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Traditional inference questions in the analysis of covariance mainly focus on comparing different factor levels by adjusting for the continu-
ous covariates, which are believed to also exert a significant effect on the outcome variable. Testing hypotheses about the covariate effects,
although of substantial interest in many applications, has received relatively limited study in the semiparametric/nonparametric setting.
In the context of the fully nonparametric analysis of covariance model of Akritas et al., we propose methods to test for covariate main
effects and covariate–factor interaction effects. The idea underlying the proposed procedures is that covariates can be thought of as factors
with many levels. The test statistics are closely related to some recent developments in the asymptotic theory for analysis of variance when
the number of factor levels is large. The limiting normal distributions are established under the null hypotheses and local alternatives by
asymptotically approximating a new class of quadratic forms. The test statistics bear similar forms to the classical F-test statistics and thus
are convenient for computation. We demonstrate the methods and their properties on simulated and real data.

KEY WORDS: Covariate effects; Fully nonparametric model; Heteroscedasticity; Interaction effects; Nearest-neighborhood windows;
Nonparametric hypotheses.

1. INTRODUCTION

In many scientific fields, researchers frequently face the
problem of analyzing a response variable at the presence of
both factors (categorical explanatory variables) and covariates
(continuous explanatory variables). Traditional inference fo-
cuses mainly on covariate-adjusted factor effects. Testing for
covariates effects, although of substantial interest in itself, has
received relatively limited attention, especially in a semipara-
metric/nonparametric setting. In this article we discuss formu-
lating and testing appropriate hypotheses for covariate effects
in a completely nonparametric fashion.

The classical analysis of covariance model imposes a set
of stringent assumptions including linearity, parallelism, ho-
moscedasticity, and normality. In this framework, testing the
significance of covariate effects is equivalent to checking
whether the regression coefficients are zero, and testing for the
presence of factor–covariate interaction effects amounts to in-
vestigating whether the regression lines have the same slope.
Due to its simplicity, the classical approach remains the most
popular tool in practice.

Early work to relax the restrictive assumptions of the classi-
cal ANCOVA model involves the use of rank-based methods.
This literature is very extensive, but it is fair to state that al-
though successful in some respects, the rank-based methods are
not totally satisfactory. For example, the test of Quade (1967)
can be applied only to test for covariate-adjusted treatment ef-
fects; it avoids assuming normality and linearity but requires
that the covariate have the same distribution across all treat-
ment levels. The approach of McKean and Schrader (1980)
does not need to assume normality but is based on paramet-
ric modeling of the covariate effect. Another line of research
yields interesting alternative models, including the partial lin-
ear model (Speckman 1988; Hastie and Tibshirani 1990), the
varying-coefficient model (Hastie and Tibshirani 1993), and the
model of Sen (1996). But these approaches still require certain
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parametric assumptions and have not considered the type of hy-
potheses that we discuss in this article.

Closer to the spirit of the present article is recent work
on testing the equality of two or more mean regression func-
tions (see Härdle and Marron 1990; Hall and Hart 1990; King,
Hart, and Wehrly 1991; Delgado 1993; Kulasekera 1995; Hall,
Huber, and Speckman 1997; Dette and Munk 1998; Dette and
Neumeyer 2001; Koul and Schick 2003, among others). The
null hypothesis considered by these authors amounts to the hy-
pothesis of no factor-simple effects (i.e., no factor main effects
and no factor–covariate interaction effects). These tests are de-
veloped under the assumption of a location-scale model; as our
simulation (Sec. 4) suggests, this is not a benign assumption.
Moreover, it is not immediately clear how the hypotheses of
no covariate effects or no factor–covariate interaction effects
can be directly formulated and tested with their approaches.
One exception is the work of Young and Bowman (1995), who
considered testing the parallelism of several mean regression
functions. They used a partial linear model, which provides one
way to formulate the hypothesis of no factor–covariate inter-
action effects. They did not consider any hypothesis related to
main covariate effects; for their method to work, the random er-
rors need to have homoscedastic normal distributions. Finally,
it also is not clear how the aforementioned methods can readily
accommodate more than one factor.

To overcome the aforementioned difficulties, this article ex-
tends the state of art of nonparametric analysis of covariance
in a number of ways. The new methodology applies to test-
ing all common hypotheses, allows for the presence of several
factors, includes both continuous and discrete ordinal response
variable, permits heteroscedastic errors, and does not require
the covariate to be equally spaced or to have the same distrib-
ution at different treatment level combinations. The main vehi-
cle for achieving this extension is the nonparametric model of
Akritas, Arnold, and Du (2000), which generalizes beyond the
common location-scale model.

To introduce the fully nonparametric model, let (Xij,Yij), i =
1, . . . , k, j = 1, . . . ,ni, denote the observable variables. More
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specifically, i enumerates the cells (or factor-level combina-
tions) and j denotes the observations within each cell. This no-
tation is typical for one-way analysis of covariance and also can
be used for higher-way designs, with the understanding that the
single index i enumerates all factor-level combinations; Xij may
also represent a vector of covariates if needed. More discussion
on higher-way designs and multiple covariates is given in Sec-
tion 6. The fully nonparametric model of Akritas et al. (2000)
specifies only that

Yij|Xij = x ∼ Fix; (1)

that is, given Xij = x, the distribution of Yij depends on i and x.
Thus (1) does not specify how this conditional distribution
changes with the cell or covariate value. In this sense it is com-
pletely nonparametric (also nonlinear and nonadditive). Choose
a distribution function G(x) and let

FG
i· (y) =

∫
Fix(y)dG(x) and F·x(y) = 1

k

k∑
i=1

Fix(y).

If the Xij’s are random, then G can be taken as their overall
distribution function. Therefore, if the covariate has the same
distribution in all groups, then FG

i· (y) is the marginal distribu-
tion function of Yij. The hypotheses of interest in model (1) for
the one-way design are as follows:

No main group effect, or FG
i· does not depend on i; (2)

No main covariate effect, or F·x(y) does not depend on x;
(3)

No group-covariate interaction, or Fix(y) = FG
i· (y) + Kx(y);

(4)

No simple group effect, or Fix(y) does not depend on i; (5)

and

No simple covariate effect, or Fix(y) does not depend on x,

(6)

where in (4) Kx(y) is some function independent of i. Effects
for these hypotheses are defined in terms of an ANOVA-type
decomposition,

Fix(y) = M(y) + Ai(y) + Dx(y) + Cix(y), (7)

where, under the side conditions
∑k

i=1 Ai(y) = 0 for all y,∫
Dx(y)dG(x) = 0 for all y,

∑k
i=1 Cix(y) = 0 for all x and y,

and
∫

Cix(y)dG(x) = 0 for all i and y, the effects are given
by M(y) = k−1 ∑k

i=1 FG
i· (y), Ai(y) = FG

i· (y) − M(y), Dx(y) =
F·x(y) − M(y), and Cix(y) = Fix(y) − M(y) − Ai(y) − Dx(y).
Borrowing terminology from the classical ANCOVA, Ai is the
covariate-adjusted main effect of cell i, Dx is the main effect of
the covariate value x, and Cix is the interaction effect between
cell i and covariate value x. The nonparametric hypotheses sim-
ply state that the corresponding nonparametric effects are zero.
In particular, the hypotheses (3) and (4) can be restated as

H0(D) : Dx(y) = 0 for all x and all y

and

H0(C) : Cix(y) = 0 for all i, all x, and all y.

An important property of the nonparametric hypotheses is that
they are invariant to monotone transformations of the response.
This property is particularly desirable for ordinal response vari-
ables because they can be coded using different scales by dif-
ferent researchers.

The use of mid-rank procedures for testing (2) was consid-
ered in Akritas et al. (2000). In this article we develop pro-
cedures for testing the hypotheses (3) and (4). Procedures for
testing (5) and (6) can be constructed similarly. Note that (4)
and (5) generalize the hypotheses of parallelism and equality of
regression lines, which were considered by Young and Bowman
(1995). Development of the present tests requires new types of
statistics and different techniques from those for testing (2).
The basic idea for constructing the test procedures is to treat
the continuous covariate as a factor with many levels and bor-
row suitable test statistics from the ANOVA. The methods are
therefore motivated by recent advances in the asymptotic theory
for heteroscedastic ANOVA with a large number of factor lev-
els (Akritas and Papadatos 2004; Wang and Akritas 2002). The
technical derivation involves the asymptotic approximation of a
new class of quadratic forms (Sec. 3.2). Some new asymptotic
tools are developed for this purpose.

