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Abstract

It is known that the tted regressionfunction basedon conventional local smoothing pro-
ceduresis not statistically consistert at jump positions of the true regressionfunction. In this
article, a curve- tting procedure basedon local piecewise-linearkernel estimation is suggested.
In a neighborhood of a given point, a piecewise-linearfunction with a possiblejump at the given
point is tted by the weighted least squaresprocedurewith the weights determined by a kernel
function. The tted value of the regressionfunction at this point is then de ned by one of the
two estimators provided by the two tted lines (the left and right lines) with the smaller value
of the weighted residual sum of squares. It is proved that the tted curve by this procedureis
consistert in the erntire designspace.In other words, this procedureis jump-preserving. Se\eral
numerical examplesare preseried to evaluate its performancein small-to-moderate sample size

cases.

Key Words: Jump-preserving curve tting; Local piecewise-linearkernel estimation; Local

smoothing; Nonparametric regression;Strong consistency

1 Intro duction

Regressionanalysis provides a tool to build functional relationships betweendependen and inde-
penden variables. In someapplications, regressionmodels with jumps in the regressionfunctions
appear to be more appropriate to describe the data. For example, it was con rmed by seweral

statisticians that the annual volume of the Nile river had a jump around year 1899 (Cobb, 1978).



The Decenber sea-leel pressurein Bombay India was found to have a jump discortinuity around
year 1960 (Shea at al. 1994). Some physiological parameters can likewise jump after physical
or chemical shocks. As an example, the percertage of time a rat in rapid-eye-movemert state in
ead v e-minute interval will most probably have an abrupt change after the lighting condition is
suddenly changed (Qiu et al. 1999). The objective of this article is to provide a methodology to

t regressioncurveswith jumps presened.

Supposethat the regressionmodel concernedis
vi=f(xj)+ j; fori=12 ;nm (1.2)

where0 < x1 < X3 < < Xp < 1 are designpoints, ; arei.i.d. random errors with mean 0 and
variance 2. The regressionfunction f () is cortinuous in [0; 1] exceptat positions0< s; < S, <
< Sm < 1wheref () hasjumps with magnitudesd; 6 Ofor j = 1,2, ;m. Figure 1.1 belov

preseris a casewhenm = 2.

It is known that the tted curve by the corventional local smoothing proceduresis not statis-
tically consistent at positions wheref () hasjumps. For example,the local linear kernel smoother

is basedon the following minimization procedure(cf. Fan and Gijb els 1996):

xn )
min" fyi [ag+ axi  X)gPK (2
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); 1.2)

where K () is a kernel function with support [ 1=2; 1=2] and h, is a bandwidth parameter. Then
the solution of (1.2) for a, is de ned asthe local linear kernel estimator of f (x). In Figure 1.1, the
solid curve denotesthe true regressionfunction. It hastwo jumps at x = 0:3 and x = 0:7. The
dashedcurve denotesthe conventional t by the local linear kernel smoothing procedure. It can
be seenthat \blurring" is preser in the curve tting around the two jumps. As a comparison,the
tted curve by the procedure suggestedin this paper is represenied by the dotted curve. The two

jumps are presened well by our procedure. More explanation of this plot is given in Section 4.

A major reasonfor the local linear kernel smoothing procedure(1.2) not to presene jumps is
that it usesa local \continuous" function (a linear function) to approximate the true regression
function in a neighborhood of a given point x ewven if there is a jump at x. A natural idea to

overcomethis limitation isto t a local piecewise-linearfunction at x as follows:
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Figure 1.1: Small dots denote noisy data. The solid curve represens the true regressionmodel.
The dashed and dotted curves denote the convertional t by the local linear kernel smoothing
procedureand the t by the proceduresuggestedn this paper.
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wherel () isanindicator function de ned by 1 (a) = 1ifa 0and= 0 otherwise. The minimization
procedure (1.3) ts a piecewise-linearfunction a;.o + a;.1(u  x) + (a0 &)l (u X))+ (a1
a1)(u x)I(u x)inu2[x hy=2x+ h,=2] with a possiblejump at x. This is equivalert to
tting two dierent linesao+ a.1(u x) andaro+ a1(u  x)in [x hp=2;x) and [x; x + hy=2],
respectively. Let fhy;(x); b (X);] = 0;1g denote the solution of (1.3). Then &y;o(x) and &;o(x)
are estimated from obsenationsin [x hp=2;X) and [x; x + h,=2], respectively. Thusthey are good
estimators of f (x) and f . (x), the left and right limits of f () at x, in the casewhen x is a jump
point. When thereis nojump in [x h,=2;x+ h,=2], both of them estimate f (x) well. In the case
when x itself is not a jump point but a jump point existsin its neighborhood [x h,=2;x + hy=2],
only one of &.o(x) and b;.o(x) provides a good estimator of f (x). Therefore we needto chooseone

