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Abstract

We discuss fitting a semiparametric model based on two sources of information, which is
motivated by a rat sleep dataset. In a recent study, rats were exposed to two different lighting
conditions. The first, baseline condition, was a standard 24-hour schedule of 12 hours lights on
followed by 12 hours lights off; the second, test condition, exposed rats to a continuous 3 hours
lights on / 3 hours lights off schedule. Rat sleep was believed to be affected mainly by the circa-
dian rhythm under the baseline lighting condition and by both the circadian rhythm and light
under the test lighting condition. In this article, we suggest fitting a nonparametric model for
the dataset under the baseline lighting condition. For the dataset under the test lighting condi-
tion, a two-part model is suggested. The first part equals an unknown coefficient multiplied by
the nonparametric function used for modeling the dataset under the baseline lighting condition,
explaining the remnant of the circadian rhythm under the test lighting condition. The second
part is a periodic nonparametric function which would explain the effect of the test lighting con-
dition. This modeling procedure can be used to model other physiological parameters affected

by both intrinsic and extrinsic factors.
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ni alsleepis elieved to ea ected y oth intrinsic factors li e circadian rhyth and e trinsic
factorsli eli htin condition and other environ ental conditions encae a 1 3 . Psychiatrists
are interested in identifyin theset o indsofe ects in order to understand ore a out the ani al
sleep echanis . n a recent study, e peri ents ere perfor ed on rats hich ere su ect to
t odi erent li htin conditions. he rst, aseline condition, as a standard 24 hour schedule
of 12 hours 1li hts on follo ed y 12 hours li hts o the second, test condition, e posed rats to
a continuous 3 hours li hts on 3 hours li hts o schedule. he aseline condition as used to
appro i ate the naturalli htin condition under hich rat sleep as elievedto ea ected ainly

y the circadian rhyth . he test condition as used to add an e ternal sti ulus to rat sleep.
Scientists ere interested in no in ho thisli htin condition and the circadian rhyth a ected
rat sleep si ultaneously. a or response varia le of the study as the percenta e of ti e that

arat asinsleep in each 5 inute interval of the 24 hour day.

he pro le descri ed a ove could e for ulated as follo s. Under the aseline condition,

the odelis
1 1.1
here is a re ression function and are rando errors. Under the test condition, the odel
is
1 1.2
here isan un no n para eter, is a function that di ers fro and are rando errors
independent of . n 1.2, and represent the e ects of the e ternal sti ulus and the

circadian rhyth , respectively. he para eter re ects the latter e ect the 1 er the value of
, the orei portant the e ect of the circadian rhyth . esi n points and could e
di erent ut they co efro asa e desi nspace. For si plicity, e assu e that the desi n space

is 1 and the related desi n points are e ually spaced in 1.

he sa ple si e in 1.1 is often oderately lar e ecause it is not di cult to o tain



o servations under the aseline condition. herefore  could e esti ated ell fro the odel
1.1 alone. fter isreplaced vy its esti ator hich is esti ated fro alone in 1.2,
the odel 1.2 issi ilar to a se ipara etric odel. e use the ord si ilar here ecause a

conventional se ipara etric odel in the literature has the for

1 1.3
here is an un no n para eter, is an un no n s ooth function, and are related y
another odel
1.4
here is a function of | are uncorrelated rando varia les ith ero ean and constant
variance, and are independent of cf. e. ., Chen 1 Cuic 1 2 Hec anl

Spec anl

e notice that the odels 1.1 and 1.2 di er fro the odels 1.3 and 1.4 in several
aspects. First, there are t o di erent sa ples in the odels 1.1 and 1.2  hile esti ation of
1.3 is ased on a sin le sa ple . Second, if isreplaced y in 1.2, then can

e ritten in the for of 1.4 as follo s
1.5

here . ut di ers fro in that the variance of is often assu ed
to e a constant hile the variance of conver es to ero hen  tends to in nity if is a
stron consistent esti ator such as the ernel esti ator Hardle 1 and the local polyno ial
ernel esti ator Cleveland 1 Fanl 2. sEu an and hitney 1 pointed out, any
se ipara etric ethods in the literature e. ., icel Hec an1 depend heavily on the
variance structure of 1.4 . n eneral these ethods can not e applied directly to the case in
hich the variance of is ero. t is therefore not appropriate to apply these ethods to the

current pro le either.