In the sequel, we use N(µ,σ 2) to represent a normal distri-
bution with mean µ and variance σ 2 and let a ∧ b = min(a,b)

and a ∨ b = max(a,b). We let 1d denote the d × 1 column vec-
tor of 1’s, Jd = 1d1′

d , Id represent the d-dimensional identity
matrix, and ⊕ and ⊗ denote the operations of Kronecker sum
and Kronecker product.

The rest of the article is organized as follows. In the next
section we introduce the test statistics. In Section 3 we present
the asymptotic techniques and main theoretical properties, and
in Section 4 we report results from several simulation studies.
In Section 5 we apply the tests to two real datasets: the White
Spanish Onion data and the North Carolina Rain data. We pro-
vide some generalizations and discussions in Section 6 and give
proofs of the main theorems and some auxiliary technical re-
sults in two appendixes.

2. TEST STATISTICS

We adopt the convention that in each category i, the observed
pairs (Xij,Yij), i = 1, . . . , k, j = 1, . . . ,ni, are enumerated in as-
cending order of the covariate values; thus Xi1 < Xi2 < · · · <

Xini holds for each i. Also, we let X1 < X2 < · · · < XN de-
note the pooled covariate values Xij’s in ascending order, where
N = ∑k

i=1 ni is the total number of observations.
In the context of the nonparametric ANCOVA model (1),

there is no conceptual distinction between the ANCOVA and
ANOVA designs, because the effect of the covariate is not mod-
eled. The idea, then, for constructing the test statistics is to treat
the ANCOVA design as an ANOVA design where one factor,
corresponding to the covariate, has levels X1,X2, . . . ,XN . Thus
recent advances in testing hypotheses in ANOVA with one fac-
tor having many levels become relevant for the present testing
problems. Such methods are not directly applicable, however,
because of the sparseness issue (lack of replications in the cells)
caused by the continuity of the covariate. Our proposal for deal-
ing with the sparseness in the ANOVA design is to use the
fact that the covariate factor is actually a regressor and to use
smoothness assumptions.
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Basically, a smoothness assumption stipulates that the con-
ditional distribution of the response changes smoothly with
the covariate value. Different versions of smoothness assump-
tions are ubiquitous in nonparametric regression. They are used
for enhancing or augmenting the available information about
the conditional distribution of the response at a given x-value
by also considering the responses at covariate values that are
“close” to x or belong in a local “window” around x. In our
case we need to augment the available information for each Fix,
where i = 1, . . . , k and x takes any of the covariate values
X1,X2, . . . ,XN . Because the present hypothesis testing objec-
tive is different than that of nonparametric estimation, the win-
dow size n is required to increase with N at a rate only faster
than log N [see Assumption A1(b)]. This allows the use of fairly
small local window sizes even for large N, and simulations sug-
gest that the actual choice of the local window size does not
seem to have a large influence on the performance of the testing
procedures.

Augmenting the information that is available for Fix means,
in terms of the ANOVA design, augmenting the information
available in the corresponding cell (i, x). In particular, each
cell (i,Xr) is augmented to include the n responses from cat-
egory i whose corresponding covariate values Xij are nearest
to Xr in the sense that

|Ĝi(Xij) − Ĝi(Xr)| ≤ n − 1

2ni
,

where Ĝi(x) = n−1
i

∑ni
j=1 I(Xij ≤ x) is the empirical distribution

function of the covariate in group i. We use the notation Wir

to denote either the set of responses or the set of indices of
the observations in the augmented cell (i,Xr); the meaning
should be clear from the context. To distinguish the observa-
tions in the augmented ANOVA design from those of the orig-
inal observations, the tth observation in cell (i,Xr) is denoted
by Zirt. Specifically, Zirt = Yij if and only if

∑ni
l=1 I(Xil ≤ xij,

Yil ∈ Wir) = t.
Now let FD and FC denote the classical F statistics in bal-

anced two-way ANOVA for testing the null hypotheses of no
main column effects and no row–column interaction effects,
evaluated on the augmented data. Then FD and FC have the
expressions

FD = MSTD

MSE

= kn(N − 1)−1 ∑N
r=1(Z·r· − Z···)2

(Nk(n − 1))−1
∑k

i=1
∑N

r=1
∑n

t=1(Zirt − Zir·)2

and

FC = MSTC

MSE

= n{(N − 1)(k − 1)}−1

(Nk(n − 1))−1

×
∑k

i=1
∑N

r=1(Zir· − Z·r· − Zi·· + Z···)2

∑k
i=1

∑N
r=1

∑n
t=1(Zirt − Zir·)2

.

Unlike in the classical ANOVA model, E(Zirt − Zir·) = 0 is
no longer true. Similarly, E(Z·r· − Z···) 	= 0 under H0(D) and
E(Zir· − Z·r· − Zi·· + Z···) 	= 0 under H0(C). The reason why

FD and FC are suitable for testing the nonparametric hypothe-
ses (3) and (4) is that the aforementioned expectations tend to 0
under their respective null hypotheses and smoothness assump-
tions; see Lemma B.2 in Appendix B.

For the ANOVA with independent observations and a large
number of factor levels, asymptotic distributions are obtained
by considering N1/2(FD − 1) and N1/2(FC − 1) (see Wang and
Akritas 2002). But these results do not apply here, due to the
dependence of the observations in the augmented layout. In
Section 3.2 a new set of asymptotic approximation techniques
is developed that is suitable for our purpose. Due to the local
smoothing, the parametric convergence rate N1/2 is impossible
to achieve. The next section reveals that an appropriate scaling
constant should be of order N1/2n−1/2. Because under weak
regularity conditions, the MSE tends to a constant in probabil-
ity, by Slutsky’s theorem, it suffices to study the asymptotic dis-
tribution of

N1/2n−1/2TD = N1/2n−1/2(MSTD − MSE) (8)

and

N1/2n−1/2TC = N1/2n−1/2(MSTC − MSE), (9)

which we use as the test statistics for H0(D) and H0(C), from
now on.

3. ASYMPTOTIC DISTRIBUTIONS OF
THE TEST STATISTICS

3.1 Conventions and Assumptions

The test statistics in (8) and (9) can be expressed as TD =
Z′ADZ and TC = Z′ACZ, where Z = (Z111,Z112, . . . ,ZkNn)

′ is
the vector of all observations in the augmented design and

AD = 1

(N − 1)kn

N⊕
r=1

Jkn − 1

N(N − 1)kn
JNkn

− 1

Nk(n − 1)
INkn + 1

Nk(n − 1)n

N⊕
r=1

k⊕
i=1

Jn

and

AC = 1

(N − 1)(k − 1)n

(
N⊕

r=1

k⊕
i=1

1n

)

×
(

INk − JN ⊗
(

k⊕
i=1

1

N

)
−

N⊕
r=1

1

k
Jk + 1

Nk
JNk

)

×
(

N⊕
r=1

k⊕
i=1

1′
n

)
− 1

Nk(n − 1)

(
INkn − 1

n

N⊕
r=1

k⊕
i=1

Jn

)
.

For later reference, we also define two other quadratic forms,
Z′BDZ and Z′BCZ, where

BD = 1

Nkn

N⊕
r=1

Jkn − 1

Nk(n − 1)
INkn + 1

Nk(n − 1)n

k⊕
i=1

N⊕
r=1

Jn
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is block diagonal with block size kn × kn and

Z′BCZ = 1

Nk(n − 1)

k∑
i=1

N∑
r=1

[Z′
irJnZir − Z′

irZir]

− 1

Nk(k − 1)n

k∑
i1 	=i2

N∑
r=1

Z′
i1rJnZi2r,

where Zir = (Zir1, . . . ,Zirn)
′ is a vector of all observations in

the augmented cell (i,Xr). Moreover, we set K(u) = I(|u| ≤ 1),
G(x) for the overall distribution function of X, Gi for the dis-
tribution function of X in the ith group, and hi = (n − 1)/(2ni),
and define

Ki,G(X1,X2) = K

(
Gi(X1) − Gi(X2)

hi

)
. (10)

The asymptotic distributions of TD and TC are derived under
the following assumptions:

Assumption A1. (a) For each i, ni/N → λi ∈ (0,1) as
ni → ∞.

