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A robust approach for testing the parametric form of a regression function versus an omnibus alternative is introduced. This generalizes
existing robust methods for testing subhypotheses in a regression model. The new test is motivated by developments in modern smoothing-
based testing procedures and can be viewed as a robustification of a smoothing-based conditional moment test. It is asymptotically normal
under both the null hypothesis and local alternatives. The robustified test retains the “omnibus” property of the corresponding smoothing
test; that is, it is consistent for any fixed smooth alternative in an infinite-dimensional space. It is shown that the bias of the asymptotic level
under shrinking local contamination is bounded only if the second-order Hampel’s influence function is bounded. The test’s performance is
demonstrated through both Monte Carlo simulations and application to an agricultural dataset.
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1. INTRODUCTION

Testing the validity of a specified model is important for re-
gression analysis. A long-standing concern for model specifica-
tion tests is their sensitivity to unusual observations in the data,
which often can have destructive effects. For instance, in simple
linear regression, the classical F test statistic can be distorted by
a single outlier. Therefore, developing model lack-of-fit tests
that are robust to outlier contamination is crucial.

Considerable effort has been devoted to the development
of robust testing procedures. For linear regression models,
Schrader and Hettmansperger (1980) introduced the ρc test
based on Huber’s M estimators; Sen (1982) proposed an aligned
M test; Markatou and Hettmansperger (1990) introduced an
aligned generalized M test; He, Simpson, and Portnoy (1990)
discussed power and level breakdown properties of certain
tests; and Markatou and He (1994) proposed testing procedures
based on one-step high–breakdown point bounded influence es-
timators. More recently, Heritier and Ronchetti (1994), Marka-
tou and Manos (1996), Agostinelli and Markatou (2001), and
Liu, Markatou, and Tsai (2005) developed robust tests for gen-
eral parametric models and nonlinear regression models.

We refer to the aforementioned procedures as classical ro-
bust tests because they are restricted to testing nested hypothe-
ses. In other words, they require the specification of a “larger”
alternative model. In practice, such a “larger” alternative model
is often chosen for mathematical convenience. The classical
tests are designed to be powerful for this particular alternative
but may fail to uncover important model violations if even the
“larger” alternative model does not adequately fit the data.

Testing procedures with the so-called “omnibus” property
have received much attention recently (see Hart 1997 for a gen-
eral review). The omnibus tests are attractive because they are
consistent against a large class of alternatives that satisfy certain
smoothness conditions. These include, in particular, the class
of smoothing-based conditional moment tests of Härdle and
Mammen (1993), González-Manteiga and Cao (1993), Zheng
(1996), Li and Wang (1998), Fan, Zhang, and Zhang (2001),
and Horowitz and Spokoiny (2001), among others. A common
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feature of all of these tests is that their test statistics can be ex-
pressed as smoothing-based nonparametric estimators of cer-
tain population moments, which are zero under the null hy-
pothesis and strictly positive under any fixed alternative. The
smoothing-based tests do not need to assume a parametric dis-
tribution for the random errors and thus are robust against the
mispecification of the error distribution. However, they are not
robust against outliers, because a linear local average of the
response variable is not robust against outliers (Härdle 1992,
chap. 6). The sensitivity of ordinary smoothing-based tests to
outlier contamination is demonstrated in Section 5.

We propose an effective way to robustify a smoothing-based
conditional moment test. Our test bases the inference on the
centered asymptotic rank transformation (defined in Sec. 2) of
the residuals from a robust fit under the null hypothesis. A rep-
resentative example of the robustified Zheng test (Zheng 1996)
is thoroughly discussed in the subsequent sections. We prove
that the proposed test preserves the omnibus property of the
regular smoothing test as in the Zheng test. Thus it is especially
appropriate for applications in which one needs to diagnose
model adequacy but there is not sufficient a priori information
for specifying the form of the model under the alternative.

We study local robustness through influence function analy-
sis. The classical tests can be (asymptotically) written as T(Fn),
where Fn is the empirical distribution function of the data. For
smoothing-based tests, they are most appropriately expressed
as bivariate “plug-in” functionals T(Fh,Fn), where Fh is a
smoothing-based estimator of the underlying distribution. A di-
rect result of this new feature for smoothing-based tests is that
their second-order von Mises (1947) functional expansion con-
sists of terms of different converging rates, because Fh con-
verges to the underlying distribution function more slowly than
Fn does. It is shown that the robustified test has first-order in-
fluence of zero and second-order influence function bounded
in the response direction. The bias of the asymptotic level un-
der shrinking local contamination is bounded only if its second-
order Hampel (1974) influence function is bounded.

The rest of the article is organized as follows. Section 2 intro-
duces the test statistics. Section 3 discusses large-sample prop-
erties of the robust test under the null hypothesis, fixed alterna-
tive, and local alternatives, and Section 4 analyzes the robust-
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ness property through influence function analysis. Section 5 re-
ports numerical simulations and an agricultural dataset analysis,
and Section 6 provides generalizations and a discussion. The
Appendix provides technical proofs.

2. PRELIMINARIES AND NOTATION

Assume that we observe independent and identically dis-
tributed random vectors (Xi,Yi), i = 1, . . . ,n, where Xi is a
l × 1 vector and Yi is a scalar. We consider regression model
Yi = r(Xi) + εi, where r(·) is an unknown smooth function and
the εi’s are iid random variables with mean 0 and variance σ 2,
that are independent of the Xi’s.

A question of fundamental importance in regression is
whether the conditional mean E(Yi|Xi) = r(Xi) can be modeled
parametrically. Although modern smoothing methods offer an
alternative approach for estimating m(·), parametric models re-
main very popular among practitioners, because they provide a
succinct summary of the underlying physical phenomena and
can be estimated efficiently if they are specified correctly. To
evaluate the lack-of-fit of a proposed model, the following hy-
potheses are of interest:

H0 : r(x) ∈ S� versus H1 : r(x) /∈ S�, (1)

where S� = {m(·, θ), θ ∈ �} is a parametric family of func-
tions, � is a subset of a Euclidean space, and m(·, θ) is a func-
tion on R.

