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Classical Multivariate Statistics

Canonical methods are based on spectral decompositions:

One matrix (Wishart)
! Principal Component analysis

! Factor analysis

! Multidimensional scaling

Two matrices(independent Wisharts)

! Multivariate Analysis of Variance (MANOVA)

! Multivarate regression analysis

! Discriminant analysis

! Canonical correlation analysis

! Tests of equality of covariance matrices
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Double Wishart Setting

Assume two independent, s−variable Wishart matrices:

E ∼ Ws(I, s + 2n + 1) “error” SSP matrix
H∼ Ws(I, s + 2m + 1) “hypothesis” SSP matrix

Classical tests (Wilks, Pillai,...) based on roots θ1, . . . , θs of

det[H− θ(E + H)] = 0. (∗)

Largest root (S. N. Roy) of (∗): θs,m,n.

[Joint density of roots:

p(θ) = C
s∏

i=1

θm
i (1 − θi)

n∆(θ). ]
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Agenda

! Double Wishart: Largest root setting

! Roy’s Largest root test

! Existing Tables; code; packages

! Tracy-Widom approximation to largest root

! Accuracy at conventional percentiles

! Correct order at small p−values

! Simpler setting: symmetric Gaussian matrices

! relation between unitary & orthogonal cases

! cancellation ofN−1/3 terms
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Roy’s largest root test

H0: “no regression; independence; equal covariance, etc. ...”

Reject for large values of θs,m,n.

Null distribution: Need P{θs,m,n ≥ s},
[assuming H ∼ Ws(I, s + 2m + 1), E ∼ Ws(I, s + 2n + 1)]

Properties of largest root test:

! arises from Roy’s Union-Intersection Test approach

! Best power (among the usual 4 tests) against alternatives with
one non-zero root,

! UI approach yields simultaneous confidence regions.
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Roy’s Greatest Root Test: Tables, Code

Tables: contributions by:
! Nanda (1948, 1951),

! Foster & Rees(1957), Foster(1957, 1958),

! Pillai (55, 1956a,b, 57), Pillai & Bantegui (59), Pillai (65, 67),

! Heck (1960),

! Krishnaiah (1980), Pillai & Flury (1984),

! Chen (2003, 2004a, 2002, 2004b)

⇒ up to 25 pages of tables in typical textbooks.
[Johnson & Wichern, Morrison ...]

Software:

! Lutz (1992, 2000),

! Koev: pmaxeigjacobi
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Roy’s Greatest Root Test: Package Output

SAS: (From Gledhill et. al.: NOAA Fisheries Reef Fish Video Surveys.)

! "#$%&' ( )&* +$,-. "/-",%&0,",-0,-10&"23&4&"55/67-8 ",-620&96/&,: %&; < =>?@; &
5/61%3+/%&/"2&A-,:&"$$&8 -216+2,&"23&:"#-,", &3",")!

" #$!!!!%#&!!!!' # ( ) *$!

" +, +-.+-/ ! 0, 123 4!0, 123 ' 25 !6 4 6 37!6 4 89!: !4!

; -1<.=!>, 5 ?@, ! B)C( ' BD' DE ' )' C CB FCF)( G B)HI HC&

8-11, -=. !A9, / 3! B)CB' ' CCI B ' )' C CB C' C B)HI FH&

BC+311-7DE>, F13G!A9, / 3! B)CDBI ECB' ' )' C CB I BC)( H B)HI CC&

HCG=.!I 93, +3.+!HCC+! B)HEGCD( HB H)GE ' B ' BI B)BBFG&

' J AKL!4!" +, +-.+-/ !MC9!HCG=.!I 93, +3.+!HCC+!-. !, 7!2NN39!?C27@*!

R: (car, heplots packages, Fox et. al.)
Multivariate Tests:

Df test stat approx F num Df den Df Pr(>F)
Pillai 5.0000 0.417938 1.845226 15.0000 171.0000 0.0320861 *
Wilks 5.0000 0.623582 1.893613 15.0000 152.2322 0.0276949 *
Hotelling-Lawley 5.0000 0.538651 1.927175 15.0000 161.0000 0.0239619 *
Roy 5.0000 0.384649 4.384997 5.0000 57.0000 0.0019053 **
---
Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1
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The Tracy-Widom approximation

LetW = logit(θs,m,n) = log(θs,m,n/(1 − θs,m,n)).