of them as an estimator of f (x) in sud case.By conbining all these considerations,we de ne
(x) = Bio(x)l (RSSi(X) RSS|(x)) + Bro(X)l (RSS(x) RSS(x)) (1.4)

asan estimator of f (x) for x 2 [h,=2;1 hy=2], wherel (a)isdened byl (a)=1lifa> 0, 1=2if
a=0and0if a< 0; RSS|(x) and RSS;(x) are the weighted residual sumsof squares(RSS) with
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respect to obsenations in [x h,=2;x) and [x; x + h,=2], respectively. That is,

X .
RSSI(X) = " fyi Bl Bab)(xi &K ()

X Xi X
RSSH(x) = fyi Bro(x)  Bra()(xi  X)g°K( Ihn ):

Xi X

Basically Ib(x) is de ned by one of b.o(x) and b;.o(x) with the smaller RSSvalue.

In the literature, there are seweral existing proceduresto t regressioncurves with jumps
presened. McDonald and Owen (1996) proposedan algorithm basedon three local ordinary least
squaresestimates of the regressionfunction, corresponding to the obsenations on the right, left
and both sidesof a given point, respectively. They then constructed their \split linear t* asa
weighted average of these three estimates, with weights determined by the goodness-of- t values
of the estimates. Hall and Titterington (1992) suggestedan alternative but simpler method by
establishingsomerelations amongthree local linear smoothers and using them to detect the jumps.
The regressioncurve was then tted as usual in regions separated by the detected jumps. Our
procedureis di erent from thesetwo proceduresin that we put the problemto t regressioncurves
with jumps presened in the sameframework asthat of local linear kernel estimation exceptthat a
local piecewise-linearfunction is tted at a givenpoint in our procedure,making the curve estimator

(1.4) easierto use.

Most other jump-preserving curve tting proceduresin the literature consist of two steps:
() detecting possiblejumps under the assumptionthat the number of jumps is known (it is often
assumedo bel) and (i) tting the regressioncurve asusualin designsubintervals separatedby the
detected jump points. Various jump detectors are basedon one-sidedconstart kernel smoothing
(Muller 1992, Qiu et al. 1991, Wu and Chu 1993), one-sidedlinear kernel smoothing (Loader
1996), local least squaresestimation (Qiu and Yandell 1998), wavelet transformation (Wang 1995),
semiparametric modeling (Eubank and Spedkman 1994) and smoothing spline modeling (Koo 1997,
Shiauet al. 1986). The casewhenthe number of jumps is unknown is consideredby seeral authors
including Qiu (1994) and Wu and Chu (1993). They rst estimated the number of jumps and
jump positions by performing a seriesof hypothesistests and then tted the regressioncurve in
subintervals separatedby the detectedjump points. Comparing with the above mentioned methods,
the method preserned in this paper automatically accommalatesthe jumps in tting the regression

curve without knowing the number of jumps and without performing any hypothesistests.
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This paper is organizedasfollows. In next section, we discussthe jump-preserving curve tting
procedure(1.4) in somedetail. Properties of the tted curve are discussedin Section3. In Section
4, we presern some numerical examples concerning the goodness-of-t and bandwidth selection.
The procedureis applied to a real-life dataset in Section 5. Section 6 contains some concluding

remarks.

2 The Jump-Preserving Curv e Fitting Pro cedure

First we notice that the minimization procedure(1.3) is equivalent to the combination of:

s Xj X
Jmin o fyae aati X)g Ki(=—) 1)
;0,851 i=1 hn
and
X o X X
Jmin o fyianel (X x)an(xi )X X)gmK( ); (2.2)
r;O,ar;l.: hl’l

i=1
where K () isdened by K (x) = K(x) if x 2 [ 1=2;0) and 0 otherwise and K () is de ned by

K (x) = K(x) if x 2 [0;1=2] and 0O otherwise. Clearly, (2.1) is equivalent to the local linear kernel
smoothing procedureto t f (x) by the obsenationsin [x hp=2;X), the left half of [x h,=2;x+
hn=2], and (2.2) is equivalent to the local linear kernel smoothing procedureto t f.(x) by the
obsenations in [x; x + hy=2], the right half of [x h,=2;x + hy=2]. The subscripts\I" and \r" in
notations fay;j;aj;j = 0;1g, K|() and K, () represen \left" and \right", respectively, which are

alsousedin other notation de ned below.