In the sequel, we assume that the random vector (Xi,Yi) has
joint distribution function F(x, y) and joint density function
f (x, y), Xi has marginal distribution function FX(x) and mar-
ginal density function fX(x), and Yi given Xi has conditional
density function fY|X(y|x). The random error εi has distribution
function H(·) and density function h(·). Under H0, there exists
some θ0 ∈ � such that P(r(Xi) = m(Xi, θ0)) = 1.

2.1 The Zheng Smoothing Conditional Moment Test

The idea of moment tests can be traced back to Newey (1985)
and Tauchen (1985), who discussed a very general framework
for testing the specification of maximum likelihood models. In
regression settings, the current state of the art is to estimate the
population conditional moments using nonparametric smooth-
ing methods.

A representative example of smoothing-based conditional
moment tests for diagnosing the mispecification of a paramet-
ric regression has been given by Zheng (1996). To test (1),
Zheng proposed using an estimator of the population moment
E[εi(E(εi|Xi)fX(Xi))] [or, equivalently, E(E2(εi|Xi)fX(Xi))] as
a test statistic, because this moment condition is zero under the
null hypothesis and strictly positive under any alternative. More
specifically, the density function fX(Xi) is estimated using the
kernel method

f̂X(Xi) = 1

n − 1

n∑

j=1
j �=i

1

hl
K

(
Xi − Xj

h

)

. (2)

Similarly, the conditional expectation E(εi|Xi) is estimated by

Ê(εi|Xi) = 1

n − 1

n∑

j=1
j �=i

1

hl
K

(
Xi − Xj

h

)

εj
/

f̂X(Xi). (3)

The outer-layer expectation in the moment condition is then es-
timated by a sample average. The estimators in (2) and (3) are
often called “leave-one-out” kernel estimators because the ith
observation is left out. (See Härdle 1992 for more discussion
of kernel-based nonparametric estimation methods.) Finally, εi

is estimated by ε̂i = Yi − m(Xi, θ̂n), which are residuals under
the null hypothesis, and θ̂n is a

√
n-consistent estimator of θ0.

Assembling those pieces together, we obtain the Zheng test sta-
tistic

Vn = 1

n(n − 1)

n∑

i=1

∑

j �=i

1

hl
K

(
Xi − Xj

h

)

ε̂îεj. (4)

Zheng established that when h → 0, nhl → ∞, and H0 holds,

nhl/2Vn → N(0, τ 2), (5)

where τ 2 = 2σ 4
∫

K2(u)du
∫

f 2
X(x)dx. The test statistic

nhl/2Vn converges to infinity for any fixed alternative, and the
test can detect local alternatives converging to the null at the
rate n−1/2h−l/4.

2.2 Asymptotic Rank Transformation

The central idea of robustifying the smoothing-based condi-
tional moment test is to use rank-transformed residuals. Given
ε̂1, . . . , ε̂n residuals from a fit under the null hypothesis, we call
n−1 ∑n

i=1 I(̂εi ≤ ε̂j) the asymptotic rank transform of ε̂j, where
I(·) is the indicator function. Note that

∑n
i=1 I(̂εi ≤ ε̂j) gives

the rank of ε̂j among all of the n residuals. We propose apply-
ing Zheng’s test to the centered asymptotic rank transform of
residuals, ε̂∗

j = 1
n

∑n
i=1 I(̂εi ≤ ε̂j) − n+1

2n , j = 1, . . . ,n. The ro-
bustified version of Vn is

V∗
n = 1

n(n − 1)

n∑

j1=1

∑

j2 �=j1

1

hl
K

(
Xj1 − Xj2

h

)

ε̂∗
j1 ε̂

∗
j2 .

The new test is similar in spirit to that of Bickel (1978), but
the Bickel test is consistent only toward nested alternatives,
whereas the robustified conditional moment test will be shown
to retain the property of being consistent against each member
of a very large class of alternatives. The asymptotic normality
discussed in the next section requires only that the regression
parameter be

√
n-consistently estimated under H0. The influ-

ence analysis in Section 4 further reveals that for the foregoing
test to have the desired robustness property, the residuals must
come from a robust fit.

3. ASYMPTOTIC DISTRIBUTIONS

The large-sample properties of V∗
n are studied through its as-

ymptotic distributions under the null hypothesis, fixed alterna-
tive, and appropriate local alternative sequences. We state the
following assumptions:

Assumption 1. The density function fX(x) of Xi and its first-
order derivatives are uniformly bounded.

Assumption 2. The errors εi are iid random variables with
bounded probability density function.



Wang and Qu: Robust Tests With Omnibus Alternatives 349

Assumption 3. The parameter space � is a compact and
convex subset of a Euclidean space. There exists an estimator
θ̂n such that under the null hypothesis,

√
n(θ̂n − θ) = Op(1),

whereas under the local alternative sequences given in (7),√
n(θ̂n − θ∗) = Op(1), where θ and θ∗ are both interior points

in �, a compact and convex set.

Assumption 4. There exists a positive continuous function
M(x) such that ∀ θ1, θ2, |m(x, θ1) − m(x, θ2)| ≤ M(x)|θ1 − θ2|.

Assumption 5. K(u) is a symmetric density function with
compact support and a continuous derivative such that
∫

K(u)du = 1. The smoothing parameter h satisfies h → 0 and
nhl → ∞.