he functions and in odel 1.2 ay not eesti a leif they elon to a sa e func

tion space. For e a ple, and



deter ine a sa e distri ution for the response varia le for any

real nu er . For the rat sleep data cf. Fi ure 5.1 in Section 5, e have the follo in o ser
vation. ats are nocturnal ani als ho tend to o to sleep hen e posed to li ht. he rat sleep
easure ent ould havea u pat theti e hentheli htiss itched. herefore it is reasona le
to assu e that is a piece isely continuous function ith a possi le u p at 5and is
a periodic function ith 4 periodsin 1. n each period, it is continuous e cept at the iddle
position of the period here it i ht have a u p. Under these assu ptions, it can e chec ed

that and are esti a le.

he re ainin part of the article is or ani ed as follo s. n ne t section, e discuss the
esti ationof , and in odels 1.1 and 1.2 . So e of their statistical properties are presented
in Section 3. n Section 4, e discuss several si ulation e a ples concernin the perfor ance of

the tted odels. Finally e apply our odelin procedure to the rat sleep dataset in Section 5.

n odel 1.1, eassu e that the re ression function elon s to the function space

is continuous in 5 and 51, and 5 5 . e further assu e that is
a atri  hich is a stron consistent s oother in in the sense that __isa
stron consistent esti ator of , ‘There -
and . n odel 1.2, is replaced y its esti ator and is assu ed in
the function space is a periodic function ith four periods in 1 is continuous

in each period e cept at the iddle point of the period here i ht have a u p . hen the

Spec  an type esti ators of and cf. Spec anl can e ritten
as

= — 2.1

2.2



here is a atri hich is assu ed to e a stron consistent s oother in |

) ,and _

i erent s oothin  ethods could e used here to esti ate the related nonpara etric func
tions. For si plicity of presentation, e use the ernel s oothin  ethod in this paper. et
e a density ernel function a non ne ative function ith unit inte ration ith support

1212. hen for could ede ned y

2.3
here and are ernels oothers of the o servations in 5 and 5 1, respectively.
y usin the Nadaraya atson esti ator cf. Hardle 1 , the th ele ent of is de ned
y

for 5 2.4

here isa and idth para eter. he atri could esi ilarly de ned. e should point

out that so e wuantities used in this paper such as __and _ depend on the sa ple si es.
For si plicity, e did not a e this e plicit in notation.

he atri could e si ilarly de ned. hen the desi n points are e ually spaced in the

desi nspace, hichistrueintheratsleepe a ple,asi ple aytoesti ateare ressionfunction in

the function space  isto er e the o servationsindi erent periods 25, 256 5, 5 5
and 51 rst as if they ere located in a sin le period 25 . hena ernel s oother can
e applied to the er ed data. hisis e uivalent to choosin the atri to e
1
- 2.5
4
here is a ernel s oother for o servations in 25 and it can e de ned si ilarly to
23 24 ya and idth and a density ernel function ith support 121 2. hat



is, could ede ned y

here the th ele ent of isde ned y

for 125 2.

and the atri can esi ilarly de ned for desi n points in 125 25 .

n reality, the and idths and needto especi ed. here are several and idth selectors

in the literature c¢f. Chu and Marron 1 1. n our nu erical e a ples, the cross validation
procedure is used to deter ine the and idths. hat is, is deter ined y ini iin the
cross validation score hich is de ned y

1

— 2.

here is the leave 1 out esti ator of , na ely, the o servation is left out in

constructin , for 1 cf. uwandChul 3. he and idth could edeter ined
si ilarly.

t the end of this section, e ould li e to point out that the ethod presented here is not
restrictedto and . slon asthet o function spaces di er in that the stron consistent local
s oother chosen for the second function space yields an inconsistent esti ator in the rst one, this

ethod can e applied, hich is further e plained y the au u ents in Section 3.

e no discuss the consistency of and . Spec an 1 discussed the conditional  consis
tency of the tted odel of 1.3 conditional on in 1.4 . n our case, there are t o di erent
sa ples. t 1ht e ore appropriate to discuss the unconditional consistency ith respect to

othsa ples. n 2.1, appearsin oththe nu erator and the deno inator. t ay edi cult



to discuss the consistency directly. ur strate y for overco in this di culty is to discuss the
al ost sure consistency rst and then to relate the consistency to the al ost sure consistency