Result: [IMJ-Forrester] As s,m, n → ∞, (and with O(s−2/3) error):

W − µs,m,n

σs,m,n

D⇒ W∞ ∼ F1.

In other words:
θs,m,n ≈ eµ+σW!

1 + eµ+σW!
.

Percentiles fα:

f.90 = 0.4501

f.95 = 0.9793

f.99 = 2.0234
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Centering and Scaling Constants

! set N = 2(s + m + n) + 1

! define γ, φ from

sin2(γ/2) = (s − 1
2)/N, sin2(φ/2) = (s + 2m + 1

2)/N

! Then µ and σ are given by

µ = 2 log tan
(φ + γ

2

)
, σ3 =

16

N2

1

sin2(φ + γ) sin φ sin γ
.

! (given a table of F1), straightforward to code:

papptw, qapptw, rapptw.

Beijing 6/08 – p.9



Accuracy of approximate αth percentile

Approximate percentile using Tracy-Widom percentile fα:

θα = θTW
α (s,m, n) = eµ+fασ/(1 + eµ+fασ).

William Chen’s tables: (Chen 2003, 2004a, 2002, 2004b)
allow us to compare

! ’Exact’ θα(s,m, n) with

! Tracy-Widom approximation θTW
α (s,m, n).

Relative error: r = (θTW
α /θα) − 1.

Tracy-Widom based on s → ∞, but consider s = 2. [m,n vary]
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s = 2 at 95th percentile
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s = 4 at 90th percentile
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Two more extreme cases
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Accuracy of approximate p−values

Multivariate Tests:
Df test stat approx F num Df den Df Pr(>F)

Pillai 5.00 0.6658 3.5369 15.00 186.00 2.309e-05 ***
Wilks 5.00 0.4418 3.8118 15.00 166.03 8.275e-06 ***
Hotelling-Lawley 5.00 1.0309 4.0321 15.00 176.00 2.787e-06 ***
Roy 5.00 0.7574 9.3924 5.00 62.00 1.062e-06 ***
---
Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

! ’Exact’ percentile: from Koev’s qmaxeigjacobi

! Tracy-Widom p−value (using table of F1):

pTW (θα) = 1 − F1((logit(θα) − µ)/σ),

! p− value derived from F distribution lower bound:

pF (θα) = 1 − Fν1,ν2(ν2x/(ν1(1 − x))),

for ν1 = s + 2m + 1, ν2 = s + 2n + 1.
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Tail p−values: s = 2 variables

F bound gives wrong order of magnitude;
Tracy-Widom gives qualitatively correct p−value assessment.

S = 2, M = −0.5, N = 2

Largest Root Exact Tracy-Widom F

0.663 0.1 0.119 0.0223

0.737 0.05 0.066 0.00933

0.850 0.01 0.0169 0.00131

0.881 0.005 0.00927 0.000573

0.931 0.001 0.00222 8.49e-005

0.968 0.0001 0.000251 5.65e-006

0.985 1e-005 2.38e-005 3.81e-007

0.993 1e-006 1.89e-006 2.58e-008
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s = 6 variables

F bound wrong by many orders of magnitude;
Tracy-Widom gives qualitatively correct p−value assessment.

S = 6, M = 5, N = 10

Largest Root Exact Tracy-Widom F

0.757 0.1 0.108 0.000117

0.781 0.05 0.0557 3.63e-005

0.823 0.01 0.0119 2.99e-006

0.837 0.005 0.00606 1.08e-006

0.864 0.001 0.00125 1.1e-007

0.894 0.0001 0.000125 4.75e-009

0.917 1e-005 1.17e-005 2.25e-010

0.934 1e-006 1.03e-006 1.13e-011
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Agenda

! Double Wishart: Largest root setting

! Roy’s Largest root test

! Existing Tables; code; packages

! Tracy-Widom approximation to largest root

! Accuracy at conventional percentiles

! Correct order at small p−values

! Simpler setting: symmetric Gaussian matrices

! relation between unitary & orthogonal cases

! cancellation ofN−1/3 terms
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Simpler: Symmetric Gaussian matrices

A symmetricN × N matrix drawn from

f(A) = c exp{−1
2 tr(A

TA)}.