These assumptions are essentially the same as those re-
quired by Zheng (1996) and are standard in the literature on
smoothing-based tests. The smoothness and moments condi-
tions are regular for ensuring the consistency and normality of
the parameter estimator under the null model. The assumptions
on the kernel function and the smoothing parameter are no more
than what are normally required in kernel smoothing estima-
tion.

Under H0, the test statistic V∗
n is asymptotically equivalent to

V∗∗
n = 1

n(n − 1)

n∑

i=1

∑

j �=i

1

hl
K

(
Xi − Xj

h

)

× [H(εi) − 1/2][H(εj) − 1/2]. (6)

Because H(·) is the distribution function of εi, H(εi), i =
1, . . . ,n, have an iid uniform distribution on (0,1). The result of
Zheng’s test can be readily applied, and we obtain the following
result.

Theorem 1. Given Assumptions 1–5, under H0,

nhl/2V∗
n → N

(

0,
1

72

∫

K2(u)du
∫

f 2
X(x)dx

)

.

The proof of this theorem is given in the Appendix. An al-
ternative way to derive asymptotic normality under the null hy-
pothesis through influence function analysis is discussed in the
next section.

Remark. To use this result to construct an asymptotic test,
we need a consistent estimator of the asymptotic variance.
We may estimate

∫
K2(u)du

∫
f 2
X(x)dx straightforwardly by

[n(n − 1)hl]−1 ∑n
i=1

∑

j �=i K2(
xi−xj

h ).

The next theorem presents the asymptotic behavior of V∗
n un-

der any fixed alternative.

Theorem 2. Given Assumptions 1–5, under any fixed alter-
native,

V∗
n

p→ E
[
E2(H

(
εi + (r(Xi) − m(Xi, θ0))

− (r(Xj) − m(Xj, θ0))
) − H(εi)

)
fX(Xi)|Xi

]
,

where θ0 = arg minθ∈� E[Yi − m(Xi, θ)]2 and Xi and Xj are in-
dependent copies of random variables from the covariate distri-
bution fX(x).

The statistic V∗
n converges to zero only if there exists a set

with measure 1 such that for any x in this set, we have

E
[
H

(
εi + (r(x) − m(x, θ0)) − (r(xj) − m(Xj, θ0))

)

− H(εi)
] = 0.

This occurs only when P(r(Xj) − m(Xj, θ0) = C) = 1 for some
constant C. It is reasonable to assume that the null class of
models is sufficiently general to contain all location shifts in
the y direction; in other words, if m(x, θ0) belongs to the null
class of models, then so does m(x, θ0) + C. Alternatively, we
may enlarge the null class of models by including such loca-
tion shifts. As a result, for any fixed alternative, nhl/2V∗

n → ∞
as n → ∞. Theorem 2 establishes the omnibus property of the
test; it will reject any alternative in the infinite-dimensional al-
ternative space when the sample size n → ∞. The asymptotic
rank transformation thus preserves the omnibus property of the
smoothing-based tests.

Similar to the original smoothing test, our robustified test
can detect local alternatives converging to the null at the rate
n−1/2h−l/4. More specifically, the following local alternative
sequence is often under consideration:

H1n : m(x) = f (x, θ0) + n−1/2h−l/4q(x), (7)

where q(x) is continuously differentiable. As the sample size
grows larger, this local alternative becomes closer to the null
model. Therefore, the idea is to make it harder to reject the null
hypothesis when the sample size increases.

Theorem 3. Given Assumptions 1–5, under H1n,

nhl/2V∗
n → N

(

γ,
1

72

∫

K2(u)du
∫

f 2
X(x)dx

)

,

where γ = [Eh(εi)]2E[(q(Xi) − Eq(Xi))
2fX(Xi)].

This rate is slower than n−1/2, which usually can be detected
by a parametric test. This is the price that the test must pay to
be omnibus. However, as h converges to 0 at appropriate speed,
this rate can be arbitrarily close to n−1/2.

The large-sample results by no means give any indication as
to how the test will behave in a finite sample. Its performance
in finite sample size is studied through numerical simulation in
Section 5.

4. ROBUSTNESS PROPERTIES

4.1 von Mises Functional Expansion

In this section the von Mises analysis (see Fernholz 1983 for
a good review) is illustrated, because it not only leads to an al-
ternative approach to derive asymptotic normality under H0, but
also provides the basis on which to calculate the Hampel influ-
ence function, which allows us to study the tests’ local stability
(Sec. 4.2). Both the Zheng test and the robustified Zheng test
have degenerate first-order influence. Other examples of zero
first-order influence have been given by Hampel, Ronchetti,
Rousseeuw, and Stahel (1986, p. 349); Heritier and Ronchetti
(1994); and Cantoni and Ronchetti (2001), among others.
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If we let Ĝ∗
n denote the empirical distribution function of

Y1 − m(X1, θ̂ ), . . . ,Yn − m(Xn, θ̂ ), then the robustified Zheng
test statistic V∗

n can be asymptotically expressed as
∫ ∫

[
Ĝ∗

n

(
y − m(x, θ(Fn))

) − 1/2
]

×
(∫

[
Ĝ∗

n

(
y1 − m(x, θ(Fn))

) − 1/2
]

× f̂h(x, y1)dy1

)

dFn(x, y),

where Fn is the empirical distribution function of (Xi,Yi),
θ(Fn) is an estimator of θ , and f̂h(xi, yi) = [(n − 1)h2l]−1 ×
∑n

j �=i K1(
yj−yi

h )K2(
xj−xi

h ) is a smoothing estimator of the joint
density function of (X,Y), where K1 and K2 are two kernel
functions. Thus, an appropriate functional for the robustified
Zheng test is a bivariate one, T∗(F,F),
∫ ∫

[
G∗(y − m(x, θ(F))

) − 1/2
]

×
(∫

[
G∗(y1 − m(x, θ(F))

) − 1/2
]
f (x, y1)dy1

)

dF(x, y),

where F is the distribution function of (Xi,Yi) and G∗ is
the distribution function of Yi − m(Xi, θ(F)), that is, G∗(s) =∫∫

v≤m(u,θ(F))+s dF(u, v). Note that the definition of G∗ depends
on F; if F satisfies the null hypothesis, then G∗(s) becomes
H(s), the distribution function of the random error εi. There-
fore, the robustified Zheng test can be asymptotically repre-
sented as a plug-in estimator, T∗(F̂h,Fn).