y usin the o inated Conver ence heore

n odels 1.1 and 1.2, suppose that and elon to and |, respectively
they are ipschit continuous in the intervals of continuity for so e 1 ,
for so e 2. e further assu e that the ernel functions and are oth
ipschit continuous for so e 1 there e ists a positive constant and a se uence
satisfyin li such that the indo idth  satis es the follo in conditions i
lo 1, ii 1
and iii lo 1 and the indo idth  satis es li and
li . hen for the esti ators de ned y 2.1 2. , e have
lo lo lo lo
and
a lo lo lo
he proof of heore 3.1 is iven in ppendi . n the theore , if 1, 13,
and , then lo lo lo his a rees ith the stron
conver ence rate of the least s uares re ression seee. ., aiand o insl . f
and , then a lo lo lo his is the stron

conver ence rate of the Nadaraya atson ernel esti ator cf. e. ., Chen and inl 1.

Fro .3 in ppendi , e no that

and

here isthevarianceof in 1.2 . tisnotdi culttochec that oth ___and



are al ost surely ounded. Hence y the o inated Conver ence heore |,

L lo
and
_ _ lo
Si ilar ar u ents can e applied to . herefore e have
Under the conditions stated in heore 3.1, is  consistent ith rate
lo isunifor ly  consistent ithrate lo
lo lo lo

n heore 3.2, if 1, 13, and , then the  conver ence

rate of is lo hich is close to the least s uares conver ence rate . f
and , then the unifor conver ence rate of  is lo hich

is nearly the opti al conver ence rate of the nonpara etric re ression esti ators of

re ression functions ith continuous rst order derivatives. here are t o possi le reasons hy

oth rates are lo slo er than the opti al rates entioned a ove. ne is that the re ression
functions are assu ed to e ipschit 1 continuous in our case instead of ein assu ed to have
continuous rst order derivatives. he second possi le reason is that the conver ence rates in

heore 3.2 are derived fro the al ost sure conver ence rates in heore 3.1 and the factor

lo is co  only seen in the al ost sure conver ence rates. he follo in theore esta lishes
the asy ptotic nor ality for . t can e proved ased on .3 . in ppendi
esides the conditionsin heore 3.1, if lo 1 and 1,
then the distri ution of conver es to here ,
is a periodic function ith four periodsin 1 and 25

9 5 4 hen 25.



n this section, e present so esi ulation results. n odels 1.1 and 1.2, suppose that

3 sin sin hen isin 5, 1 5sin sin hen isin 51
is a periodic function ith four periodsin 1 and sin 4 hen isin 25 5
and are i.i.d. rando errors ith 5 and 5 and 4 4.

he true re ression functions and their noisy versions are sho n in Fi ure 4.1 y the solid curves

and the s all dot points.
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Fi ure 4.1  he solid curves, dashed curves and tiny dots represent the re ression functions, their
esti ators and the noisy data, respectively. Plots a and correspond to odels 1.1 and 1.2,
respectively.

ethen tthe odels 1.1 and 1.2 y the procedure descri ed in Section 2 cf. 2.1 2.
oth and are chosen to e the Epanechni ov ernel function — 1
see e. ., Hardle 1 . he and idths are deter ined y the cross validation procedure 2.
he esti ated functions are presented in Fi ure 4.1 y the dashed curves. he esti ated value of

is .5 5.

he a ove si ulation is then repeated 1 ti es. he histo ra of the 1 values is
displayed in Fi ure 4.2 a. t can e seen that the distri ution of loo s nor al. he sa ple
ean and the sa ple standard deviation of the 1 values are .5 1 and . 32 , respectively.

e then test 5 5 at si ni cance level . 5 ased on the asy ptotic



nor ality of c¢f. heore 3.3. For a iven true value of , the si ulation is repeated 1

ti es. naspeci csi ulation, is re ected if 5 here denotes the
standard deviation of and denotes the . 5 wuantile of the standard nor al distri ution.
he relative fre uency of re ection in the 1 si ulations is used to esti ate the po er of the

test at the iven value. he solid curve in Fi ure 4.2  displays the po er of the test hen the
true value of variesa on .4, 42, 44, 4., 4, 5, 52, b4, 5, 5 and .. he
correspondin po er of the test hen 1 is displayed y the dashed curve. he dotted

line indicates the si ni cance level. e can see that overall the test perfor s uite reasona ly.
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Fi ure 4.2 a  he histo ra of 1 values hen 4 4. he solid curve denotes
the po er of the test hen 4 4, the dashed curve denotes the po er of the test hen
1, and the dotted line indicates the si ni cance level . 5.

