 1, known as the check or pinball loss.

e The minimizer ¢(x) of EL (Y —c¢(X)|X = z) is the lower-7 condi-

tional quantile of Y given X = x.

e They considered c(x) of the form z’3 and the coefficients 3 is esti-

mated by minimizing > . L-(y; — x;53).



Nonparametric methods

e To increase flexibility, nonparametric and semiparametric methods

have also been developed for quantile regression.

e For example, one may assume that the quantile function is of the
semi-parametric form ¢, (X,T) = X'8+¢g(T), where both X and T
are vectors of explanatory variables, 3 denotes a vector of unknown
regression coefficients and g represents an unparameterized smooth

function to be estimated.



Quantile regression forests (QRF)

Meinshausen (2006) proposed QRF.

As in the random forests algorithm, for each tree, one selects a
random subset of all predictors to split nodes and a large number

of (random) trees are grown in this fashion.

The conditional quantile of Y given X = x is then approximated

by the average prediction from the collection of random trees.

Numerical results demonstrated its good performance in problems
with high-dimensional predictors, particularly at extreme values of

7 (T near zero or one).



Model selection for CQE

Ronchetti (1985) introduced a robust version of AIC, which takes

the form of the observed check loss plus a multiple of model size.

Machado (1993) proposed a generalized Schwarz Information Cri-
terion, which is similar to BIC except that the squared error loss

is replaced by a more robust loss function.

Some other model selection criteria can be found in Burman and
Nolan (1995) and Ronchetti, Field and Blanchard (1997).

More research is needed.



Model combination for CQE

o If ¢2(z) and §B(x) are two estimates of the conditional lower-7
quantile of Y given X = x, Granger (1989) proposed the use of
weights from

min Ly (yi — a — Badi (z:) — BBaY (x4)).

Oﬁ,,BA,BB i

e Taylor and Bunn (1998) extended this linear combination method-
ology by considering a number of constraints on the coefficients
a, B4, BB, such as zero intercept, convex coeflicients on the predic-

tors, and so on.

e Not much theoretical understanding on combining quantile regres-

sion estimators is given in the literature.



e When the quantile profile is of interest, it is particularly important

to consider model combination methods.

— Usual model selection uncertainty exists.

— Different quantile regression estimators typically have distinct

relative performances that depend on the value of .

— A true parametric model does not necessarily produce a good

quantile estimator.

— It is a proper objective to integrate the advantages of various

methods and thus globally improve over them.



Statistical theories on combining arbitrary
estimators

e A recent focus is on construction of methods that adaptively share

strengths of a list of arbitrary estimators.

e There are two directions on combining arbitrary estimators, one
being combining for adaptation and the other being combining for

improvement.

e Combining for adaptation pays a price of order 1/n in MSE, and
combining for improvement typically pays a higher price than 1/n,
depending on the aggresiveness of the goal. (See, e.g., Nemirovskii
2000; Yang 2001 and 2004; Catoni 2004; Tsybakov 2003).



e Adaptive combination can be done to achieve multi-directional

combination.

e Algorithms in computer science literature typically require bound-
edness of the response variables or boundedness of the loss function,

which is undesirable for our statistical estimation.

e We follow the spirit of Yang (2001), Catoni (2004), Yang (2004)

for combining arbitrary quantile estimators.



Problem setup

e Observe (Y;,X;), ¢« = 1,--- ,n, where X; = (X;1,---,Xip) is a

p-dimensional predictor.

e Assume the true underlying relationship between Y and X is char-

acterized by:
Yi=m(X;) +o(Xi)e, 1 =1,---,n,

where ¢; are 1.i.d. from a distribution with mean zero and variance

one and are independent of the predictors.

e The conditional quantile of Y given X = x has the form
¢r(x) = m(z) + o () F (1), (1)

where I is the cumulative distribution function of the error.



e Natural to estimate ¢, () by first obtaining 1 (z), & (x) and F~1 (7).

e If the m(:) is a linear function of x and o(-) is constant, LQR is
expected to perform well. However, if either the mean function is
nonlinear or the scale function is non-constant in the predictors,

bias will be involved.

e In real applications, the performance of LQR on extreme quantiles

is usually impaired by insufficient extreme observations.