(b) ln(Nn−1) = o(n), ln(Nn−1)/ ln ln N → ∞, N−3n5 =
o(1) as N → ∞.

Assumption A2. (a) The covariate Xi is a continuous random
variable, i = 1, . . . , k.

(b) The Xi’s have common bounded support S, i = 1, . . . , k.
(c) The density gi of Xi is bounded away from 0 and ∞ on

S and is differentiable, i = 1, . . . , k.
(d)

∫
y dFi(y|x) are uniformly Lipschitz continuous of order

1 in the following sense: There exists some positive constant c
such that∣∣∣∣
∫

y dFi(y|x1) −
∫

y dFi(y|x2)

∣∣∣∣ ≤ c|x1 − x2| for all i, x1, x2.

Assumption A3. E(Y4
ij|Xij = x) are uniformly bounded

in i, j, x.

The restriction that Assumption A1(b) puts on n is very
weak; for example, n is allowed to go to infinity at the
rate log N. This assumption also implies that n = o(N3/5).
We find that a typical order of N1/2 often works well in prac-
tice. Our simulation results indicate that the nonparametric test
is usually valid for a wide range of choices of n. Assump-
tions A2 and A3 impose weak smoothness and moment con-
straints.

3.2 A New Class of Quadratic Forms and
Asymptotic Approximations

The test statistics that we are dealing with are quadratic
forms of the type Z′MZ, where M is a symmetric matrix and
Z is a random column vector whose dimension goes to infinity.
When the coordinates of Z are independent and homoscedas-
tic random variables, the asymptotic distribution of this type of
quadratic form was studied by Boos and Brownie (1995), Jiang
(1996), and Akritas and Arnold (2000); when the coordinates
of Z are independent but heteroscedastic, it was investigated by
Akritas and Papadatos (2004), who applied a novel variant of
Hájek’s projection method. In our setting, besides the fact that
Z is nonnormal and heteroscedastic, its distribution depends on

a vector of covariates, and its coordinates are correlated due
to the local augmentation. To our knowledge, no asymptotic
method in the literature is directly applicable.

Our approach for obtaining the asymptotic distribution of
this class of quadratic forms consists of four steps. First, it
can be assumed without loss of generality that the observa-
tions are conditionally centered under the null hypothesis; this
is done in Proposition 1. Second, the test statistics are approx-
imated by simpler quadratic forms obtained by an application
of Akritas and Papadatos’s (2004) variant of Hájek’s projec-
tion method; this is done in Proposition 2 (although the pro-
jection calculations, which are quite tedious, are not shown).
Third, the simpler quadratic forms are further approximated by
the clean generalized quadratic forms (de Jong 1987), which in-
volve only independent variables; this is done in Proposition 3.
Finally, the conditions for establishing the asymptotic normal-
ity of the clean generalized quadratic forms (proposition 3.2 of
de Jong 1987) are verified, which proves the asymptotic nor-
mality of the proposed test statistics; the last step is presented
in the next section. The new techniques developed in this arti-
cle are of independent interest and are likely to be useful for
asymptotic analysis of other similar statistics.

Proposition 1. Assume that Assumptions A1 and A2 hold.
Then the following results apply:

(a) Under H0(D), N1/2n−1/2[Z′ADZ − (Z − E(Z|X))′ ×
AD(Z − E(Z|X))] → 0 in probability.

(b) Under H0(C), N1/2n−1/2[Z′ACZ − (Z − E(Z|X))′ ×
AC(Z − E(Z|X))] → 0 in probability.

Proposition 2. Assume that Assumptions A1–A3 hold. Then
the following results apply:

(a) Under H0(D), N1/2n−1/2(Z′ADZ − Z′BDZ) → 0 in
probability.

(b) Under H0(C), N1/2n−1/2(Z′ACZ − Z′BCZ) → 0 in
probability.

Proposition 3. Assume that Assumptions A1–A3 hold. Then
the following results apply:

(a) Under H0(D), N1/2n−1/2(Z′BDZ − T) → 0 in probabil-
ity, where T = T1 + T2, with

T1 = 1

k(n − 1)

k∑
i=1

ni∑
l1 	=l2

Yil1Yil2

×
∫

Ki,G
(
Xil1 , x

)
Ki,G

(
Xil2 , x

)
dG(x)

and

T2 = 1

kn

k∑
i1 	=i2

ni1∑
l1=1

ni2∑
l2=1

Yi1l1 Yi2l2

×
∫

Ki1,G
(
Xi1l1, x

)
Ki2,G

(
Xi2l2, x

)
dG(x).

(b) Under H0(C), N1/2n−1/2(Z′BCZ − T̃) → 0 in probabil-
ity, where T̃ = T1 − (k − 1)−1T2, for T1 and T2 defined earlier.
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3.3 Asymptotic Distribution Under the Null

The two theorems that follow provide the asymptotic dis-
tributions of the test statistics under the null hypotheses of
no nonparametric main covariate effects and no nonparametric
factor–covariate interaction effects.

Theorem 1. Assume that Assumptions A1–A3 hold. Then,
under H0(D),

N1/2n−1/2TD → N

(
0,

4

3k2
(ξ4 + η4)

)
,

where, setting σ 2
i (x) = var(Yij|Xij = x), ρi(t) = λigi(t), g(t) =∑k

i=1 ρi(t), and τi1,i2(t) = 3(ρi1(t)∧ρi2(t))− (ρi1(t)∧ρi2(t))2/

(ρi1(t) ∨ ρi2(t)),

ξ4 =
k∑

i=1

∫
σ 4

i (t)
g2(t)

ρi(t)
dt and

η4 =
k∑

i1<i2

∫
σ 2

i1(t)σ
2
i2(t)

g2(t)

ρi1(t)ρi2(t)
τi1,i2(t)dt.

Theorem 2. Assume that Assumptions A1–A3 hold. Then,
under H0(C),

N1/2n−1/2TC → N

(
0,

4

3k2
ξ4 + 4

3k2(k − 1)2
η4

)
,

where ξ4 and η4 are defined as in Theorem 1.

To implement the tests, we need to estimate the asymptotic
variances. In simulations and data analysis, we use the follow-
ing simple and consistent estimators for ξ4 and η4:

ξ̂4 = 3

2Nn(n − 1)2

k∑
i=1

ni∑
l1 	=l2

σ̂ 2
i

(
xil1

)
σ̂ 2

i

(
xil2

)

×
[

N∑
r=1

I
(
xil1 ∈ Wir

)
I
(
xil2 ∈ Wir

)]2

and

η̂4 = 3

2Nn3

k∑
i1 	=i2

ni1∑
l1=1

ni2∑
l2=1

σ̂ 2
i1

(
xi1l1

)
σ̂ 2

i2

(
xi2l2

)

×
[

N∑
r=1

I
(
xi1l1 ∈ Wi1r

)
I
(
xi2l2 ∈ Wi2r

)]2

,

where, for σ̂ 2
i (xil1) we take the sample variance of all observa-

tions in the window centered around xil1 and similarly for the
other conditional variances. One advantage of these estimators
is their computational convenience because they avoid directly
estimating the density functions of the covariates.

3.4 Asymptotic Distribution Under Local Alternatives

To investigate the power properties of the tests, we consider
the sequence of local alternatives

FN,ix(y) = Fix(y) + (Nn)−1/4Rix(y), (11)

where Fix(y), i = 1, . . . , k, satisfy the null hypothesis of in-
terest and Rix(y), i = 1, . . . , k, are such that

∫
y dRix(y) and

∫
y2 dRix(y) are uniformly bounded for all i and x. It is also as-

sumed that for some positive constant C, |Rix1(y) − Rix2(y)| ≤
C|x1 − x2|, for all i, y. Define

θD =
∫ [

1

k

k∑
i=1

∫
y dRix(y)

]2

dG(x)

−
[

1

k

k∑
i=1

∫
y dRix(y)dG(x)

]2

and

θC =
k∑

i=1

∫ [∫
y dRix(y) − 1

k

k∑
j=1

∫
y dRjx(y)

−
∫

y dRit(y)dG(t) + 1

k

k∑
j=1

∫
y dRjt(y)dG(t)

]2

dG(x).