Let A(t) = T∗(F + tG1,F + tG2), where F is a distribution
satisfying H0, and G1 and G2 are two other distribution func-
tions that we specify later. We can expand T∗(F + tG1,F + tG2)

around (F,F) if we assume that m(x, θ) is twice continu-
ously differentiable in θ and that θ(F + tG2) is twice contin-
uously differentiable in t. Direct computation yields A(0) = 0,
dA(t)

dt |t=0 = 0, and

1

2

d2

dt2
A(t)

∣
∣
∣
∣
t=0

=
∫

(
Ġ∗(y − m(x, θ(F))

)
f (x, y)dy

)2
dx

−
∫ ∫

Ġ∗(y − m(x, θ(F))
)

×
∫

[
H

(
y1 − m(x, θ(F))

) − 1/2
]
g1(x, y1)dy1 dF(x, y)

−
∫ ∫

[
H

(
y1 − m(x, θ(F))

) − 1/2
]

×
∫

Ġ∗(y − m(x, θ(F))
)
f (x, y1)dy1 dG2(x, y)

+
∫ ∫ ∫

[
H

(
y − m(x, θ(F))

) − 1/2
]

× [
H

(
y1 − m(x, θ(F))

) − 1/2
]

× g1(x, y1)dy1 dG2(x, y), (8)

where g1(x, y) is the density function corresponding to G1(x, y),
Ġ∗(y − m(x, θ(F))) denotes d

dt G
∗
t (y − m(x, θ(F + tG2)))|t=0,

and G∗
t (s) represents G∗(s) under contamination, that is,

G∗
t (s) = ∫∫

v≤m(u,θ(F+tG2))+s d(F + tG2)(u, v). When t = 0,
G∗

t (s) is simply H(s), the distribution function of the random
error εi.

To derive the asymptotic distribution of the robustified Zheng
test under H0, take t = 1, G1 = F̂h − F and G2 = Fn − F and
apply the fact that

∫ [H(y−m(x, θ(F)))−1/2]dF(x, y) = 0 un-
der H0. A careful analysis shows that the leading term in (8) is
the last term,
∫ ∫ ∫

[
H

(
y − m(x, θ(F))

) − 1/2
]

× [
H

(
y1 − m(x, θ(F))

) − 1/2
]
f̂h(x, y1)dy1 dFn(x, y),

which is asymptotically equivalent to (6), the approximation in
Section 3. Then Hall’s (1984) result on degenerate U-statistics
can be applied to obtain the asymptotic normality for T∗.

The foregoing technique can also be applied to the Zheng
test, because it can be asymptotically expressed as a plug-
in estimator of the following bivariate functional, T(F,F) =
∫∫

(y − m(x, θ(F)))(
∫
(y1 − m(x, θ(F)))f (x, y1)dy1)dF(x, y).

Therefore, the von Mises calculus heuristically suggests the null
distribution for the Zheng test, which is equivalent to (5).

4.2 Hampel’s Second-Order Influence Function

To investigate the stability of the test under infinitesimal
local contamination, we examine the Hampel influence func-
tion (Hampel 1974). The influence function of T(F) at (x, y)
is simply IF(x0, y0;T) = limε→0 ε−1(T(Fε) − T(F)), where
Fε = (1−ε)F +ε�(x0,y0), with �(x0,y0) the point mass function
at (x0, y0). For the robustified Zheng test and the Zheng test, the
first-order influence is zero. Following Hampel’s original defi-
nition, if we take G1 = G2 = �(x0,y0) − F in the second-order
expansion (8), then the four terms will converge at the same
rate, leading to the following second-order influence function
of the robustified Zheng test:

IF∗(x0, y0)

=
∫ [∫

Ġ∗
�(x0,y0)

(
y − m(x, θ(F))

)
f (x, y)dy

]2

dx

+ 2
[
H

(
y0 − m(x0, θ(F))

) − 1/2
]

×
∫

Ġ∗
�(x0,y0)

(
y − m(x0, θ(F))

)
f (x0, y)dy

+ [
H

(
y0 − m(x0, θ(F))

) − 1/2
]2

, (9)

where Ġ∗
�(x0,y0)

(y − m(x, θ(F))) denotes d
dt G

∗
t (y − m(x,

θ(F2t)))|t=0,G2=�(x0,y0)−F . Straightforward calculations yield

Ġ∗
�(x0,y0)

(
y − m(x, θ(F))

)

= h
(
y − m(x, θ(F))

)
θ̇ (x0, y0,F)

×
(∫

d

dθ
m(v, θ(F))dFX(v) − d

dθ
m(x, θ(F))

)

+ I
(
y0 ≤ y + m(x0, θ(F)) − m(x, θ(F))

)

− H
(
y − m(x, θ(F))

)
,
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where d
dθ

m(x, θ(F)) is the derivative of m(x, θ) with respect to

θ evaluated at (x, θ(F)) and θ̇ (F,G2) = dθ(F+tG2)
dt |t=0. Simi-

larly, the Zheng test has second-order influence function

IF(x0, y0) =
∫ (

d

dθ
m(x, θ(F))θ̇ (x0, y0,F)f (x)

)2

dx

+ (
y0 − m(x0, θ(F))

)2

− 2
(
y0 − m(x0, θ(F))

) d

dθ
m(x0, θ(F))

× θ̇ (x0, y0,F)f (x0), (10)

where θ̇ (x0, y0,F) is the influence function for the regression
parameter estimator.