Solutions of (2.1) and (2.2) can be written as:

X W2 Wra(Xi  X)

X .
By;o(x) = YiKl(XI

i=1 hn ) WioWi2  WE,
By;1(x) = ?: YiKl(Xihn X)WI\;IC\)I|(;):)\iN|;2X) Wl%’l’l;l
Brio(x) = )@1 ik (T X)va;jr;ovxr;(ﬁ@lx)
=y el 0

P . P .
wherew;j = = Ly Ki(H2)(xi x)) andwrj = L K (55)(xi - x) forj = 0;1;2,



Figure 2.1 preserts &.o( ); br:0( ) and Ib() by the dotted, dashedand solid curvesin the case
of Figure 1.1 exceptthat the noisein the data has beenignored by setting = 0. It can be seen
that blurring occurs in [Xo;Xo + hn=2] if &.o() isusedto t f() and point xo is a jump point.
Similarly, blurring occursin [xo hn=2;Xo) if b.o() iIsusedto t f() and point xp is a jump
point. Our estimator fo( ), howeer, can presene the jumps well becauseib() is de ned as &.o( )

in [Xo hn=2;%0) and asb;.o( ) in [Xo;Xo + hyn=2] when Xq is a jump point.
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Figure 2.1: The dotted, dashedand solid curvesdenote by.o( ), &:0( ) and Ib( ) in the caseof Figure
1.1 exceptthat the noisein data has beenignored by setting = 0.

When x is in boundary regions[0; h,=2) and (1 hp=2; 1], estimator of f (x) is not de ned by
(1.4). In such casethere are seeral possibleapproatesto estimate f (x) if no jumps existin [0; hy)
and (1 hp;1]. For example,fb(x) could be de ned by the convertional local linear kernel estimator
constructed from obsenations in [0;x + h,=2] or [x hp=2; 1] depending on whether x 2 [0; h,=2)
orx 2 (1 hp=2;1]. In the following sections, we de ne fb(x) = By.o(X) when x 2 [0;h,=2) and
Ib(x) = by.o(x) whenx 2 (1 h,=2; 1] for simplicity. If there arejump points in [O; h,) (or (1 hp;1]),

howeer, estimation of f (x) in boundary region [0; h,=2) (or (1 h,=2;1]) is still an open problem.

In the literature, there are se\eral existing data-driven bandwidth selectionproceduressuc as
the plug-in procedures,the cross-walidation procedure,the Mellow's C,, criterion and the Akaike's
information criterion (cf. e.g., Chu and Marron 1991; Loader 1999). Sincethe exact expressions
for the mean and variance of the jump-preserving estimator Ib() in (1.4) are not available at this
momert, the plug-in proceduresare not consideredhere. In the numerical examplespresered in

Sections4 and 5, we determine the bandwidth h, by the cross-walidation procedure. That is, the



optimal h, is chosenby minimizing the following cross-walidation criterion:

X 2
Cv(hn) = yi ©ixi) s (2.3)
i=1
where i(x) is the \leave-1-out" estimator of f (x) with bandwidth h,. Namely, the obsenation
(xi;yi) is left out in constructing f i(x), fori = 1,2, ;n. A numerical examplein Section 4

shaws that the chosenbandwidth basedupon (2.3) performs well.

3 Strong Consistency

The corvertional local smoothing estimators of f () such asthe onefrom (1.2) are not statistically
consisten at jump positions. In this section we establish the almost sure consistencyof the jump-
preservingestimator Ib( ) which says that Ib( ) corvergesalmost surely to the true regressiorfunction
in the entire designspace[0; 1] under someregularity conditions. That is, fb() IS jJump-preserving.

First we have the following result for &.o( ) and &y.o( ).