The next lemma plays a central role in the derivation of
the asymptotic distributions under the local alternatives. Let
EN(·|X) denote expectation under the local conditional distrib-
ution functions specified by (11); then, instead of Proposition 1,
we have the following result.

Lemma 1. Assume that Assumptions A1 and A2 hold and
that the sequence of conditional distributions FN,ix(y) satisfies
(11). Then the following results apply:

(a) If Fix(y), i = 1, . . . , k, satisfy H0(D), then

N1/2n−1/2[Z′ADZ − (
Z − EN(Z|X)

)′AD
(
Z − EN(Z|X)

)]
→ kθD

in probability.
(b) If Fix(y), i = 1, . . . , k, satisfy H0(C), then

N1/2n−1/2
[

Z′ACZ − (
Z − EN(Z|X)

)′AC
(
Z − EN(Z|X)

)]

→ θC

k − 1

in probability.

The asymptotic distributions of the test statistics under the
foregoing local alternative sequences are given by the following
two theorems.

Theorem 3. Let ξ4 and η4 be as defined in Theorem 1. Then,
under Assumptions A1–A3, for the sequence of local alterna-
tives FN,ix(y) in (11) with Fix(y) satisfying H0(D),

N1/2n−1/2TD → N

(
kθD,

4(ξ4 + η4)

3k2

)
.

Theorem 4. Let ξ4 and η4 be as defined in Theorem 1. Then,
under Assumptions A1–A3, for the sequence of local alterna-
tives FN,ix(y) in (11) with Fix(y) satisfying H0(C),

N1/2n−1/2TC → N

(
θC

k − 1
,

4ξ4

3k2
+ 4η4

3k2(k − 1)2

)
.
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4. SIMULATIONS

We carried out Monte Carlo simulations to compare the per-
formance of the proposed nonparametric test (NP test) with that
of some common alternatives. We focus the comparisons on
testing the null hypothesis of no interaction effects. All simula-
tion results use a nominal level of .05 and are based on 500 runs.
Covariate values are generated separately for each group from
the uniform distribution on (0,1) unless specified otherwise. In
this section the εij’s represent independent standard normal ran-
dom variables.

For a continuous response variable, the NP test is compared
with the semiparametric test (YB test) of Young and Bowman,
the classical F test (CF test), and the drop test of McKean and
Schrader (1980) (see also Hettmansperger and McKean 1998,
sec. 3.6). We note that the term “drop test” was used by Terpstra
and McKean (2004), who recently developed R software for the
implementation of this test. For a dichotomous response vari-
able, the NP test is compared with the deviance test in logistic
regression model.

We first present results from three small simulations that
demonstrate that the three alternative tests for the case of a
continuous response variable are sensitive to departures from
the assumptions that underly their asymptotic distribution the-
ory. All three simulations use two groups and one continu-
ous covariate. To investigate the effect of heteroscedasticity,
we take n1 = 60 and n2 = 40 and generate data according to
Y1j = .1X2

1jε1j and Y2j = .1X2
2jε2j. The observed type I error for

the NP test is .076 (n = 7), .069 (n = 9), and .057 (n = 11),
for the YB test it is .117, for the CF test it is .131, and for
the drop test it is .264. To investigate the effect of covariate
distribution, we take n1 = n2 = 30 and generate the covariate
of the first group from uniform distribution on (10,20) and
the covariate of the second group from 8 + 14 ∗ Beta(3,3) re-
stricted on (10,20); the response variables are generated by
Yij = 1 + .3Xij + εij. The observed type I error for the NP
test is .058 (n = 5), .042 (n = 7), .034 (n = 9), that for the
YB test is .328, that for the CF test is .052, and that for
the drop test is .054. Finally, to investigate the effect of de-
partures from the location-scale model, we take n1 = 60 and
n2 = 40, and generate data according to a mixture distribution,
Y1j|X1j = x ∼ F1x(y) = .5	((y − 2)/.1) + .5	((4x − y)/.1),
Y2j|X2j = x ∼ F2x(y) = .5	(y/.1) + .5	((4x − y)/.1), where
	(·) is the cumulative distribution function of the standard nor-
mal distribution; thus the conditional means for groups 1 and 2
are 1 + 2x and 2x. The observed type I error for the NP test
is .078, .064, .056 for n = 7,9,11, that for the YB test is .182,
that for the CF test is .144, and that for the drop test is .556.

As expected, the achieved level of the NP test is reasonable
for a wide variety of data-generating mechanisms. Because of
the sensitivity of the other tests to violations of certain assump-
tions, Examples 1 and 2 use homoscedastic normal errors.

Example 1. Here the data are generated according to

Y1j = .1ε1j and Y2j = θX2j + .1ε2j (12)

for θ = 0, .1, .2, .3, where θ = 0 corresponds to the null hypoth-
esis. The results are summarized in Table 1.

Table 1. Estimated Powers of the NP Test, YB Test, CF Test, CO Test,
and Drop Test for the Linear Alternative (12) at Level α = .05,

Based on 500 Simulations

θ 0 .1 .2 .3
ni Test n level power power power

30 NP 3 .090 .150 .395 .651
5 .076 .145 .413 .694
7 .062 .141 .427 .707

YB .054 .088 .201 .415
CF .057 .201 .578 .881

Drop .048 .158 .540 .860

50 NP 5 .062 .172 .529 .872
7 .052 .175 .564 .908
9 .051 .185 .592 .915

YB .053 .107 .304 .658
CF .033 .280 .807 .982

Drop .036 .294 .784 .984

In this example the assumptions of the classical ANCOVA
are satisfied, and, as expected, the CF test outperforms the
other three. The drop test is slightly less powerful than the CF
test, whereas the NP test outperforms the YB test. The reduced
power of the NP and YB tests for linear alternatives is the price
that they must pay for guarding against omnibus alternatives, as
is demonstrated in the next example.

Example 2. Here the data are generated according to

Y1j = .1ε1j and
(13)

Y2j = θ(X2
2j − X2j + .15) + .1ε2j

for θ = 0, .5,1.0,1.5, where θ = 0 corresponds to the null hy-
pothesis. The results are summarized in Table 2. The superiority
of the NP test is obvious, whereas the powers of the CF test and
the drop test are close to the specified nominal level and the YB
test has power in between.

Example 3. We consider data with a binary response vari-
able. The CF test, drop test, and YB test are inappropriate for
such data. The logistic regression model is commonly used for
handling this type of data. It assumes that the binary response
has a Bernoulli distribution and that the covariate has a linear
effect on the logit of the success probability. A test for interac-
tion effects can be obtained by comparing the deviance under

Table 2. Estimated Powers of the NP Test, YB Test, CF Test, CO Test,
and Drop Test for the Quadratic Alternative (13) at Level α = .05,

Based on 500 Simulations

θ 0 .5 1.0 1.5
ni Test n level power power power

30 NP 3 .089 .198 .498 .812
5 .060 .162 .438 .813
7 .042 .129 .397 .742

YB .043 .107 .304 .646
CF .068 .053 .078 .099

Drop .040 .042 .084 .074

50 NP 5 .070 .239 .670 .964
7 .053 .236 .687 .964
9 .042 .213 .666 .961

YB .058 .164 .467 .866
CF .043 .053 .059 .078

Drop .034 .038 .066 .088
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Table 3. Estimated Powers of the NP Test and the Deviance Test of
the Logistic Regression Model for (14) at Level α = .05,

Based on 500 Simulations

θ 0 1 2 3 4
ni Test n level power power power power

30 NP 3 .060 .106 .306 .486 .590
5 .026 .074 .266 .458 .596
7 .016 .062 .206 .380 .518

Logistic .068 .084 .058 .084 .060

50 NP 5 .038 .094 .468 .746 .874
7 .030 .096 .490 .800 .890
9 .028 .078 .482 .788 .910

Logistic .068 .058 .064 .052 .064

the full model and under the reduced model. To make a com-
parison with the NP test, we simulate an experiment with three
different groups (k = 3),

Y1j ∼ Bernoulli

(
exp(θ cos(2πX1j))

1 + exp(θ cos(2πX1j))

)
(14)

for θ = 0,1,2,3,4; Y2j and Y3j are independent Bernoulli ran-
dom variables with success probability .5. The results from the
NP test and the deviance test based on logistic regression model
are displayed in Table 3. The NP test is very powerful, whereas
the deviance test has power close to its nominal level.