Suppose we have a pool of M candidate estimators of the condi-

tional quantile function ¢, (z), denoted by {g,. ](a:)};\il

Our goal is to combine these estimators for an optimal perfor-

Imance.

Specifically, at a given 7, we hope that the combined estimator

performs as well as the best candidate.

Since the best candidate often depends on 7, our combining ap-
proach can improve over all of the candidate procedures in terms

of global performance measures over 7.



e In the context of conditional mean regression, Yang (2001) pro-
posed the adaptive regression by mixing (ARM) method, in which
a set of weights is sequentially calculated from the data under a

specified likelihood function such as Gaussian.

e Alternatively, risk bounds that relate the performance of the com-
bined estimator to that of the best candidate (typically unknown,
of course) under certain quadratic-type of loss functions are given
in Catoni (2004) and Yang (2004a) without specifying the error
distribution. This latter approach is useful when no obvious choice

of error density is available and/or when variance estimation is

difficult.



e In this work, the check loss function is naturally oriented towards

quantile estimation.

e However, the distinct natures of the absolute-type and quadratic-
type of losses present a non-trivial work to derive an oracle inequal-

ity for our quantile regression problem.

e Risk bounds in terms of the check loss function, under both i.i.d.
and a time series settings, without any assumption on the form of
the error density nor requiring boundedness of the response vari-

able, are obtained.



Adaptive quantile regression by mixing (AQRM)

Fix a probability level 0 < 7 < 1. Let 1 < ng < n — 1 be an integer

(typically ng is of the same order as or slightly larger order than n —ng).

e Randomly partition the data into two parts: Z(1) = {y;, z; },22, for

training and Z(?) = {y;, T}, 1 for evaluation.

e Based on Z(W, obtain candidate estimates of the conditional quan-
tile function ¢, (z) bY Grjne(T) = Gr.jing (T3 Z1)). Use Gy jn, to
obtain the predicted quantiles from the j%* candidate procedure
for Z(®) foreach j =1,---, M.

e Compute the candidate weights as follows

_ [L= 1 exP {=ALr (%1 — drjino (1))}
o M n .
Zkzl leno—l—l eXp {_)‘LT (yl — 4r,k,ng (xl>)}

where A > 0 is a tuning parameter.

W;

Y



e Repeat steps 1 — 3 a number of times and average the weights.

Denote them by Wj. Our final estimator of the conditional quantile
: L. M i A
function of Y at X =z is ¢, () = ijl W;ar jn(z).



Sequential weighting

e For online prediction, sequential updating is natural.

e First obtain ¢, jn, from {(y;,x;)},;2; (the initial set of observa-
tions) and the weights are updated sequentially once an additional

observation is made.

— define sequential weight W} ; as

i—1 .
- icngr e {A=AL (W — Gr ()}
bt M i—1 -

Zk:l Hl:n0—|—1 exp {_ALT(yl — qT,k,l(CEz))}

— the combined estimate of ¢, (x) at time ¢ is

Y

M
Gri() =) Wjidrj.i(2).
j=1



Role of A

e The tuning parameter A controls how much the weights rely on the

check loss performance.

e When )\ | 0, simple averaging results; when A\ — oo, the candidate

with the best historic check loss is selected.



Conditions

Condition 0: The observed vectors (Y;, X;),i > 1 are iid.
Condition 1: The quantile estimators satisfy that sup,~1 ;51 |¢r,j,:(7;)—
q-(x;)| < A, for some positive constant A, with probability one.