Theorem 3.1 Supposethat f () hasa cortinuoussecond-ordererivativein [0; 1]; maxy i n+1 (X
Xi 1) = O(1=n) where xg = 0 and Xn+1 = 1; the kernel function K () is Lipschitz (1) continuous;
the bandwidth h, = O(n *®). Then

n2:5

mkaﬁo fKh,=2:1) = 0(1); as: (3.1)
n2:5

mka'?o f ko1 n,=2 = 0(1); as: (3.2)

where kg, denotesmaxa x bjg(X)j.

Theorem 3.1 establishesthe almost sure uniform consistencyof &.o( ) and &y.o( ) whenf () is
continuousin the designspace[0; 1]. Its proofis givenin Appendix A. When f () hasjumps in [0; 1]
as speci ed by model (1.1), Theorem 3.1 also gives almost sure consistencyof Ib( ) in continuous
regionsD, := [0; 1]nSJ-m=1 (sj hn=2;si+hp=2) sincekf® fkp, max(ke.o fkp,;kb.o fkp,) by
(1.4). In the neighborhood of jump points D5 := Sj“ll (s;  hn=2;s; + hy=2), we have the following

result.

Theorem 3.2 Supposethat x is a given point in (0;1); maxy i n+1(X; Xi 1) = O(1=n) where

Xo = 0 and xp+1 = 1; the kernel function K () is Lipschitz (1) continuous; lim,1 h, = 0 and



limp, nhy, =1 . If () hasa continuous rst-order derivative in [x; x + hy=2], then
RSS;(x) = V0 2nh, + o(nhy); a:s: (3.3)

If f() hasajump in [x;x + hp=2] at x := x+ h, with magnitude d where 0 1=2 and
f () hasa cortinuous rst-order derivative in [x; X + hp=2] exceptat x at which f () has a right
(when = 0) or left (when = 1=2) or both (when0< < 1=2) rst-order derivativesf 2(x ) and

fO(x ), then

RSS;(X) = (Vo 2+ d?C?)nh, + o(nhy); a:s:; (3.4)
where
1 z "7 Z 1= #2
c? = Vroviz V212 o (Vrz VeaX)K (x)dx + u (Vrox  Vr)K (x)dx Ky (u)du +
r;0vr; r;l "
1 Z12 2 Z 12 #2
(VroViz  V21)2 0 (Vriz Vrax)Ke(x)dxu (Vrox Vr)Ke(x)dx K (u)du
r;0vr; rl
_ Rz o
and vy = o x'K (x)dx for j = 0;1;2.

Similar results could be derived for RSS|(x). It can be cheded that C?2 is positive when

2 (0;1=2) and 0 when = 0or 1/2. If the kernelfunction K () is chosento be the Epanednikov

function de ned by K (x) = 1:5(1 4x?) whenx 2 [ 1=2;1=2] and 0 otherwise (cf. Section 3.2.6,
Fan and Gijb els 1996), then C? as a function of is displayed in Figure 3.1.
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Figure 3.1: C2 asa function of whenK () is chosento be the Epanednikov function.

By (3.3) and (3.4), if thereis ajump in [x hy=2;x + h,=2], a neighborhood of a given point

X, and this jump point is located on the right side of x, then RSS,(x) < RSS;(x), a.s.,whenn is



large enough. Consequetly, I*’(x) = By.o(X), a.s., when n is large enough. On the other hand, if
the jump point is located on the left side of x, then RSS,(x) > RSS, (x), a.s.,and Ib(x) = by.0(X),
a.s., when n is large enough. By combining this fact and (3.1)-(3.2) in Theorem 3.1, we have the

following results.

Theorem 3.3 Supposethat f () has a continuous second-orderderivative in [0; 1] except at the
jump positionsfs;;j = 1;2; ;mgwheref () hasleft andright second-ordederivatives;maxy i n+1 (Xi
Xi 1) = O(1=n) where xg = 0 and Xn+1 = 1; the kernel function K () is Lipschitz (1) continuous;

and the bandwidth h, = O(n ®). Then

(i)

n2:5
lognloglogn < k. = o(1); as;
(i) for each x 2 Dy,
n2:5 fb( f
lognioglogn () f () = o1); as;

(iiiy for any small number0< < 1=4,
n?=>
lognioglogn < Fkpz: = o) as:

S S
whereDy. = jmzlf[sj (1=2 )hp;sj hn] [sj + hn;sj + (1=2  )hn]g.