5. EMPIRICAL STUDIES

5.1 Case Study 1: White Spanish Onion Data

Many studies in agricultural science investigate the relation-
ship between yield and planting density for different crops. This
dataset, taken from Ratkowsky (1983), consists of 84 measure-
ments on white Spanish onions from two different locations in
south Australia, Purnong Landing and Virginia.

Of interest is to investigate whether density (plants/m2) has
a significant effect on yield (g/plant) and if the yield–density
relationship is the same for the two locations. Following Young
and Bowman (1995), who analyzed this dataset for interaction
effects, we took off the two obvious outliers from the Virginia
group corresponding to the smallest and greatest densities. Fig-
ure 1(a) depicts the relation between the yield on the natural log
scale and the density, where the circles represent the Purnong
Landing group and the crosses represent the Virginia group.
The local linear smoothers imposed on the scatter plot use
Gaussian kernel and bandwidth selected by the direct plug-in
method (Ruppert, Sheather, and Wand 1995).

For the covariate effects, the NP test (for a wide range of
window sizes), the CF test, and the drop test all give p values
of 0, indicating a significant density effect on yield.

For the interaction effects, the CF test gives a p value
of .0363, the YB test gives high p values for a wide range
of smoothing parameters, the NP test gives p values of .7100,
.6187, and .3247 for window size 7, 9, 11, and the drop test
gives a p value of .1051. Moreover, Ratkowsky (1983) using
an approximate F test within Holliday’s (1960) nonlinear yield-
density model, obtained a p value of .2523.

A careful exploration of the data helps explain why the CF
test suggests significant interaction effects when the other four
tests do not. Although the normality assumption seems reason-
able, the homoscedasticity assumption appears to be violated.

This is suggested by plots of the standardized residuals from the
classical parametric model and of the estimated (by the method
of Ruppert, Wand, Holst, and Hössjer 1997) conditional vari-
ance functions displayed in Figure 1. The simulations reported
before Example 1 of Section 4 point out the possible liberal be-
havior of the classical F test under such model violations. The
standardized residual plot in the Figure 1(c) also reveals that the
observation (21.25,5.4606) in the Virginia group has a stan-
dardized residual of 2.745. When this data point is removed,
the p value of the CF test jumps to .0857, suggesting its un-
stable behavior. We remark that with this data point removed,
the other tests continue to indicate nonsignificant interaction ef-
fects, whereas all p values for testing for no covariate effects
continue to be near 0.

All other tests but the fully nonparametric test also can be
sensitive to the assumption of homoscedasticity. Investigation
of the extent of such sensitivity of various tests in a controlled
experimental setting is a worthwhile topic for future study. Our
experience indicates that the divergence of the parametric and
nonparametric tests usually suggests some kind of violation of
the underlying parametric assumptions. Although the fully non-
parametric test provides certain protection against model mis-
specification, we recommend that it is always good practice for
a data analyst to validate any underlying model assumption be-
fore making inference.

5.2 Case Study 2: North Carolina Rain Data

The rain data were obtained as part of the National Atmo-
spheric Deposition Program, which monitors wet atmospheric
deposition at different locations across the United States. As
an example, we consider data on the pH level of the precip-
itation in two North Carolina cities, Coweeta and Lewiston,
and analyze it for time effects and location–time interaction ef-
fects. There are 120 monthly readings from January 1988 to
December 1997. A scatterplot is given in Figure 2, with dots de-
noting observations from Coweeta and crosses denoting those
from Lewiston. Local linear smoothers are imposed on this
plot, with the solid line for Coweeta data and the dashed line
for Lewiston data. Although clear seasonal oscillation is seen,
a residual analysis does not suggest correlation over time.

For the interaction effects, the CF test gives a p value
of .9876, the drop test gives a p value of .9492, the YB test
gives p values close to 1 for a large range of smoothing para-
meters, and the NP test gives p values of .9135, .9561, .9615,
.9659, and .9606 for local window sizes 7, 9, 11, 13, and 15.
Thus all methods indicate that the interaction effects are statis-
tically negligible.

For the covariate effects, the CF test gives a p value of .0579,
the drop test gives a p value of .1229, and the NP test gives
p values of 0, .0003, .0108, .0135, and .0065 for local window
sizes 7, 9, 11, 13, and 15. The failure of the CF and drop tests
to indicate a significant covariate effect is probably due to the
fact that in this example the effect is not linear.

6. GENERALIZATIONS AND DISCUSSIONS

We have provided a thorough treatment of testing covariate
effects and covariate–factor interaction effects for a single fac-
tor and a single continuous covariate. In this section we briefly
consider data analysis in designs with more than one factor
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(a) (b)

(c) (d)

Figure 1. Plots of the White Spanish Onion Data. (a) A scatterplot where the circles denote the observations from Purnong Landing and the
crosses denote the observations from Virginia, local linear smoothers are imposed. (b) The standardized residuals from the classical parametric
model for the data of Purnong Landing. (c) The standardized residuals from the classical parametric model for the data of Virginia. (d) The local
linear estimators of the two conditional variance functions, where the solid line represents Purnong Landing and the dashed line represents Virginia.

Figure 2. Scatterplot of North Carolina Rain Data.

and/or multiple covariates. We also discuss a new test statis-
tic that can incorporate general weighting scheme and the chal-
lenges for finding optimal weights.

6.1 Two-Way and Higher-Way ANCOVA

The case of more than one factor is readily incorporated in
the nonparametric model (1) by imposing a structure on the in-
dex i. To illustrate the ideas, we consider a two-way ANCOVA
model, where the row factor has a levels and the column factor
has b levels. The nonparametric model assumes only that con-
ditional on the covariate value Xijk = x, the responses Yijk are
independent with conditional distribution function

Yijk|Xijk = x ∼ Fijx.

The decomposition (7) can be similarly written as

Fijx(y) = M(y) + Ai(y) + Bj(y) + (AB)ij(y) + Dx(y) + Cijx(y),

where M(y) = (ab)−1 ∑a
i=1

∑b
j=1

∫
Fijx(y)dG(x), Ai(y) =

b−1 ∑b
j=1

∫
Fijx(y)dG(x)−M(y), Bj(y) = a−1 ∑a

i=1

∫
Fijx(y)×

dG(x) − M(y), Dx(y) = (ab)−1 ∑a
i=1

∑b
j=1 Fijx(y) − M(y),
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(AB)ij(y) = ∫
Fijx(y)dG(x) − Ai(y) − Bj(y) + M(y), and

Cijx(y) = Fijx(y) − M(y) − Ai(y) − Bj(y) − (AB)ij(y) − Dx(y).
The last term, Cijx(y), includes all first- and second-order inter-
action terms and can be further decomposed as