Clearly, IF(x0, y0) is not bounded in the y-direction. In con-
trast, IF∗(x0, y0) is bounded in the response space when the re-
gression function is robustly estimated. The influence function
analysis suggests that the robustified Zheng test will have more
stable behavior than the original Zheng test when the response
variable is contaminated. We note that neither test is bounded
in the X-direction, which can be seen clearly in the case of test-
ing linearity where θ̇ (x0, y0,F) is proportional to x0. Thus both
tests will not be stable in the presence of bad leverage points.

4.3 Asymptotic Level Under a Shrinking
Contaminated Neighborhood

Similar to Heritier and Ronchetti (1994), we consider the fol-
lowing shrinking point mass contamination:

Fε,n =
(

1 − ε√
nhl/2

)

F + ε√
nhl/2

�(x0,y0),

where F is a distribution function in compliance with H0. The
rate at which the local contamination converges to 0 is the same
as that of the local alternative sequences. This rate is slower
than the parametric rate n−1/2. This new feature is due to the
intrinsic properties of smoothing. The von Mises functional ex-
pansion can be used to derive the asymptotic distribution under
shrinking contamination.

Proposition 1. Assume the conditions of Theorem 1, under
contamination Fε,n, if h → 0, nhl → ∞, and nh5l → 0. Then

(a) nhl/2Vn → N(ε2IF(x0, y0), τ
2) in distribution, where

τ 2 = 2σ 4
∫

K2(u)du
∫

f 2
X(x)dx and

(b) nhl/2V∗
n → N(ε2IF∗(x0, y0), τ

∗2) in distribution, where
τ ∗2 = 1

72

∫
K2(u)du

∫
f 2
X(x)dx.

Let α0 be the prespecified nominal level, and let α(Fε,n) and
α∗(Fε,n) be the true levels of the Zheng test and the robustified
Zheng test when the random sample is from the contaminated
distribution Fε,n. Application of Taylor expansion leads to

lim
n→∞α(Fε,n)

= α0 + ε2φ(�−1(1 − α))IF(x0, y0)/τ + o(ε2) (11)

and

lim
n→∞α∗(Fε,n)

= α0 + ε2φ(�−1(1 − α))IF∗(x0, y0)/τ
∗ + o(ε2), (12)

where the �−1(·)’s are the quantile function and the density
function for the standard normal distribution. Therefore, the

bias of the asymptotic level is bounded in the response space
only if the second-order Hampel influence function of the test
is bounded. This explains, from another angle, the unstable be-
havior of the original smoothing test and the relative robustness
of the rank test. From the form of IF∗(x0, y0), we see that the
rank transformation must be applied to residuals from a robust
fit, such as an M-regression, for the robust test to have stable
level behavior.

5. SIMULATIONS AND DATA EXAMPLE

5.1 Numerical Simulations

We consider testing nonlinearity of a regression function.
The hypothesis of interest is

H0 : r(x) = a + bx versus H1 : r(x) �= a + bx.

The results are based on 10,000 simulations. The Monte Carlo
error of the simulated level is about

√
.05 × .95/10,000 ≈ .002.

All data were generated using the statistical software R. The
nominal level is taken to be .05. To calculate the Zheng test, the
parameters are estimated using the least squares method, and
the variance is estimated using Zheng’s formula (3.9). To cal-
culate the robust test, the residuals are obtained from a robust
regression using the method-of-moments estimator of Yohai
(1987), fitted by the “rlm” function from the MASS library in R.
For both tests, the biquadratic kernel K(u) = 15

16 (1−u2)2I(|u| ≤
1) is used. Our simulation experience suggests that the test is
not sensitive to the choice of kernel function. (For other al-
ternative choices of kernel function, see, e.g., Simonoff 1996,
chap. 3.)

Example 1: Level of the Tests. The covariate Xi’s are uni-
formly distributed on (−2,2), and the response Yi’s are gen-
erated by Yi = 1 + 2xi + εi, i = 1, . . . ,n. Four simulation set-
tings are considered: (a) the εi’s are iid N(0,1); (b) the εi’s are
iid from a log-normal distribution that is standardized to have
mean 0 and variance 1; (c) the εi’s are iid from N(0,1), and 10%
of the responses are randomly replaced by an outlying value 5;
and (d) the εi’s are iid from N(0,1), and 10% of the responses
are randomly replaced by observations from a nonlinear model
Yi = 5.5 cos(3πx) + εi. We denote the foregoing four settings
S1, S2, S3, and S4 for convenience.

The observed size for the Zheng test and the robustified
Zheng test are summarized in Table 1 for two different sample
sizes, n = 60 and 100, and four different values of the smooth-
ing parameter h: .06, .09, .12, and .15.

Table 1. Empirical Level of Zheng’s Test and the Robust Test

Sample size n = 60 Sample size n = 100

Test h S1 S2 S3 S4 S1 S2 S3 S4

Zheng .06 .049 .045 .065 .079 .051 .052 .067 .125
.09 .046 .046 .059 .082 .048 .049 .064 .130
.12 .046 .042 .056 .082 .042 .043 .057 .133
.15 .044 .039 .051 .082 .040 .040 .056 .134

Robust .06 .037 .045 .046 .052 .040 .044 .043 .057
.09 .034 .043 .046 .049 .036 .042 .040 .062
.12 .033 .041 .041 .048 .034 .039 .041 .062
.15 .032 .040 .037 .045 .032 .038 .042 .060
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For simulation settings S1 and S2, both tests are slightly con-
servative but are close to the specified nominal level. In gen-
eral, nonparametric smoothing tests converge to their asymp-
totic normal distributions quite slowly (see, e.g., Härdle and
Mammen 1993). The Zheng test does not require specification
of the error distribution and thus has an asymptotically correct
level under log-normal error. The loss of power of the Zheng
test under nonnormality is shown in Example 2. When the re-
sponse is contaminated, as in S3 and S4, the Zheng test becomes
liberal (i.e., the observed level is as large as .13 for S4), whereas
the robustified Zheng test remains stable.