Theorem 3.3 says that tb() is uniformly consistert in cortinuous regionsD 1 with rate o(n %=
lognloglogn). In the neighborhood of jump points, it is consistert pointwise with the samerate.
BecauseC? hasa positive lower boundwhen 2 [ ;1=2 ] for any givennumber0< < 1=4, Ib( )
is also uniformly consistert with rate o(n 2= lognloglogn) in D,. which equalsto D,nD where

D = Sj“ll [(sj hn=2s; (1=2 )hn)S(Sj hn;sj + hn)S(Sj + (1=2  )hn;s; + hy=2)].
4 Simulation Study

We present somesimulation results regarding bandwidth selectionand the numerical performance
of the jump-preserving curve tting procedure (1.4) in this section. Let us revisit the example of
Figure 1.1 rst. The true regressionfunction in this exampleisf (x) = 3x+ 2 when x 2 [0; 0:3);

f(x)= 3x+3 sin((x 0:3) =0:2) whenx 2 [0:3;0:7); and f (x) = 0:5x+ 1:.55whenx 2 [0:7;1]. It



has two jump points at x = 0:3 and x = 0:7. Both jump magnitudes are equalto 1. Obsenations
are generatedfrom model (1.1) with N(; ?) fori = 1,2, ;n. The bandwidth usedin
procedure(1.4) is assumedto have the form h, = k=n, wherek is an odd integer, for corvenience.

Without confusion, k is sometimescalled the bandwidth in this section.

Figure 4.1 presens the MSE valuesof the tted curve by the jump-preserving procedure (1.4)
with seweral k valueswhenn = 200and = 0:2. To remove somerandomnessin the results, all
MSE valuespreseried in this sectionare actually averagesof 1000replications. It can be seenfrom
the plot that the MSE value rst decreasesand then increaseswhen k increases. The bandwidth
k works as a tuning parameter to balance\undert" and \overt" asin the corventional local
smoothing procedures. The best bandwidth in this caseis k = 29 which makesthe MSE reac the
minimum. The dotted curve in Figure 1.1 shows one realization of the tted curve with the best
bandwidth k = 29. The dashedcurve shaws the convertional local linear kernel estimator with the

samebandwidth.

0.028
1
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0.024
1

0.020
1

20 30 40 50
k

Figure 4.1: MSE valuesof the tted curve by the jump-preserving procedure (1.4) with seweral k
valueswhenn = 200and = 0:2.

We then perform simulations with sewral dierent n and values. The optimal bandwidths
and the corresponding MSE values are presened in Figures 4.2(a) and 4.2(c), respectively. From
the plots, it can be seenthat (1) the optimal k increasesvhen samplesizen increasesor increases
and (2) the corresponding MSE value decreasesvhen n increasesor decreases.The rst nding
suggeststhat the bandwidth should be chosenlarger when the sample size is larger or the data
is noisier, which is intuitiv ely reasonable. The second nding might re ect the consistencyof the

tted curve.
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Figure 4.2: (a) The optimal bandwidths by the MSE criterion; (b) the optimal bandwidths by the
CV criterion; (c) the corresponding MSE valueswhen the bandwidths in plot (a) are used;(d) the
corresponding CV valueswhen the bandwidths in plot (b) are used.

As a comparison, the optimal bandwidths by the cross-walidation procedure are preseried
in Figure 4.2(b). The corresponding CV values (de ned by equation (2.3)) are shown in Figure
4.2(d). By comparing Figures 4.2(a) and 4.2(b), it can be seenthat bandwidths selectedby the

cross-alidation procedureare closeto the optimal bandwidths basedon the MSE criterion.

From Figure 1.1, it canbe seenthat bluring occursaround the jump points if f () is estimated
by the corventional local linear kernel estimator. The jump-preserving estimator (1.4) presenes
the jumps quite well, which is further con rmed by Figure 4.3. In Figure 4.3(a), the solid curve
denotesthe true regressionmodel, the dotted curve denotesthe averagedestimator by the jump-

preserving procedure which is calculated from 1000 replications. The lower and upper dashed
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curvesrepreser the 2.5 and 97.5 perceriles of these 1000 replications. We can seethat the two
sharp jumps are presened well by the procedure (1.4). As a comparison, the averaged estimator
and the corresponding percertiles by the corvertional local linear kernel smoothing procedurewith

the samebandwidth are presened in Figure 4.3(b). It canbe seenthat the two jumps are blurred.
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Figure 4.3: The solid curve denotesthe true regressionrmodel, the dotted curve denotesthe averaged
estimator which is calculated from 1000replications. The lower and upper dashedcurvesrepresert
the 2.5 and 97.5 perceniles of these 1000 replications. (a) Results from the jump-preserving
procedure(1.4); (b) results from the convertional local linear kernel smoothing procedure.