Condition 2: There exist a positive constant ¢y and a monotone func-
tion 0 < H(t) < oo on [—tg, tg] such that for all n > 1 and —ty <t < g,

E(len]” + 1) exp (tlen]) < H(2),

where €, is the unobservable true error for the n'® observation.
Condition 3: There exist positive constants C; (that depends on 7) and
Cs such that |m(X) — ¢, (X)| < C7 and |02(X)| < Cs, with probability

one.



Oracle inequalities on performance

Theorem: Under Conditions 0—3 when the tuning parameter A

n—lno 1=ng+1 EL; (1/7/ _ QT,,Z(XZ)) 1S upper
bounded by
~ [log (M
1nf Z EL(Y; — ¢r.:(X;)) + C\/ n_(no) . (2)
1=no+1

where C is a constant that depends on 7, A, Cy, Cs.



e The inequality says that the risk of the combined prediction is
automatically close to the risk of the best individual (parametric

—1/2

or not), with the difference being of order (n — ng) when A is

chosen properly.

e When ny and n — ng are of the same order, the risk bound shows
that the combined quantile prediction converges at the best rate
offered by the candidate procedures for both parametric and non-

parametric situations.

e For nonparametric quantile regression, since the extra term in the
risk bound is asymptotically negligible relative to the risk of es-
timating ¢,(z), under some regularity conditions, AQRM yields
combined predictions that perform asymptotically as well as the

best procedure among the candidates.



Although at each given probability level 7, our approach of com-
bining the quantile estimators does not necessarily lead to performance
improvement over the best individual candidate estimator, the results

are useful for three reasons.

e First, for various situations (e.g., one of the candidate procedures
is based on the true model), the best individual procedure may not

be improved.

e Second, since the best procedure is unknown, the combining ap-

proach can reduce uncertainty of model selection.

e Third, because quantiles at a range of probability level are often
of interest at the same time but the candidate quantile estima-
tors typically have different ranks in performance, the combined

estimators have a good potential to beat them all globally.



Weighting using a mixture of check and squared
losses

Define a surrogate loss function L, (£) = L,(§) + a&? for a given
a > 0 and use it in the construction of weights of the candidate quantile

regression procedures. The new weight is

o T & (AL = gy (20))}
J M n ~ .
D k=1 Hl:no—|—1 exp{—ALz a(Y1 — Gr ko (1))}

We can then derive a similar risk upper bound for the corresponding

combined estimator ¢;7 . ,, .
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Combining quantile estimators for time series

For time series data, we typically have autocorrelation between ob-

servations. Consider the model
Yy = my(Xy) + 0u(Xi)er,

where X, is the explanatory variable (which may include the past values
of the response variable) at time . We assume that the errors ¢; are

i.i.d. from a distribution with mean zero and variance one, and €; is
independent of {(Ys, X;) : s <t} and X;.



Let 1" be the length of the whole series. The sequential combining
algorithm AQRM for the time series setting is given below.

e Start with T, observations and let t; = Tj.
e Denote the first ¢; observations in the series by Z(1) = (y;, 24)iL ;.

e Based on Z1)| construct the candidate estimates of the conditional

quantile function ¢, (x) by G, (¥) = Gr ¢, (25 Z1).

e For each j, we update the candidate weight sequentially as follows

Wjatl eXp {_)\LT (ytl T q\Tajatl (ajtl ))}
S Wity exp {=ALr (ye, — Gt (21,))}

Wiit41=

Y

1
where W 1,41 = 37-

e We increase t1 by 1 and repeat steps 2 — 4, until ¢t; =T



Since in the time series setting, the conditional quantiles, conditional
means and conditional variances of Y; usually depend on both the pre-

dictor and time, Conditions 1-3 need to be modified accordingly.

Theorem: Under some conditions 1-3, when the tuning parameter

A is chosen properly, ZtT:TOH EL.(Y: — Gr,.+(X:)) is upper bounded by

inf{ Z EL(Y; — Grj1(X1)) + C/log (M) x \/TTO}a

/ t=Tpo+1

where (' is a constant.



