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Canonical methods are based on spectral decompositions:

>

> > > > >

One matrix (Wishart)
Principal Component analysis
Factor analysis

Multidimensional scaling

Two matrices(independent Wisharts)
Multivariate Analysis of Variance (MANOVA)
Multivarate regression analysis
Discriminant analysis
Canonical correlation analysis

Tests of equality of covariance matrices
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Assume two independent, s—variable Wishart matrices:

E~ Ws(l,s+2n+ 1) “error” SSP matrix
H~ Wi(Il,s+2m + 1) “hypothesis” SSP matrix
Classical tests (Wilks, Pillai,...) based on roots 0, . . . , 6, of
dettH—-0(E+H)| = 0. (%)
Largest root (S. N. Roy) of (*): 6 m.n-

[Joint density of roots:
p(O) =C]lora—0)"A0). ]
i=1
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A Double Wishart: Largest root setting
A Roy’s Largest root test

A Existing Tables; code; packages

A Tracy-Widom approximation to largest root
A Accuracy at conventional percentiles

A Correct order at small p—values

A Simpler setting: symmetric Gaussian matrices
A relation between unitary & orthogonal cases

A cancellation of N !/3 terms
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Hy: “no regression; independence; equal covariance, etc. ...”

Reject for large values of 0 , ..

Null distribution: Need P{0;,, > s},
lassuming H ~ Ws(I,s +2m + 1), E ~ Ws(I,s + 2n 4 1)]

Properties of largest root test:
A arises from Roy’s Union-Intersection Test approach

A Best power (among the usual 4 tests) against alternatives with

one non-zero root,

A Ul approach yields simultaneous confidence regions.
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Tables: contributions by:

A

> > > > >

Nanda (1948, 1951),

Foster & Rees(1957), Foster(1957, 1958),

Pillai (55, 1956a,b, 57), Pillai & Bantegui (59), Pillai (65, 67),
Heck (1960),

Krishnaiah (1980), Pillai & Flury (1984),

Chen (2003, 2004a, 2002, 2004b)

—> up to 25 pages of tables in typical textbooks.

[Johnson & Wichern, Morrison ...]

Software:

A

A

Lutz (1992, 2000),

Koev: pmaxeigjacobi
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SAS: (From Gledhill et. al.: NOAA Fisheries Reef Fish Video Surveys.)
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R: (car, heplots packages, Fox et. al.)

Multivariate Tests:

Df test stat approx F

Pillai 5.0000 0.417938 1.845226
Wilks 5.0000 0.623582 1.893613
Hotelling-Lawley 5.0000 0.538651 1.927175
Roy 5.0000 0.384649 4.384997

Signif. codes: O ’*%*x’ 0.001 ’*x*’

0.01 >’

0

num Df den Df
15.0000 171.0000
15.0000 152.2322
15.0000 161.0000
5.0000 57.0000

.06 2.7 0.1 71

Pr (>F)
0.0320861 x*
0.0276949 x*
0.0239619 x*
0.0019053 *x
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Let W = logit(0s mn) = 10g(Osmn/(1 — Osmn))-

Result: (ms-Forreste] As S, m,n — 00,  (and with O(s~2/3) error):
W — D
Pemn By~ F.
Os.m,n
In other words: ph oW,

I

s,m,n ~ 1 _|_ €ILL+O'M/|

Percentiles f,:

f90 = 0.4501
fo5 = 0.9793
fo9 = 2.0234
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A setN=2(s+m+n)+1

A define 7y, ¢ from

sin®(y/2) = (s — %)/N, sin®(¢/2) = (s + 2m + %)/N

A Then 1 and o are given by

¢+ ;s 16 1
,u:2logtan(—), 0° = — _ —
2 N2 sin“(¢ + ) sin ¢ sin y

A (given a table of F), straightforward to code:

papptw, qapptw, rapptw.
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Approximate percentile using Tracy-Widom percentile f:

0o = 02 (s,m,n) = el /(1 4 el t]aT),

William Chen’s tables: (Chen 2003, 2004a, 2002, 2004b)

allow us to compare

A ’Exact’ 0,(s, m, n) with

A Tracy-Widom approximation 62" (s, m, n).

Relative error: r=(02"/0,) — 1.

Tracy-Widom based on s — o0, but consider

[m,n vary]
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95th %tile, S=6, Contours of relative error r = (GZW/G )—1
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Multivariate Tests:
Df test stat approx F num Df den Df Pr (>F)

Pillai 5.00 0.6658 3.5369 15.00 186.00 2.309e-05 x*x*x
Wilks 5.00 0.4418 3.8118 15.00 166.03 8.275e-06 **x
Hotelling-Lawley 5.00 1.0309 4.0321 15.00 176.00 2.787e-06 ***
Roy 5.00 0.7574 9.3924 5.00 62.00 1.062e-06 x*x*x
Signif. codes: O ’**xx’ 0.001 ’*x’ 0.01 ’x> 0.056 .7 0.1’ ’ 1

A ’'Exact’ percentile: from Koev’'s gmaxeigjacobi

A Tracy-Widom p—value (using table of F7):
prw (0,) = 1 — Fi((logit(6,) — 1) /o),
A p— value derived from F’ distribution lower bound:
pr(fa) =1 = Fy (o /(11 (1 = 1)),

forvy =s+2m+ 1,19 =s+2n+ 1.
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F bound gives wrong order of magnitude;

Tracy-Widom gives qualitatively correct p—value assessment.