Cijx(y) = (AD)ix(y) + (BD)jx(y) + (ABD)ijx(y),

where (AD)ix(y) = b−1 ∑b
j=1 Fijx(y) − Ai(y) − Dx(y) + M(y),

(BD)jx(y) = a−1 ∑a
i=1 Fijx(y) − Bj(y) − Dx(y) + M(y), and

(ABD)ijx(y) = Cijx(y) − (AD)ix(y) − (BD)jx(y).
In the foregoing two-way model, testing the null hypothesis

of no main covariate effects [H0 : Dx(y) = 0 for all x and y] will
be exactly the same as in the one-way case, because we can
pretend that the ab treatment combinations come from a single
factor with ab levels. This is also true for testing the null hy-
pothesis of no interaction effects between the covariate and the
two factors [H0 : Cijx(y) = 0 for all i, j, x, and y]. Testing for no
interaction effects between the covariate and a particular factor
is not included in the previous development, but a test procedure
can be constructed using the method described in Section 2.
More specifically, to test for no interaction effects between the
covariate and the row factor A [i.e., H0(AD) : (AD)ix(y) = 0 for
all i = 1, . . . ,a and all x and y], one formulates a hypothetical
three-way ANOVA with a factor of a levels (those of row fac-
tor A), a factor of b levels (those of column factor B), and a
factor of N levels (corresponding to the covariate). This three-
way design is then augmented to n observations per cell. If we
denote the pseudo-observations by Zijrt, then the test statistic
for testing H0(AD) is TAD = MSAD − MSE, where

MSAD = bn
∑a

i=1
∑N

r=1(Zi·r· − Zi··· − Z··r· + Z····)2

(a − 1)(N − 1)

and

MSE =
∑a

i=1
∑b

j=1
∑N

r=1
∑n

t=1(Zijrt − Zijr·)2

abN(n − 1)
,

where Zijr· = n−1 ∑n
t=1 Zijrt, Zi·r· = b−1 ∑b

j=1 Zijr·, Zi··· =
(bN)−1 ∑b

j=1
∑N

r=1 Zijr·, Z··r· = (ab)−1 ∑a
i=1

∑b
j=1 Zijr·, and

Z···· = (abN)−1 ∑a
i=1

∑b
j=1

∑N
r=1 Zijr·. Following the same ar-

guments as in the proof of Theorem 1, with slightly more com-
plex notation, we can prove the asymptotic normality of TAD.
Under suitable regularity assumptions, we can show that when
H0(AD) holds,

N1/2n−1/2TAD → N

(
0,

4

3a2b2
(ξ4 + η4 + φ4)

)
, (15)

where, setting σ 2
ij (x) = var(Yijk|Xijk = x), λij = limN→∞ N−1 ×

nij, ρij(t) = λijgij(t), g(t) = ∑a
i=1

∑b
j=1 ρij(t), and τi1j1,i2j2(t) =

3(ρi1j1(t) ∧ ρi2j2(t)) − (ρi1j1(t) ∧ ρi2j2(t))
2/(ρi1j1(t) ∨ ρi2j2(t)),

ξ4 =
a∑

i=1

b∑
j=1

∫
σ 4

ij (t)
g2(t)

ρij(t)
dt,

η4 =
a∑

i=1

b∑
j1<j2

∫
σ 2

ij1(t)σ
2
ij2(t)

g2(t)

ρij1(t)ρij2(t)
τij1,ij2(t)dt,

Table 4. Estimated Powers of the NP Test and CF Test for the Two-Way
ANCOVA (16) at Level α = .05, Based on 500 Simulations

θ 0 .5 1.0 1.5
Test n level power power power

NP 5 .057 .257 .810 .987
7 .040 .183 .787 .983
9 .033 .160 .700 .970

CF .040 .070 .073 .057

and

φ4 =
a∑

i1<i2

b∑
j1=1

b∑
j2=1

∫
σ 2

i1j1(t)σ
2
i2j2(t)

g2(t)

ρi1j1(t)ρi2j2(t)
τi1j1,i2j2(t)dt.

These can be estimated similarly as described in Section 3.3.
We remark that the result in (15) covers testing for interac-

tion effects between the covariate and a factor in multifactor
ANCOVA designs. To see this, let factor A denote the factor
whose interaction with the covariate is to be tested, and let fac-
tor B having as levels the factor-level combinations of all the
other factors.

To illustrate the performance of the foregoing test, Table 4
reports the results of a small simulation study done using a two-
way ANCOVA design in which both the row and column factors
have two levels. Covariate values for each of the four cells are
generated independently from a uniform distribution on (0,1),
and the responses are generated as

Y11k = .1ε11k, Y12k = .1ε12k,

Y21k = θ cos(2πX21k) + .1ε21k, and (16)

Y22k = θ cos(2πX22k) + .1ε22k,

for k = 1, . . . ,30 and θ = 0, .5,1.0,1.5, where the εijk’s are in-
dependent standard normal random variables. It is seen that the
NP test exhibits satisfactory behavior and is more powerful than
the CF test.

6.2 Multiple Covariates

Although the foregoing discussion is restricted to scalar
covariate, the method of constructing test statistics can nonethe-
less be generalized to the multivariate covariate case. The or-
dering of a single covariate is straightforward. In practice, the
ordering of a multivariate vector is often based on either cer-
tain distance measure, such as Euclidean distance based on
standardized coordinates and Mahalanobis distance, or some
associated score, such as sample score of variation. With ap-
propriate ordering, a nearest-neighborhood window can be
formed.

In the presence of multiple covariates, testing main covari-
ate effects or factor–covariate interaction effects may proceed
similarly if the covariate vector can be treated as a whole.
Probably the simplest way to create nearest-neighborhood win-
dows is to use the so-called “statistically equivalent blocks” or
“Gassaman rule” (see, e.g., Gassaman 1970; Lugosi and Nobel
1996), where many small blocks are created such that they all
contain equal numbers of observations. Each block may be con-
sidered a hypothetical cell; the test statistic and the asymptotic



Wang and Akritas: Testing for Covariate Effects 731

theory remain the same. It is also possible that a single covari-
ate calls for special attention; for example, we may wish to test
whether a particular covariate is significant. In this case this par-
ticular covariate should be separated from the others and treated
as a factor with many levels. Test statistics are readily available
by borrowing those from analysis of variance, the asymptotic
tools developed in this article can be applied to derive their as-
ymptotic distributions.

6.3 General Weights

In each local window, all of the observations are weighted
equally. It is possible to design a similar but different test sta-
tistic such that a more general weighting scheme can be incor-
porated. Each hypothetical observation Zirt can be assigned a
weight that depends on the distance between its associated co-
variate Xil and the center of the corresponding local window,
and these weighted observations are used in the test statistics.
More specifically, we define

Z∗
irt = ZirtK

(
Ĝi(Xil) − Ĝi(Xr)

hi

)
,

where K(·) represents a general kernel function. To test for the
null hypotheses H0(D) and H0(C), we define the test statistics
as in (8) and (9) but with Zirt replaced by Z∗

irt. Then the test
statistics considered in Section 2 are simply special cases with
K(u) = I(|u| ≤ 1). The techniques developed in this article can
be generalized to analyze the new test statistics.

It is well known that in estimation theory, the Epanechnikov
kernel is optimal for kernel smoothing in the sense that it min-
imizes the asymptotic mean integrated squared error. But this
optimality does not automatically carry over to the present set-
ting of hypothesis testing, where the power is the performance
criterion. For any given alternative, the power function usually
depends on the true unknown distribution of the data. The op-
timal weighting derived by maximizing this power function,
even if mathematically tractable, is of limited practical use be-
cause it requires knowledge of both the alternative and the
unknown data distribution. The fact that the alternative space
considered in this article is an infinite-dimensional functional
space makes the problem of optimal testing even more chal-
lenging. However, some general results might still be possible,
as suggested by some recent work. For a one-sample problem
of testing for no covariate effects, Eubank (2000) derived an
asymptotically efficient smoothing lack-of-fit test that is most
powerful over a class of alternatives. In a related problem of
testing for the superiority among two regression curves, Koul
and Schick (2003) showed that for any given local alterna-
tive, it is possible to find weights such that the test achieves
the upper bound on the asymptotic power of all asymptotic
level-α tests. We expect that these will stimulate similar fu-
ture developments in the nonparametric analysis of covariance
problem.

APPENDIX A: SKETCH OF PROOFS

The sketch of proofs is for the test statistic TD. The asymptotic re-
sults for TC can be proven similarly. For notational convenience, we
take n to be odd.

Proof of Proposition 1

Let Q = N1/2n−1/2[Z′ADZ− (Z−E(Z|X))′AD(Z−E(Z|X))], we
show that E(Q2) → 0. After some algebraic manipulation,

E(Q2|X) = Nn−1[
4E(Z|X)′AD cov(Z|X)ADE(Z|X)

+ (
E(Z|X)′ADE(Z|X)

)2]
.