Numerical results
Candidate procedures

e LQR (Koenker and Bassett 1978), R package quantreqg
e QRF (Meinshausen 2006), R package quantregForest.

e A plug-in estimator.



Measure of performance

e In the literature, performance of quantile regression is usually mea-

sured by the coverage probability at some fixed 7 value(s).

e LFor a given quantile estimator at a given 7, its empirical coverage
probability is defined as the fraction of observations which fall on or
below the estimated quantile function in a new (unused) evaluation

set.

e We focus on the overall performance of a quantile regression pro-

cedure over the full range of 7 in (0, 1).



Let g denote a weighting function on 7 € (0,1) such that g > 0
and fol g(T)dT = 1, which is used to differentiate the importance

of 7 values in different regions.

We choose two different ¢ functions in this work, one being the
uniform weight and the other being the Beta(0.8,0.8) density, which

emphasizes extreme 7’s.

Weighted Integrated Absolute Error (WIAE): the mean of
| [12:@) - a:@g(r)arpias)
Weighted Integrated Coverage Error (WICE):

1
/ 17— Tlg(T)dT.
0

In implementing this, we use a random data splitting, done 100

times.



We define the optimal X\ as the one that yields the smallest WICE
(or WIAE) among all A considered, and define the risk ratio of
AQRM over the best individual candidate as

PR — WICE (or WIAE) of AQRM under the optimal A
~ WICE (or WIAE) of the best individual candidate’

The simulation results in this section are based on 100 runs in each

case.

The sample size is 200, with equal training-testing data splitting

randomly done 50 times.

The tuning parameter A is taken of the form A\, = A xmin(7,1—7),
where 7 € {0.01,0.05 x k,0.99},” ..



Simulation models
Case 1.
Y = Z +1og(X) + 0.1 x (log(X))? + 0.25 x log(X) x e,

where X ~ x3, 1 ~ N(0,1), Z = X 4+ €1, ea ~ f, with uy = 0 and
oy = 0, and X, €1, € are generated independently of each other. Besides
N(0,1), shifted gamma distribution is also considered to allow asymmet-

riC error.

Candidate procedures:
e LQR with predictors X and Z
e QRF with predictors X and Z

e LQR with predictors X, Z and v X.



Case 2. Same as Case 1, except that of(x, 2) = g/x.



Case 3. Randomly models:
e Generate = (81, ,3g) uniformly.

e The true model is Y = ’'X + o¢, where X = (X1, -+, Xg) has
independent N (0,1) components, and ¢ is either from a standard
normal distribution or a shifted gamma with mean zero and vari-

arnce oIne.

e T'wo hundred sets of coefficients are generated.



Case 4. The model is

Y = X + 2exp(~0.35X; — L1X3) + oey/ X3 + 0.8X?

and the other aspects are the same as Case 3.
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Figure 2: Risk ratios for Case 1 and Case 2.
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Figure 3: Risk ratios for Case 3 and Case 4




Summary of the simulations:

e For the o and error distributions considered, when 7 is near ei-
ther zero or one, QRF has observed coverage probability closer to
the nominal level 7 than LQR. But LQR performed better in the

middle range of 7.

e The L, risk of QRF for estimating ¢, (x) is often the largest, com-
pared to the other two candidates, when o is small (¢ < 0.707)
and often the smallest when o is large (¢ > 2). This and the item
above indicate that it is unwise to use a single quantile regression

estimator for all 7 values.

e AQRM performed well. For the error distributions considered and
almost all 7, when o > 2, AQRM can basically tie with or perform
better than the best candidate both in terms of observed coverage

probability and in Lq risks.



e The two performance measures are quite different.

e The random coefficient cases reveal substantial advantages of AQRM.
At the noise levels considered, the coverage errors of AQRM are
consistently smaller than those of the candidates. Because the coef-
ficients were randomly generated, the ranking of LQR versus QRF
can change as well, in which case the combined estimator can be

much better than any fixed choice of the candidates.