Ne t e investi ate the lar e sa ple properties of the tted odels y choosin

14 441 2 and 1 4, respectively. Please note that lo  rou hly e uals 5, , , and

in these cases. For each value of , the avera ed values of and are
co puted fro 1 replications, here denotes the ean s uared error of . hese
values are plotted in Fi ure 4.3 in lo scale.  hen 1 ,fore a ple 1 and

4 , hich indicates that the esti ators are uite accurate. e further notice that
lo lo in plot a and lo lo in plot rou hly follo t o strai ht lines

ith slopes .5 and . , respectively. his indicates that 1 the stron conver ence rate of



could reach the least s uares rate lo lo lo and 2 the conver ence rate of

could e hich is the opti al rate hen the re ression function has continuous second
order derivative. he second conclusion su ests that the conver ence rate iven in heore 3.2
a out could ei proved ifthe re ression functions are assu ed to es oother in their intervals

of continuity.
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eno return to the rat sleep e a ple descri ed in Section 1. n the psychiatric e peri ent en
tioned there, there ere pi ented ro n Nor ay ratse posed to the aselineli htin condition
and another rats of the sa e strain e posed to the test i htin condition. he illu inance level

as set at 1 lu . he percenta e of ti e that each rat as in sleep in each 5 inute interval
of the day as recorded usin standard techni ues. he investi ators then avera ed the data over
a roup of rats e posed to the sa e li htin condition. Fi ure 5.1 a sho s the aseline data y
the dot points. t can e seen that there is a discontinuity at ti e 12 ocloc  hen the li ht is
s itched. he data under the test li htin condition are displayed in Fi ure 5.1 . e then use
the odelin procedure 2.1 2. to ¢t theset o data sets. he ernel functions are chosen to e
the sa e as those in Section 4. he and idths are deter ined y the cross validation procedure.

he tted function is plotted in Fi ure 5.1 a y the solid curves. Fi ures 5.1 ¢ and 5.1 d sho

11



and , respectively. fter co inin these t o parts, the tted odel of 1.2 is presented in

Fi ure 5.1 y the solid curves.
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Fi ure5.1 a S alldots represent the rat sleep data under the aselineli htin condition. Sleep
in the vertical a is denotes the percenta e of ti e that a rat is in sleep state ineach 5 inute interval
of the day. Solid curves represent . S all dots represent the rat sleep data under the test
li htin condition. Solid curves represent the tted odel of 1.2 . ¢ Solid curves denote
d Solid curves denote . n each plot, thin lines at top indicate periods of 1i ht. hic lines

represent dar ness.

he esti ated value of is .1 2. he values of and de ned in heore 3.3 can e
esti ated y the MSE of the odel 1.2 and - _, respectively, here and  are
de ned in Section 2. he values of these t o esti ators are 4 5 and 33354 .y
usin a si ple test ased on heore 3.3, the wvalue for testin is

less than . 1. herefore e can conclude that the 24 hour cycle e ect is statistically si ni cant

under the hour cycle li htin condition. hat is, the circadian rhyth does a ect rat sleep under

12



the test 1i htin condition.

t is note orthy that the follo in  odel i ht e ore appropriate for the test data if the

data ere not avera ed over a roup of rats

1 12 5.1

here isarando varia ledenotin therando e ectofthe thrat, istherando error, and
is the nu  er of rats under the test li htin condition. n the case that the non rando  or the
ed e ect part of the odel is a continuous nonpara etric function, an 1 su ested
a procedure to t the so called nonpara etric i ede ect odel yusin penalied ai u
li elihood esti ation and s oothin splines. t i ht e a challen in pro le to t odel 5.1
ecause its ed e ect part includes a nonpara etric function and an un no n para eter . e

leave this pro le for our future research.
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Under the conditions stated in the theore and y usin the si ilar ar u ents to those in the

proof of heore 3 of Chen and in 1 1, e no that

lo —

and

here and denote either or , and a

13



e can e press as follo s

et e a periodic function in function space hich is de ned y
25 5 5 4 for in 25
hen
and
Hence
2

Conse uently,

t is uite o vious that




here the result .2 has een used.

For , e have
. _ 1
lo

n . , e have used the result that _ _ o lo hich can e found in heore
lof aiand o ins 1 . yco inin .3 ., the conclusion a out in the theore is
o tained.

No

y noticin the fact that _ lo and y usin 1 .2 , e have the conclu

sion for

15
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