The square root of the second term in the foregoing sum is equal to

N1/2n−1/2

[
kn

N − 1

N∑
r=1

(
E(Z·r·|X) − E(Z···|X)

)2

− 1

Nk(n − 1)

k∑
i=1

N∑
r=1

n∑
t=1

(
E(Zirt|X) − E(Zir·|X)

)2

]

= N1/2n−1/2O(N−1n)O(N)O(N−2n2)

− N1/2n−1/2O(N−1n−1)O(Nn)O(N−2n2)

= O
(
N−3/2n5/2)

,

where the first equation is obtained by Lemma B.2 in Appendix B. We
now evaluate the order of the first term of E(Q2|X). First, note that

ADE(Z|X) =
[

1

(N − 1)kn

N⊕
r=1

Jkn − 1

N(N − 1)kn
JNkn

]
E(Z|X)

−
[

1

Nk(n − 1)
INkn − 1

Nk(n − 1)n

N⊕
r=1

k⊕
i=1

Jn

]
E(Z|X),

because the coordinate of the first Nkn × 1 vector is of the form
(N − 1)−1(E(Z·r·|X) − E(Z···|X)), and that of the second vector is
of the form {Nk(n − 1)}−1(E(Zirt|X) − E(Zir·|X)), the order of
ADE(Z|X) is O(N−2n)1Nkn + O(N−2)1Nkn = O(N−2n)1Nkn. The
order of the first term of E(Q2|X) is O(N−3n)1′

Nkn cov(Z|X)1Nkn =
O(N−2n3) by Lemma B.3 in Appendix B. Thus E(Q2|X) = O(N−2 ×
n3) + O(N−3n5) = O(N−3n5). By dominated convergence theorem
(DCT), E(Q2) → 0.

Proof of Proposition 2

Denote Q = N1/2n−1/2(Z′BDZ − Z′ADZ), then

Q = 1

N1/2(N − 1)kn3/2

k∑
i1=1

k∑
i2=1

N∑
r1 	=r2

n∑
t1=1

n∑
t2=1

Zi1r1t1 Zi2r2t2 .

We have

E(Q2|X) = O(N−3n−3)

k∑
i=1

N∑
r1 	=r2

N∑
r3 	=r4

ni∑
l1,l2,l3,l4

E
(
yil1 yil2 yil3 yil4

∣∣X)

× I
(
lm ∈ Wirm ,m = 1,2,3,4

)

+ O(N−3n−3)

×
k∑

i1 	=i2

N∑
r1 	=r2

N∑
r3 	=r4

ni1∑
l1,l2=1

ni2∑
l3,l4=1

E
(
yi1l1 yi1l2 yi2l3 yi2l4

∣∣X)

× I
(
l1 ∈ Wi1r1 , l2 ∈ Wi1r2 , l3 ∈ Wi2r3 , l4 ∈ Wi2r4

)
.

Note that by Lemma B.3 in Appendix B, the first term is of order
O(N−3n−3)O(N2n4) = O(N−1n); the order of the second term is also
(N−3n−3)O(N2n4) = O(N−1n). Thus E(Q2) → 0 by the DCT and

Q
p→ 0.
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By Proposition 2, it suffices to work with N1/2n−1/2Z′BDZ,

Z′BDZ = 1

Nk(n − 1)

k∑
i=1

N∑
r=1

n∑
t1 	=t2

Zirt1 Zirt2

+ 1

Nkn

k∑
i1 	=i2

N∑
r=1

n∑
t1=1

n∑
t2=1

Zi1rt1 Zi2rt2

= D1 + D2,

where the definitions of Di, i = 1,2, are clear from the context. We can
write

D1 = 1

Nk(n − 1)

k∑
i=1

N∑
r=1

ni∑
l1 	=l2

Yil1 Yil2 Ki,Ĝ

(
Xil1 ,Xr

)
Ki,Ĝ

(
Xil2 ,Xr

)

and

D2 = 1

Nkn

k∑
i1 	=i2

N∑
r=1

ni1∑
l1=1

ni2∑
l2=1

Yi1l1 Yi2l2

× Ki1,Ĝ

(
Xi1l1 ,Xr

)
Ki2,Ĝ

(
Xi2l2 ,Xr

)
.

Proof of Proposition 3

Let T∗ = D∗
1 + D∗

2, D∗
i is defined as Di (i = 1,2) with the empirical

distribution function Ĝi replaced by the true distribution function Gi.
We prove the proposition by verifying the following two expressions:

N1/2n−1/2(Z′BDZ − T∗)
p→ 0 (A.1)

and

N1/2n−1/2(T∗ − T)
p→ 0. (A.2)

To prove (A.1), first note that N1/2n−1/2(D1 − D∗
1) = D11 + D12,

where

D11 = N1/2n−1/2

Nk(n − 1)

k∑
i=1

N∑
r=1

ni∑
l1 	=l2

Yil1 Yil2

× Ki,Ĝ

(
Xil2 ,Xr

)[
Ki,Ĝ

(
Xil1 ,Xr

) − Ki,G
(
Xil1 ,Xr

)]
and

D12 = N1/2n−1/2

Nk(n − 1)

k∑
i=1

N∑
r=1

ni∑
l1 	=l2

Yil1 Yil2

× Ki,G
(
Xil1 ,Xr

)[
Ki,Ĝ

(
Xil2 ,Xr

) − Ki,G
(
Xil2 ,Xr

)]
.

It is obvious that E(D11) = 0. After some algebra,

E(D2
11|X)

= 1

Nk2(n − 1)2n

k∑
i=1

N∑
r1=1

N∑
r2=1

ni∑
l1 	=l2

ni∑
l3 	=l4

E
(
yil1 yil2 yil3 yil4

∣∣X)

× [
Ki,Ĝ

(
Xil1 ,Xr1

) − Ki,G
(
Xil1 ,Xr1

)]
Ki,Ĝ

(
Xil2 ,Xr1

)

× [
Ki,Ĝ

(
Xil3 ,Xr2

) − Ki,G
(
Xil3 ,Xr2

)]
Ki,Ĝ

(
Xil4 ,Xr2

)
= E1 + E2.

The expectation is zero unless l1 = l3 and l2 = l4, or l1 = l4 and
l2 = l3, represent the sum pertaining to the former case by E1 and
that pertaining to the latter case by E2,

E1 = 1

Nk2(n − 1)2n

k∑
i=1

N∑
r1=1

N∑
r2=1

ni∑
l1 	=l2

E
(
y2

il1
y2

il2

∣∣X)

× [
Ki,Ĝ

(
Xil1 ,Xr1

) − Ki,G
(
Xil1 ,Xr1

)]
Ki,Ĝ

(
Xil2 ,Xr1

)

× [
Ki,Ĝ

(
Xil1 ,Xr2

) − Ki,G
(
Xil1 ,Xr2

)]
Ki,Ĝ

(
Xil2 ,Xr2

)
.

By Lemma B.4, we have

|E1| ≤ [Nk2(n − 1)2n]−1O(Nn)O
(
n1/2(log(Nn−1))1/2)2

= O
(
n−1 log(Nn−1)

)
.

Similarly, the order of |E2| is bounded by O(n−1 log(Nn−1)). Thus

E(D2
11) → 0 by dominated convergence theorem and D11

p→ 0. Sim-

ilarly, we can show that D12
p→ 0. We can prove N1/2n−1/2(D2 −

D∗
2) = op(1) exactly the same way. Therefore, we verify (A.1). To

prove (A.2), write N1/2n−1/2(T∗ − T) = A1 + A2, where

A1 = N1/2n−1/2

k(n − 1)

k∑
i=1

ni∑
l1 	=l2

yil1 yil2

×
∫

Ki,G
(
xil1 , x

)
Ki,G

(
xil2 , x

)
d
(
Ĝ(x) − G(x)

)

and

A2 = N1/2n−1/2

kn

k∑
i1 	=i2

ni1∑
l1=1

ni2∑
l2=1

yi1l1 yi2l2

×
∫

Ki1,G
(
xi1l1 , x

)
Ki2,G

(
xi2l2 , x

)
d
(
Ĝ(x) − G(x)

)
.