Largest eigenvalue: θN = λmax(A)

Centering and scaling constants:

µN =
√

2N + 1, σN = 2−1/2N−1/6

Same Tracy-Widom limit:

θN − µN

σN

D⇒ F1.

“Second-order” rate of convergence:

|P{λmax(A) ≤ µN + σNs} − F1(s)| ≤ CN−2/3e−s/2.

Beijing 6/08 – p.18



Approximations at N = 2
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– Better approximation in right tail.
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Approximations at N = 10
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Unitary Case

Determinant representation:

P{max xj ≤ x0} = det(I − SN,2χ0).

Correlation function:

SN,2(x, y) =
N−1∑

k=0

φk(x)φk(y), χ0 = I(x0,∞)

= 1
2

∫ ∞

0
φ(x + z)ψ(y + z) + ψ(x + z)φ(y + z)dz.

Hermite polynomials (normalized):

φk(x) = cke
−x2/2Hk(x), φ(x) = (2N)1/4φN (x),

∫
φk(x)φl(x)e−x2

dx = δkl, ψ(x) = (2N)1/4φN−1(x).
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Rescaling and convergence to Airy function

Centred and scaled (weighted) polynomials

φτ (s) = (2N)1/4φN(uN + τNs),

ψτ (s) = (2N)1/4φN−1(uN−1 + τNs)

both satisfy differential equation

w′′
N(s) = s(1 + O(N−1))wN(s).

Liouville-Green theory shows convergence to Airy A(s), solving

A′′(s) = sA(s),

with O(N−2/3) rate:

|φτ (s) − A(s)| ≤ CN−2/3e−s/2.
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Unitary Case - Convergence

After rescaling:

P{λmax ≤ µ + sσ} = det(I − Sτ ),

Sτ (s, t) = 1
2

∫ ∞

0
φτ (s + w)ψτ (t + w) + ψτ (s + w)φτ (t + w)dw

Limit: Tracy-Widom F2:

F2(s) = det(I − SA)

SA(s, t) =
∫ ∞

0
A(s + w)A(t + w)dw

Bound ‖Sτ − SA‖1 using convergence of φτ , ψτ to A at O(N−2/3):

|det(I − Sτ ) − det(I − SA)| ≤ ‖Sτ − SA‖1 · exp(‖Sτ‖ + ‖SA‖ + 1)
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Orthogonal Case

P{ max
1≤j≤N+1

xj ≤ x0} =
√

det(I − KN+1χ0),

KN+1(x, y) =



 I −∂2

ε1 T



SN+1,1(x, y) −



 0 0

ε(x − y) 0





∂2 ↔ ∂/∂y

ε1 ↔ convolution in x with ε(x) = 1
2sgn(x)

T ↔ transpose x, y

Key identity relates orthogonal atN + 1 to unitary atN :

SN+1,1(x, y) = SN,2(x, y) + 1
2φ(x)εψ(y).

Beijing 6/08 – p.24



Orthogonal Case - Convergence

P{ max
1≤j≤N+1

xj ≤ x0} =
√

det(I − KN+1χ0),

F1(s) =
√

det(I − KGOE)

Kτ (s, t) =



 I −∂2

ε1 T



 (SN,2,τ (s, t) + 1
2φτ (s)εψτ (t)) −



 0 0

ε(x − y) 0





KGOE(s, t) =



 I −∂2

ε1 T



 (SA(s, t) + 1
2A(s)εA(t)) −



 0 0

ε(x − y) 0



 .

whereO(N−1/3) terms cancel:

Sτ (s, t) = SA(s, t) − ∆NA(s)A(t) + O(N−2/3),
1
2φτ (s)εψτ (t) = 1

2A(s)(εA)(t) + ∆NA(s)A(t) + O(N−2/3).
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Conclusion

Tracy-Widom approximation to null distribution of Roy’s largest
root statistic:

! Conventional percentiles: generally accurate to less than 10%
relative error

! Rough p−value assessments: qualitatively correct over many
orders of magnitude

! Similar O(N−2/3) approximations for largest root of Wishart
and Gaussian matrices.

Tracy-Widom approximation should replace F− lower bound

in default printouts in statistical packages
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