S=2 M=-05N =2

Largest Root
0.663
0.737
0.850
0.881
0.931
0.968
0.985
0.993

Exact
0.1
0.05
0.01
0.005
0.001
0.0001
1e-005
1e-006

Tracy-Widom

0.119
0.066
0.0169
0.00927
0.00222
0.000251
2.38e-005
1.89e-006

F
0.0223
0.00933
0.00131
0.000573
8.49e-005
5.65e-006
3.81e-007
2.58e-008
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F bound wrong by many orders of magnitude;

Tracy-Widom gives qualitatively correct p—value assessment.

S=6M=5N=10

Largest Root
0.757
0.781
0.823
0.837
0.864
0.894
0.917
0.934

Exact
0.1
0.05
0.01
0.005
0.001
0.0001
1e-005
1e-006

Tracy-Widom

0.108
0.0557
0.0119

0.00606
0.00125
0.000125
1.17e-005
1.03e-006

F
0.000117
3.63e-005
2.99e-006
1.08e-006
1.1e-007
4.75e-009
2.25e-010
1.13e-011
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A Double Wishart: Largest root setting
A Roy’s Largest root test

A EXxisting Tables; code; packages

A Tracy-Widom approximation to largest root
A Accuracy at conventional percentiles

A Correct order at small p—values

A Simpler setting: symmetric Gaussian matrices
A relation between unitary & orthogonal cases

A cancellation of N 1/3 terms
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A symmetric N X N matrix drawn from
f(A) = cexp{—3itr(A"A)}.

Largest eigenvalue: Oy = A, (A)

Centering and scaling constants:

Uy = V2N +1, oy=2"12N"1/6

Same Tracy-Widom limit:

(9 _
NT AN R o

ON

“Second-order” rate of convergence:
P\ o (A) < i + onst — Fi(s)| < ON“23¢75/2,
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Density Plot: n =2 Probability Plot: n =2
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— Better approximation in right tail.
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Approximations at N = 10

Density Plot: n =10 Probability Plot: n =10
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Determinant representation:
P{maxz; < xo} = det(I — Sna2xo0)-

Correlation function:

Sn2(T,y) Z Or (v X0 = {(z¢,00)

_ 1 /0 B + 2(y + 2) + (e + 2)o(y + 2)dz.

Hermite polynomials (normalized):
(x) = cre™ P Hy(w), d(x) = (2N) oy (@),

/¢k Voy(z)e ™ da = 6y, Y(x) = 2N) 4 on_1(2).
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Centred and scaled (weighted) polynomials

¢r(5)
P (s)

both satisfy differential equation

2N on(uy + Tns),
2N on_1(un_1 + Tn5)

wy(s) = s(1+O(N"))wn(s).
Liouville-Green theory shows convergence to Airy A(s), solving
A"(s) = sA(s),
with O(N~2/3) rate:

9r(s) — A(s)| < ON~2Pem,
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After rescaling:

P{ oz < 4+ so} =det(I — S;),

S:-(s,t) / O (s + W) (t + w) + Y- (s + w)o- (t + w)dw
Limit: Tracy-Widom F5:
Fs(s) =det(I — S4)

Sa(s,t) = /OOO A(s +w)A(t + w)dw

Bound ||S; — S4||1 using convergence of ¢, 1) to A at O(N~2/3):

| det(I — S7) —det(l — Sa)| < [|Sr — Sally - exp(||S7]| +[[Sall + 1)
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P{ max Ty < ZCQ} — \/det(l — KN—{—lXO)a

1<j<N+1
I -0 0 0
Knii(z,y) = Sny11(z,y) —
€1 T €<ZE — y) 0
9y — 00y

€1 <> convolution in z with €(z) = £sgn(z)

['" < transpose x, Y

Key identity relates orthogonal at /V + 1 to unitary at /V:

SN+1,1(337?J) — SN,Q(%?J) T %qﬁ(x)ew(y).
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P < — +/det I K
{1<Hl<8;§<+1% <z} = /de N+1X0);

Fi(s) = +/det(I — Kgog)

T (Swan (st + L) — |
T e(r —y)

Kgok(s,t) ( ;2) (Sa(s,t) + 3 A(s)eA(t)) — (E(xo 0
where O(N~1/3) terms cancel:
S7(s,t) = Sa(s,t) — ANA(s)A(t) + O(N %),
br(s)etr(t) = 3A(s)(A)(t)  + AnA(s)A(t) + O(N~/%)



Tracy-Widom approximation to null distribution of Roy’s largest

root statistic:

A Conventional percentiles: generally accurate to less than 10%

relative error

A Rough p—value assessments: qualitatively correct over many

orders of magnitude

A Similar O(N~2/3) approximations for largest root of Wishart

and Gaussian matrices.

Tracy-Widom approximation should replace /'— lower bound

in default printouts in statistical packages
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