
1

Asymptotic properties for some 
Lasso-type estimators: Parametric case

Xing Wang 王星

2008.06
School of Statistics

Renmin University Of China

Joint work with Guilherme & Binyu

wangxingscy@gmail.com
2008 Beijing International Conference On 

Machine Learning And Data Mining

wangxingscy@gmail.com
2008 Beijing International Conference On 

Machine Learning And Data Mining



2

Two development in statistical 
machine learning

• With machine learning algorithms to get better 
solution for statistical problems
– Efficient algorithms design (Boosting-type)
– Sparsity pursue (Lasso-type)  
– Predictive performance improvement (SVM-type) 

• Giving statistical insights on learning 
algorithms based above----asymptotic is one of 
the interest 
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Outline

• Some comments on asymptotic and 
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• Consistency results in LASSO-type 
estimators.

• Consistency simulation and results
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Statistical model selection

• The parameters of interest in statistical models 
often represent the attempt to make optimal 
choices in the presence of uncertainty.

• Most parameters are defined as the minimizer
of a risk function defined as the expected value 
of a loss function: 
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Penalization Framework
• Given data                                                 :

– Xi : a p-dimensional predictor 
– Yi :  response variable

• The parameters β are defined by the penalized problem:

 where
– is the empirical loss function

– is a penalty function 

– λ is a tuning parameter
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Types of penalties usually used

• -norm of the fitted coefficients defined as:

(Frank Friedman,1993)
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• The CAP parameter estimate is given by:

– Gk's, k=1,…,K - indices of k-th pre-defined group

– βGk
– corresponding vector of coefficients.

– || . ||γk – group Lγ
k

norm:   Nk = ||βγk||γk;

– || . ||γ0 – overall norm:       T(β) =||N||γ0
– groups may overlap (hierarchical selection)

Composite Absolute Penalties
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• The L1 penalty is defined for coefficients β:

• Used initially with L2 loss:
– Signal processing: Basis Pursuit (Chen & Donoho,1994)
– Statistics: LASSO (Tibshirani, 1996)

• Properties:
– Sparsity (variable selection)
– Convexity (convex relaxation of L0-penalty)
– Stability (non-negative garrote, Breiman, 1995)

Lasso: L1-norm as a penalty
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L1 penalty application and algorithms

• Cox regression
– Tibshirani,1997

• Logistic regression,
– Genkin,2007;
– Zhu&Hastie,2004;
– Park&Hastie,2006;

• Hinge loss
– Zhu&Hastie,2004;

• Quantile Regression
– Li&Zhu,2006.
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New penalty functions

• Grouped LASSO
– Yuan and Lin,2006

• Elastic Net
– Zou and Hastie,2005

• Composite Absolute Penalties(CAP)
– Zhao&YU2008;

• This conference……
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Consistency of Lasso

• Knight &Fu(2000) obtained results characterizing 
the behavior of the penalized least squares 
estimates in terms of a random function.

• Define:
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Key theory in Knight& Fu

• Assume:

• Main result:
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Two Questions

• What’s going on in asymptotics for more 
general estimators with other loss 
functions?

• How about asymptotics for a broad class 
of penalty functions?
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Some assumptions

• We first define “re-centered” and “re-scaled”
penalized objective function V involving both the 
risk and the penalty:
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The key theorem
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Sufficiency conditions for Loss 
function consistency
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Loss convergence
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Penalty convergence (Norm)

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

∈=

==+

∞∈

=

∑

∑

∑

=

=

=

−

p

j
jj

p

j
jjjj

p

j
jjj

  if                  u

  if   usignu

  if             signu

G

with

1

1

1

1

)1,0()],0I(||

1)],0I(||)([

)[1,,||)(

)u,(

:

γβ

γββ

γββ

β

γ

γ

,)1,0[

)[1,

0

0

λλγ

λλγ

P

n

n

P

n

n

q
    with

   or  
q

    with

→∈

→∞∈

;0||)u,()]()u[T(||sup 0

P

n
n

Ku
GT

q
                             

:K  setscompact all for then

→−−+
∈

βλββλ

If q and bT(b) Suppose
penalties) norm of ce(Convergen  7. 

n .||||
Lemma

∞→= γ



23

Types of Loss function usually used

• In regression problems,

• In quantile regression,

• In classification,
– Logistic regression
– Hinge loss
– Hüber robust loss 
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Example 1:Twice differentiable 
neg-loglikelihood functions
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Example 2: Quantile regression 
loss functions
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Penalty convergence  (CAP)
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Logistic Regression
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Penalty convergence
(M-Estimator)
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Sign selection
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Conclusion
• Extend Knight&Fu results to more general M-

estimators and a broad family of penalty functions.

• Derive asymptotic approximations to convex twice 
continuously differentiable loss function.

• Establish a generalized “irrepresentable condition”
on the Hassian of the risk function for sign model 
selection consistency of a broader family of loss 
functions penalized by the l1-norm in the 
parametric case.
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Future work

• Extend our insights for more penalized 
functions.

• Extend our asymptotic work to non 
parametric (p Æ ) case. ∞
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