To give an idea of the computation complexity, the time taken
to generate the entries in the column corresponding to simula-
tion setting S1 in Table 1 for both tests and two different sample
sizes was about 11 minutes on a Pentium 1.60-GHz personal
computer.

Example 2: Power of the Tests. In this example, we show the
following: (a) the robustified Zheng test can be more powerful
than the Zheng test in the presence of heavy-tailed errors, and
(b) compared with classical robust tests, the robustified Zheng
test can be more powerful for detecting various alternatives.
More specifically, we compare this test with the rank-based
drop-in-dispersion test (McKean and Schrader 1980; see also
Hettmansperger and McKean 1998, sec. 3.6). In contrast to the
robustified Zheng test, the drop-in-dispersion test can test only
a subhypothesis; that is, an alternative model (in our simula-
tions, it is taken to be a quadratic model) must be specified.
The drop-in-dispersion test is calculated using the R software
recently developed by Terpstra and McKean (2005).

We consider the following different simulation settings,
which include different functional forms and different covari-
ate and error distributions: (a) Xi is from uniform (−2,2)

and the response is Yi = 1 + θX2
i + εi, where the εi’s are

iid from N(0,1); (b) Xi is from N(0,1) and the response is
Yi = 1 + cos(θπXi) + εi, where the εi’s are iid from a t distri-
bution with 4 degrees of freedom that is standardized to have
mean 0 and variance 1; (c) Xi is from N(0,1) and the response
is Yi = 10

1+θ exp(−2Xi)
+ εi, where the εi’s are iid from a lognor-

mal distribution that is standardized to have mean 0 and vari-
ance 1; and (d) Xi is from uniform (0,1) and the response is
Yi = 1 − Xi + θ exp{−200(Xi − .5)2}+ εi, where the εi’s are iid
from a normal mixture distribution .95N(0,1) + .05N(10,1)

that is standardized to have mean 0 and variance 1.

The functional form in case (b) is used for modeling period-
icity. The logistic function has a sigmoidal shape and is popu-
lar for modeling growth. The exponential form may arise from
the solution of a differential equation. The simulated power
curves for different values of θ and sample size n = 100 are
displayed in Figure 1. The first simulation setting assumes the
quadratic alternative and is designed to the advantage of the
drop-in-dispersion test, which does exhibit the highest power
in this case, although when θ > .6, the power difference among
the three tests becomes negligible. This simulation is also to the
advantage of the Zheng test, because the random errors are nor-
mal. The Zheng test appears to be slightly more powerful than
its robust alternative. For the cosine alternative, the robustified
Zheng test has higher power than the other two tests. In fact,
the power of the drop-in-dispersion test decreases dramatically,

and the Zheng test loses power due to the heavier-tailed random
errors. The same is observed for the third simulation setting,
where the alternative is a logistic function. For the exponential
alternative, the robust test exhibits the highest power, whereas
the Zheng test has lower power than the drop-in-dispersion test.

To get a sense of the effect of sample size and bandwidth,
we conduct a more in-depth analysis for the logistic alternative.
We repeat the simulations for the three tests for n = 60 and dis-
play the simulated power curves in Figure 2(a). The patterns are
similar as those for n = 100. Figures 2(b) and 2(c) give the sim-
ulated power curves for the robustified Zheng’s test for different
choices of h: .06, .09, .12, and .15 for n = 60 and n = 100. It
appears that for n = 100, the power curves for the four different
choices of h are very close to one another; for n = 60, smaller
bandwidth corresponds to lower power. Figure 2(d) gives the
empirical receiver operating curve (ROC) for three tests when
n = 100, h = .09, and θ = .8 for relevant nominal size range
[0, .2]. The ROC curve compares power while adjusting for the
difference in observed level (Lloyd 2005). In this example, for
nominal level .05, the unadjusted power for the Zheng test, the
robust Zheng test, and the drop-in-dispersion test are .942, .998,
and .520, and the adjusted power is .930, .998, and .484. The
difference appears to be negligible.

The problem of choosing a smoothing parameter h to op-
timize the power remains an open problem faced by all
smoothing-based tests. It is widely recognized that the opti-
mal choice of h for nonparametric curve estimation is generally
not optimal for testing. A uniformly most powerful test does
not exist due to the obstacle that there are infinitely many al-
ternatives. King, Hart, and Wehrly (1991) suggested reporting
the test results for different choices of h. Azzalini and Bowman
(1991) proposed plotting the p value against h and called this
technique “smoothing trace.” Horowitz and Spokoiny (2001)
circumvented the problem of choosing a single h by using the
maximum of a studentized smoothing conditional moment test
over a sequence of smoothing parameters and proved that this
leads to a test with a certain optimality property. Dette and
Hetzler (2004) treated smoothing conditional moments test in-
dexed by bandwidths as empirical processes. Generalization of
either approach to the current context of robust testing requires
substantial work and is left for future research.

5.2 An Agricultural Data Example

The relationship between the yield of a crop and the density
of planting is of great interest in agriculture. Here we analyze
a dataset from Ratkowsky (1983) comprising of 42 observa-
tions on the yield (g/plant), on the log scale, of onions in Vir-
ginia, South Australia. The covariate is the density of planting
(plants/m2). A scatterplot of this dataset is given in Figure 3(a).