5 An Application

In this section, we apply the jump-preserving curve tting procedure(1.4) to a sea-leel pressure
dataset. In Figure 5.1, small dots denote the Decenber sea-leel pressuresduring 1921-19920b-
sened by the Bombay weather station in India. Meteorologists (cf. Sheaet al. 1994) noticed a
jump around year 1960in this dataset and the existenceof this jump was con rmed by Qiu and

Yandell (1998) with their local polynomial jump detection algorithm.

In Figure 5.1, the solid curve denotesthe tted regressioncurve by our jump-preserving curve
tting procedure(1.4). In the procedure,the bandwidth is chosento be k = 25 which is determined
by the cross-walidation procedure (2.3). As indicated by the plot, the jump around year 1960is

presened well by our procedure.
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Figure 5.1: Small dots denote the Decenber sea-leel pressuresduring 1921-1992obsened by the
Bombay weather station in India. The solid curveis the jump-preserving estimator by the procedure
(1.4).

6 Concluding Remarks

We have preseried a jump-preserving curve tting procedurewhich automatically accommalates
possible jumps of the regressioncurve without knowing the number of jumps. The tted curve
is proved to be statistically consistent in the ertire design space. Numerical examplesshow that
it works reasonably well in applications. The following issuesrelated to this topic need further
investigation. First, the procedure(1.4) works well in boundary regions[0; h,=2) and (1 hp=2;1]
only under the condition that there are no jumps in [0;h,) and (1 hy;1]. This condition can
always be satis ed when the sample size is large. When the sample size is small, howewer, this
condition may not betrue in somecasesand it is still an openproblemto t f () whenjumps exist
in the boundary regions. Second,the plog-in proceduresto choosebandwidth of a local smoother
are often basedon the bias-variance trade-o of the tted regressionmodel. Exact expressionsfor
the mean and variance of the jump-preserving procedure (1.4) are not available yet, which needs

further researd.

Ac knowledgemen t: The author would like to thank Mr. Alexandre Lambert of the Institut
de Statistique at Universite catholique de Louvain in Belgium for pointing out a mistake in the

expressionof C? appearedin (3.4).
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App endix

A Pro of of Theorem 3.1

We only prove equation (3.1) here. Equation (3.2) can be proved similarly. First of all,

X _ Xi X W2 WX X).
E(a|;o(x))—i=1f(X|)Kl( hn ) WioWi2  Whp

(A.1)

We notice that the summation on the right hand side of (A.1) is only for those x; in [x hy=2;X).

By Taylor's expansion,
f(xi)=f(x)+ OO x)+ %f ®x)(xi x)2+ o(h?); (A.2)

wherex; 2 [x hp=2;x). By combining (A.1) and (A.2), we have

Wﬁz Wi;1Wi:3
2(Wi,oWi2 W)

E (Br0(x)) = f(x) + f %) + o(h?); (A.3)

P ‘ .
wherew;;3 = = Ly Ki(55-7)(Xi x)3. Furthermore it can be cheded that

Wi:0
nhp

Wi:3

= Viz+ o(l); =7
nha

= vi;3+ 0(1); (A.4)

Wi- Wi-
= V0 + 0o(1); l'; = v+ 0o(1); =

nh2 nh3
R )
wherevy; = °1=2 x! K (x)dx for j = 0;1;2;3. By combining (A.3) and (A.4), we have

VB,  ViaVis

h2 + o(h?):
2(Vi:oVi;2 V|2;1) : (ha)

E (By:0(x)) = f(x) + f %fx)

Therefore

2
E(Bo(x) f(x)=fox)a2 B p2, gp2). (A5)

2(Vi:oVi;2 V|2;1)

Now let

G ja)i=12 sn

-1

X Xi X W2 Wia(Xi  X)
X) = K (= ’ : i
n00 = KIS
Xi X W2 WX X)
X) = K ’ ’ ~
= g (i)
i=1