Two regression data sets
The data set Autoprice:

e n = 159 observations with 14 continuous variables and one discrete

variable.
e log-transformed price as the response variable price

e candidate quantile regression methods are the LQR (with AIC)
and QRF

e 75% of data for training (including weight construction for com-
bining the procedures), and remaining 25% for final performance

evaluation.

e 200 repetitions



The data set Landrent:

e (7 observations
e response Y is the average rent per acre planted to alfalfa
e four predictors.

e Besides LQR and QRF', we also included a plug-in estimate, which
is based on linear regression of ¥ on Xi,---, X, with stepwise

selection of the variables based on AIC.

e 80% of data for training (including weight construction), and the

remaining 20% is reserved for performance evaluation.



A time series data set

In financial markets, Value-at-Risk (VaR) is defined as the pre-
dicted worst-case loss with a specific confidence level over a period

of time.

We consider VaR estimation of the daily index distribution for
S&P500 energy sector with data from January 3, 2000 to November
10, 2006.

The candidates are GARCH(1,1) model, historical simulation with
up to 100 (HS100) and 250 (HS250) most recent observations.

The last 10% of the series is used for evaluation.



Method LQR QRF A=0 X=05 X=1 X=3 X=6 X=10
Uniform 6.20  1.40  1.03 1.05 1.00 111 1.41 1.56
Beta(0.8,0.8) | 7.09  1.36  1.09 1.11 1.06 1.15 1.44 1.56

Table 1: Weighted Integrated Coverage Errors (x1072) for Autoprice

data.
Method LQR QRF Plugin X=0 X=05 X=1 X=3 X=6
Uniform 2.88  2.44 2.11 2.96 2.03 1.83 1.61 1.62
Beta(0.8,0.8) | 3.32  2.29 2.05 2.78 1.96 1.75 1.53 1.54

Table 2: Weighted Integrated Coverage Errors (x1072) for Landrent

data.
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GARCH(1,1) HS(100) HS(250) A=0
T=.01 0.029 0.012 0.000 0.000
T =.05 0.070 0.029 0.000 0.000
T =.10 0.116 0.047 0.000 0.006
T =.90 0.872 0.761 0.552 0.720
T=.95 0.953 0.837 0.727 0.855
T =.99 0.988 0.930 0.901 0.971
Avg mis-coverage 0.0147 0.0645 0.1366 0.0746
A=0.5 A=1 A=3 A=6 A =10
T =.01 0.000 0.000 0.000 0.006 0.006
T =.05 0.058 0.058 0.064 0.070 0.070
T =.10 0.110 0.110 0.110 0.116 0.116
T =.90 0.890 0.883 0.878 0.884 0.884
T =.95 0.959 0.953 0.953 0.953 0.953
T =.99 0.971 0.983 0.988 0.988 0.988
Avg mis-coverage 0.0112 0.0093 0.0102 0.0103  0.0103

Table 3: Observed coverage probabilities for Sé&P500 energy series.



Concluding remarks

e Although correct parametric methods work well asymptotically, for
a moderate sample size, insufficient extreme observations typically
impair their accuracy at high/low quantiles even if the assumed

underlying model is proper.
e It is desirable to consider multiple procedures.

e Choosing a model/procedure from a list for quantile regression is

challenging.

— model selection instability

— the candidate procedures typically perform very differently at

moderate and extreme quantiles

— selecting a single model based on a traditional model selection

criterion is not a good idea for estimating multiple quantiles.



model /procedure combining can be very helpful

AQRM performs as well as the best individual candidate in terms
of the asymmetric linear risk, with a cost that vanishes at O (n_%)

rate.

Simulation examples clearly demonstrate that our method yields
improved performance in terms of better overall coverage proba-

bility when error standard deviation is not small.

AQRM can integrate the advantages of general candidate proce-
dures that occur at different probability levels and thus globally

improve over them.