We examine the possible nonlinearity using the tests dis-
cussed in this paper. The “significance trace” of the Zheng test
and the robust Zheng test are illustrated in Figure 3(b). We note
that except for very small smoothing parameters (which are not
recommended), both give very small p values (close to 0). The
drop-in-dispersion test also gives a very small p value (.007).
All three tests indicate that the linearity assumption should be
rejected.

To investigate the influence of a single outlier in the response
space, we artificially change y(35), the response of the 35th ob-
servation pair (101.81,4.11), from 4.11 to 3. The “significance
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(a) (b)

(c) (d)

Figure 1. Simulated Power Curves for (a) Quadratic Alternative, (b) Cosine Alternative, (c) Logistic Alternative, and (d) Exponential Alternative
(n = 100, h = .09; , robust test; , Zheng’s test; , drop-in-dispersion test).

trace” of the Zheng test and the robust Zheng test correspond-
ing to this change are given in Figure 3(b). We observe that the
p value of the Zheng test quickly becomes much greater than
the specified nominal level, whereas the robust alternative is
only slightly influenced. The effect of the outlier on the Zheng
test is quite dramatic considering that the change from 4.11 to 3
represents a relatively small contamination, because the range
of the response variable for this dataset is (3,6). The drop-in-
dispersion test is also only slightly influenced, with a p value of
around .004.

We next perform a power breakdown analysis by adding c
(c = 4,6,8, 10) copies of (101.81,5) to the original data and
carry out the same tests. The “significance trace” of the Zheng
test and the robust Zheng test are given in Figure 4(a). It is
clear that the Zheng test is seriously affected even for c = 4,
whereas the power of the robust Zheng test remains robust when
c = 8 (i.e., the contamination is 16%) and becomes affected
when c = 10. Our simulations also indicate that the drop-in-
dispersion test begins to fail to reject the linearity null hypoth-
esis at values of c = 4 and above. The p values for the drop-in-
dispersion test for c = 2 and 3 are .0375 and .075.

Ratkowsky suggested fitting the nonlinear yield-density
model Yi = − log(α + βXi) + εi, which was referred to as the

reciprocal model by Mead (1970). Both the Zheng test and the
robustified Zheng test give p values much higher than .05 and
thus do not reject this choice. We study level breakdown by ar-
tificially introducing c (c = 2,4,6,8) copies of (101.81,5) into
the data. The results of the Zheng test and the robust Zheng test
are given in Figure 4(b). The level breakdown occurs for the
Zheng test when c = 4 (i.e., the contamination is about 9%),
and occurs much later for the robust Zheng test, when c = 8
(i.e., the contamination is 16%). For this last analysis, the non-
linear regression for the Zheng test is fitted using the function
nls in R, and the nonlinear robust regression for the robust test
is fitted using the function nlrob from the library robustbase
in R. The drop-in-dispersion test in the software developed by
Terpstra and McKean (2005) is only for linear models and thus
is not applied here.

6. GENERALIZATIONS AND DISCUSSION

6.1 Other Smoothing Conditional Moment Tests

The smoothing-based conditional moment tests include
many existing methods, including those listed in Section 1. Här-
dle, Müller, Sperlich, and Werwatz (2004, p. 128) pointed out
that many statistics can be considered estimates of some com-
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(a) (b)

(c) (d)

Figure 2. Simulated Power Curves of the Logistic Alternative. (a) Simulated power of the three tests for n = 60 and h = .09 ( , Zheng test;
, robust Zheng test; , drop-in-dispersion test). (b) Simulated power of the robust Zheng test for n = 60 and h = .06 ( ), .09 ( ),

.12 ( ), .15 ( ). (c) Simulated power of the robust Zheng test for n = 100 and h = .06 ( ), .09 ( ), .12 ( ), .15 ( ). (d) Empirical ROC
curves for the three tests for n = 100, h = .09, and θ = .8, restricted to relevant nominal size range [0, .2] ( , Zheng test; , robust Zheng test;

, drop-in-dispersion test).

(a) (b)

Figure 3. Onion Data. (a) Scatterplot. (b) Testing linearity using the Zheng test and the robust Zheng test with and without outliers [ Zheng:
original data; Zheng: y(35) = 3; Robust: original data; Robust; y(35) = 3].
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(a)

Figure 4. Onion Data: Breakdown Analysis. (a) Power breakdown analysis: Null model is a linear model. ( , c = 4; , c = 6; , c = 8;
, c = 10.) The horizontal dashed line represents p = .05.

mon moment conditions. Zhang and Dette (2004) made similar
observations.

We have focused on the robustified Zheng test in this arti-
cle due to its technical tractability and easy computation. The
approach is readily applicable to many other smoothing-based
conditional moments tests. For instance, the test statistic of Här-
dle and Mammen (1993) is

∫ [̂r(x) − m̂(x, θ̂ )]2w(x)dx, where
w(x) is some nonnegative weight function and r̂(x)− m̂(x, θ̂ ) is
the smoothed version of the residual under H0. We expect that
replacing the residuals by their asymptotic rank transformations
will lead to robustification.

6.2 A Modification of the Robust Test

To obtain a test with influence function bounded in the whole
(X,Y) space, we consider the following simple modification
of V∗

n by introducing a weight function in the X space,

V∗
n = 1

n(n − 1)

n∑

j1=1

∑

j2 �=j1

1

hl
K

(
Xj1 − Xj2

h

)

ε̂∗
j1 ε̂

∗
j2π

(
Xj1

)
,

where π(·) is a positive weight function. The corresponding
Hampel first-order influence function is zero, and the second-

order influence function becomes

IF∗(x0, y0)

=
∫ [∫

Ġ∗
�(x0,y0)

{
y − m(x, θ(F))

}
f (x, y)π(x)dy

]2

dx

+ 2
{
H

(
y0 − m(x0, θ(F))

) − 1/2
}

×
∫

Ġ∗
�(x0,y0)

{
y − m(x0, θ(F))

}
f (x0, y)dyπ(x0)

+ {
H

(
y0 − m(x0, θ(F))

) − 1/2
}2

π(x0). (13)

It is clear that an appropriate choice of π(·) would lead to an
influence function bounded in the whole (X,Y) space. For ex-
ample, we may take π(x0) = min(1, ξ−1(x0)), where ξ(x0) =∫

Ġ∗
�(x0,y0)

{y − m(x0, θ(F))}f (x0, y)dy. Under regularity condi-

tions as before, the modified test still has an asymptotic normal
distribution.