14



For any " > O,

n 2=5

P( [en(x)  E(G ()] > ")

lognloglogn
"(log log n)1=2 n 2=
exp(logn JE( =1 exp(

W[@m(i) E (6 (1))])

nds X
loglogn ._

n "loglogn)'= gy Var(gn(i))

1

by an application of the Chebyshev'sinequality of the exponertial form. Now

X X Xi X W2 Wea(Xi o X)
Vvar i 2 K2 i 1;2 I;1\R§ 2
. (en (i) ~ i( h Wiowz W, ]
2 2o V2, VX
= K 2(x)(—2 7 )20y
nhn 1= X )(VI;OVI;Z V|2;1)
2
= nhncl;l(K);
where C;.1(K) is a constart. So
P (6,00 E(g()] > ) = O(n “(eoloami) (A.6)
lognloglogn

for all x 2 [hn=2;1].

Wenow dene D, = fx :jxj n'® + 1;x 2 Rg, for some > 0. Let E, be a set sud that,
for any x 2 D,, there exists someZ(x) 2 E, such that jx Z(x)j < n 2, and E, has at most

Nn = [2n?(n¥ + 1)] + 1 elemernts, where [x] denotesthe integral part of x. Then

n2=5
mkgn E(gn)k[hn=2;1]T D, Sin* Son+ Sgn;
where

n2=> . .
Sin = W x2[hn=82L;JET o jon(X) e (Z(x))j

n2=> _ .
Son = m x2[hn=82L;JET o jgn(Z(x))  E(en(Z(X))]

n2=> . .
Ssn = supt  JE(e(Z(x))) E(en(x))]

lognloglogn ,,in 11" b,

From (A.6), P(Spn > ") = O(N,n "(eglogn)™) By the Borel-Cartelli Lemma,
nI!ilm Son = 0; as: (A.7)
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Now

n%= X Xi X W2 Weg(Xi X
lognloglogn ,,in 11" b, 21 hn WioWi2 Wi

Xi  Z(X) W2 Wpa(xj  Z(X ,
e (X) Wiz Wia(Xi 2( ))]~IJ

hn WisoW2 - Wi

2=511=2 X0 , _ (X =
n“>n supy 2T X 2 vialxg 2><) hn
lognloglogn ;. =217 b, Nhn o, hn VioViz Vi

Xi  Z(X)\Viz Vialxi  Z(X))=hn .
K y y

3 hn ) Vi;oVi;2 V|2;1 ]

r12=5+1=2 CI;Z(K),
lognloglogn n2h, ’

where C;.»(K) is a constart. In the last inequality above, we have usedthe Lipschitz (1) property

of K|(). Therefore

lim S1, = 0; ass: (A8)
Similarly,
M  Sgn = 0 (A.9)
By combining (A.7)-(A.9), we have
Lk@‘n E(8n)kp, =1 | b, = 0(1); as: (A.10)
lognloglogn (hn=2,1]  Dn

Now,

kKoh  E(On)Kph,=213 KOn  &nKn,=211+ Keh  E(6h)Kmn, =21+ KE(6h)  E(9n)Kih, =213

SinceE( %) < 1, there exists a full set o such that for eadr! 2 ¢ there existsa nite positive

integerN, andforn N,
n(')==():

Soforalln N,

Xi  X..V|: vi-i(Xi  X)=hp .. )
i 2 Via(Xi  X) A

Jon (X)  8n(X)] Ki(

Nhn iy hn VioViz VP
C(N)).
nh, ’
where C(N, ) is a constart. Therefore,
n2=5
mkgﬂ 6h Kih,=2;1) = 0(1); as: (A.11)
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Similarly,

WKE(@’“) E (gh)Kin,=2:2 = 0(1):
By (A.10)-(A.12), we have
n2:5
mkgn E(9n)Kph, =22 = 0(1); as:

By (A.5) and (A.13), we get equation (3.1).

B Pro of of Theorem 3.2

By the de nition of RSS; (x),

Xj X
hn

X
Vi Bro(x)  Bra()(xi X)IPK(
i=1

= [i+f(x) Bro(x) Bra()(xi  x)]Ke(
i=1

RSS; (x) )

Xij X
hn

)

Xj X
hn

X
)+ 2 lf (i) Bro(x)  Bea(X)(Xi X)IK(
i=1

= izKr(
i=1

[F00) 8ol Bra(Oa 0K (=)
i=1 n
= I+ l+ 13

(A.12)

(A.13)

)+

Let us rst prove equation (3.3) under the condition that f () hascortinuous rst-order deriva-

tivein [x; x + h,=2]. By similar augumerts to thosein Appendix A,
l1= Vo 2nhp + o(nhy); a:s:

Now

Xj

X X
lo = 2 GO+ fFX)Xi X)) BroX)  Broa(x)(xi x)+ o(hn)]K( ~ )

i=1

X .
= 2000 Bo()  iK(T=
i=1 n

= o(nhp) + o(h, 1) O(nhy)  O(hy) + o(nhy)

i=1

= o(nhy)

(B.1)

X .
)+ 20900 BaG0) KK ) + olnhy)

(B.2)

In the third equation above, we have usedthe results that f (x) By.0(x) = o(1); a:s;, and f {x)

B1(X) = o(1=hy); a:s:, wherethe rst result is from Theorem 3.1 and the secondresult can be

17



derived by similar argumerts to thosein Appendix A. It can be similarly cheded that
I3 = o(nhy); a:s: (B.3)
By combining (B.1)-(B.3), we get equation (3.3).

Next we prove equation (3.4) under the condition that f () hasa jump in [x;x + hp=2] at

X = x+ hy whereO 1=2 is a constart. First,

X Xi X Wr2 Wea(Xi X)

iK

&r:0(x)
1=

X Xi X W Wr1(Xj X
— f(Xi)Kr( |h ) r;2 r,l( i 5 )
Xj <X n Wr,OWI',Z Wr’]_

X Xi X W Wr1(Xj X
+ f(Xi)Kr( |h ) r;2 r,l( i 5 )
Xi X n Wr;oWr;2 Wi

X Xi X Wr2 Wea(Xi X)
hn Wr:0Wr:2 Wr2;1

X Xi X Wr2  Wea(Xi  X)
— f x )+ o(1)K i r;2 r;1\AQ
(F ) (DK« ( hn ) Wy oWy ;2 Wr2;1

Xj <X
X Xi X Wr2 Wea(Xp  X)
+ f (x)+d + oQ)K, (= 2 At + 0o(1); as:
e KR =) =, o
U2 (v Ve
= f (x)+ ’ ’ + o(1); a:s: (B.4)

Vr:oVr:2 Vr2;1
In the last equation above, we have used(A.4). Similarly we can ched that

RlZZ
d Kr(X)(Vr:0X  Vpq)dx

B -1(x) = + o(1=hy); a:s: B.5
ria(x) hn (Vr:oVr:2 Vr2;1) ( n) (B.5)
Then
R, _
X 1=2 ) ) )
o= 20 ) o) S Kl Ve i Xy,
Xj <X VioVr2  Vig hn,
R, _
i X I ! Vr;0Vr;2 Vr2;1 ' hn
R, _
X xi X, d 2K (X)(VioX  Vpq)dx
2 i XK (2 ' L "7 4+ o(nh
I( | ) I’( hn ) hn(Vr’OVr’z Vr2’1) ( n)

i=1

g 2y x)(v, dx X i
_ 2 r r2  Vr1X)dx iKr(XI X)+
VroVr2 VP Xi <x hn
Rl:ZKr(X)(Vr'Z Vrax)dx - X Xi X
2d (1 —— ) K ( ) + o(nhy); as:
VroVr2 Vg xi X hn
= o(nhp); a:s: (B.6)
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and

Ri=

I3 = f (X f(x
’ Xi <X o) ) VioVi2 Vg
d Rl:ZKr(X)(Vr;OX Vr;l)dX(X- X)]ZK (Xi X)+
hn (Vr:oVr:2 Vr2;1) I ' hn

Ri=
Vr;0Vr;2 Vr2;1

[F(xi) f (x)

Xi X

Ri=

d K (X)(Vri0X  Vr;1)dX
hn(VeioVe2  VE)

Xj X

(6 XK

) + o(nhy); a:s:

z R R,_
= nh, (KOO viaxgdx d TEKOO(v0X V)
f 0 Vr;0Vr;2 Vr2;1 Vr;0Vr;2 Vr2;1
Z., R R,_
ah, T8 o Ke0vz veaxgdx d K 09(ve0X V)
: Vr;0Vr;2 Vr2;1 Vr;0Vr;2 Vr2;1
o(nhy); a:s:

= d?C?nh, + o(nh,); a:s:

By combining (B.1), (B.6) and (B.7), we get equation (3.4).
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