6.3 Summary and Discussion

We have proposed a robust smoothing-based conditional mo-
ment test for diagnosing the functional form of a regression
function. This test is consistent against any alternative in an
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(b)

Figure 4 (Continued). Onion Data: Breakdown Analysis. (b) Level breakdown analysis: Null model is the reciprocal model. ( , c = 2;
, c = 4; , c = 6; , c = 8.) The horizontal dashed line represents p = .05.

infinite-dimensional functional space. The new approach pro-
vides a bridge connecting existing robust tests and the more
up-to-date smoothing-based tests.

The smoothing test may have limited application if the data
contain a large portion of sparse data or the sample size is very
small. An alternative idea for developing a test with omnibus
alternative and bounded influence is to use a robust smoother
(see Cleveland 1979; Härdle and Gasser 1984; Tsybakov 1986;
Fan, Hu, and Truong 1994; Welsh 1996). For instance, we may
define a test statistic as a distance measure between a para-
metric M regression and an M smoother. However, because an
M smoother does not have a closed-form expression, studying
the asymptotic theory is much more challenging. A possible
future research direction is to investigate whether any bounds
on the breakdown points of the level of the robust test can be
derived as was done by He, Simpson, and Portnoy (1990) and
Markatou and He (1994).

APPENDIX: PROOFS

Here we give an outline of the proof of Theorem 1 and formula (8).
Proofs of Theorem 2, Theorem 3, and Proposition 1 are available in a
separate technical report.

Proof of Theorem 1

It is sufficient to show that nhl/2(V∗
n − V∗∗

n )
p→ 0. We have

V∗
n − V∗∗

n = 1

n3(n − 1)hl
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= D1 + D2 + D3,
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where the definition of Di, i = 1,2,3, should be clear from the con-
text. To show that nhl/2D1 = op(1), we first verify a useful probability
bound,

max
1≤j1≤n

n∑

j3=1
j3 �=j1

∣
∣I

(
ε̂j3 ≤ ε̂j1

) − I
(
εj3 ≤ εj1

)∣
∣ = Op

(
n1/2)

, (A.1)

where ε̂i = εi + (f (Xi, θ0) − f (Xi, θ̂n)). Let L(θ∗) be the sum on the
left side of (A.1) with θ̂n replaced by θ∗. Denote B = {θ∗ : n1/2|θ∗ −
θ0| ≤ δ for δ = O(1)}, Zj1j3 = εj3 − εj1 , and t(Xj1 ,Xj3 , θ, θ∗) =
(m(Xj1 , θ0) − m(Xj1 , θ

∗)) − (m(Xj3 , θ) − m(Xj3 , θ
∗)); then
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.

Conditional on εj1 , I(|Zj1j3 | ≤ Cn−1/2), j3 �= j1, are iid Bernoulli ran-

dom variables with success probability of order O(n−1/2), and C is
used in this proof to denote a generic positive constant, which may
change from line to line. An application of Bernstein’s inequality leads
to P[∑n

j3=1,j3 �=j1
I(|Zj1j3 | ≤ Cn−1/2) ≥ Cn1/2|εj1 ] ≤ exp(−Cn1/2).

Unconditionally, we also have that
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Thus max1≤j1≤n
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holds. Now we have
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Let Un = 1
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h ); then this is a

U-statistic with a sample-dependent kernel. It is straightforward to

check whether E( 1
hl K2(

Xj1 −Xj2
h )) = O(1). The condition of lem-

ma 3.1 of Zheng (1996) is satisfied, and we have Un = rn + op(1),

where rn = E( 1
hl/2 K(

Xj1 −Xj2
h )) = o(1). Thus we have shown that

nhl/2|D1| ≤ op(1). Similarly, we can show that nhl/2|Di| = op(1) for
i = 2,3.

Verification of (8)

Write F1t = F + tG1 and F2t = F + tG2, and let f1t and g1 be the
density functions corresponding to F1t and G1. We have
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where the definition of Ai(t), i = 1, . . . ,4, should be clear from the
context. We have

dA1(t)

dt
=

∫ ∫
d

dt
G∗

t
(
y − m(x, θ(F2t))

)

×
∫

[
G∗

t
(
y1 − m(x, θ(F2t))

) − 1/2
]
f (x, y1)dy1 dF(x, y)

+
∫ ∫

[
G∗

t
(
y − m(x, θ(F2t))

) − 1/2
]

×
∫

d

dt
G∗

t
(
y − m(x, θ(F2t))

)
f (x, y1)dy1 dF(x, y).

Because
∫ [G∗(y − m(x, θ(F))) − 1/2]dF(y|x) = 0, we have that

dA1(t)
dt |t=0 = 0. Thus

d2A1(t)

dt2

∣
∣
∣
∣
t=0

= 2
∫ ∫

Ġ∗(
y − m(x, θ(F))

)

×
∫

Ġ∗(
y1 − m(x, θ(F))

)
f (x, y1)dy1 dF(x, y).

In the same manner, dAi(t)
dt |t=0 = 0 for i = 2,3,4 and 1

2
d2A2(t)

dt2
|t=0 for

i = 2,3,4 are equal to the other three terms in (8).

[Received March 2005. Revised July 2006.]
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