It is obvious that E(A1) = 0,

E(A2
1|X) = 2N

k2n(n − 1)2

k∑
i=1

ni∑
l1 	=l2

σ 2
i
(
Xil1

)
σ 2

i
(
Xil2

)

×
[∫

Ki,G
(
xil1 , x

)
Ki,G

(
xil2 , x

)
d
(
Ĝ(x) − G(x)

)]2
.

The integrand will be 0 unless Gi(xilm) − hi ≤ Gi(x) ≤ Gi(xilm) + hi,
m = 1,2; thus if the intersection of [Gi(xil1) − hi,Gi(xil1) + hi]
and [Gi(xil2 ) − hi,Gi(xil2) + hi] is not empty, then we must have
|xil1 − xil2 | ≤ chi for some positive constant c, then

∫
Ki,G

(
xil1 , x

)
Ki,G

(
xil2 , x

)
d
(
Ĝ(x) − G(x)

)

≤ |Ĝ(b) − G(b) − Ĝ(a) − G(a)| (where |a − b| ≤ ch)

≤ KN−1n1/2(log(Nn−1))1/2

for some positive constant K almost surely for N large enough by (B.2)
in Appendix B. By the uniform boundedness of σ 2

i (·),

E(A2
1|X) ≤ C2

N

n3
Nn

(
N−1n1/2(log(Nn−1))1/2)2

= C2n−1 log(Nn−1),

for some positive constant C2. Thus E(A2
1) → 0 by DCT, so A1

p→ 0.

Similarly, we can show that A2
p→ 0.

Proof of Theorem 1

Because T1 and T2 are uncorrelated, the asymptotic variance of
N1/2n−1/2T can be obtained from Lemma B.6. To prove the asymp-
totic normality, we will make use of proposition 3.2 of de Jong (1987).
For ease of presentation, we restrict ourselves to the case with k = 2.
The case with k ≥ 3 follows by the same argument with an additional
amount of algebra and notation. Let U = (U1, . . . ,Un1 ,Un1+1, . . . ,

Un1+n2 )
′, with Ui = (X1i,Y1i) if 1 ≤ i ≤ n1, and Ui = (X2,i−n1 ,
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Y2,i−n1 ) if n1 + 1 ≤ i ≤ n1 + n2. Thus the components of U are in-
dependent. Let W∗

ii = 0, i = 1, . . . ,n1 + n2, and for i 	= j, let W∗
ij be

N1/2Y1iY1j

k(n − 1)n1/2

∫
K1,G(X1i, x)K1,G(X1j, x)g(x)dx

if 1 ≤ i, j ≤ n1,

N1/2Y1iY2,j−n1

k(n − 1)n1/2

∫
K1,G(X1i, x)K2,G

(
X2,j−n1 , x

)
g(x)dx

if 1 ≤ i ≤ n1 < j ≤ n1 + n2,

N1/2Y2,i−n1 Y1j

k(n − 1)n1/2

∫
K2,G

(
X2,i−n1 , x

)
K1,G(X1j, x)g(x)dx

if 1 ≤ j ≤ n1 < i ≤ n1 + n2,

and

N1/2Y2,i−n1 Y2,j−n1

k(n − 1)n1/2

∫
K2,G

(
X2,i−n1 , x

)
K2,G

(
X2,j−n1 , x

)
g(x)dx

if n1 + 1 ≤ i, j ≤ n1 + n2.

Then N1/2n−1/2T = ∑
1≤i≤n1+n2

∑
1≤j≤n1+n2

W∗
ij is a generalized

quadratic form (de Jong 1987). It is easy to check that W∗
ij = W∗

ji ; let

Wij = W∗
ij + W∗

ji , then N1/2n−1/2T = ∑
1≤i<j≤n1+n2

Wij. To apply
proposition 3.2 of de Jong (1987), following his notations, we need
to check the following five conditions: (1) N1/2n−1/2T is clean (see
de Jong 1987 for the definition); (2) var(N1/2n−1/2T) → τ2, some
positive constant; (3) GI is of smaller order than var(N1/2n−1/2T);
(4) GII is of smaller order than var(N1/2n−1/2T); and (5) GIV is of
smaller order than var(N1/2n−1/2T), where

GI =
∑

1≤i<j≤n1+n2

E(W4
ij),

GII =
∑

1≤i<j<k≤n1+n2

{
E(W2

ijW
2
ik) + E(W2

jiW
2
jk) + E(W2

kiW
2
kj)

}
,

and

GIV =
∑

1≤i<j<k<l≤n1+n2

{
E(WijWikWljWlk)

+ E(WijWilWkjWkl) + E(WikWilWjkWjl)
}
.

Because E(Wij|Ui) = E(Wij|Uj) = 0, condition (1) is satisfied by the
definition of de Jong (1987). We have proved condition (2). It remains
to show that GI = o(1), GII = o(1), and GIV = o(1). We first show
GI = o(1):

GI =
∑

1≤i<j≤n1

E(W4
ij) +

∑
n1+1≤i<j≤n1+n2

E(W4
ij)

+
∑

1≤i≤n1<j≤n1+n2

E(W4
ij).

Look at the case 1 ≤ i < j ≤ n1,

Wij = 2N1/2

k(n − 1)n1/2
Y1iY1j

∫
K1,G(X1i, x)K1,G(X1j, x)g(x)dx.

We have

E(W4
ij|X) = 16N2

k4(n − 1)4n2
E(Y4

1i|X)E(Y4
1j|X)

×
[∫

K1,G(X1i, x)K1,G(X1j, x)g(x)dx

]4
.

Consider the integral. Let y = G1(X1i)−G1(x)
h1

; then it equals

∫
K(y)K

(
G1(X1i) − G1(X1j)

h1
− y

)

× −h1g(G−1
1 (G1(X1i) − yh1))dy

g1(G−1
1 (G1(X1i) − yh1))

= O(h1).

Thus E(W4
ij|X) = O(N2n−6)O(h4

1) = O(N−2n−2). The boundedness

of X yields E(W4
ij) = O(N−2n−2) for the case where 1 ≤ i < j ≤ n1.

Similarly, we may prove that E(W4
ij) = O(N−2n−2) for the other

two cases. Notice that the order of number of indices satisfying
1 ≤ i < j ≤ n1 + n2 is actually O(Nn) for E(W4

ij) to be nonzero; thus

GI = O(Nn)O(N−2n−2) = O(N−1n−1) = o(1). Applying Hölder’s
inequality, we can similarly show that GII = o(1) and GIV = o(1).

Proof of Lemma 1

As before, let Z be the vector denoting observations in the hypothet-
ical ANOVA constructed from (Xij,Yij), and let g represent another
vector denoting observations in a hypothetical two-way ANOVA con-
structed from (Xij, (Nn)−1/4 ∫

y dRiXij (y)), i = 1, . . . , k, j = 1, . . . ,ni.
The lemma is proven if we can show the following three steps:

N1/2n−1/2[
Z′ADZ − (

Z − EN(Z|X) + g
)′

× AD
(
Z − EN(Z|X) + g

)] p→ 0, (A.3)

N1/2n−1/2[(
Z − EN(Z|X)

)′AD
(
Z − EN(Z|X)

)

− (
Z − EN(Z|X) + g

)′AD
(
Z − EN(Z|X) + g

)

+ g′ADg
] p→ 0, (A.4)

and

N1/2n−1/2g′ADg
p→ kθD. (A.5)

To prove (A.3), notice that

Z′ADZ − (
Z − EN(Z|X) + g

)′AD
(
Z − EN(Z|X) + g

)

= 2Z′AD
(
EN(Z|X) − g

) − (
EN(Z|X) − g

)′AD
(
EN(Z|X) − g

)
.

Similar to the proof of Proposition 1, we can show that N1/2n−1/2 ×
(EN(Z|X) − g)′AD(EN(Z|X) − g) = Op(n5/2N3/2) = op(1) and
N1/2n−1/2Z′AD(EN(Z|X)−g) = op(1). The left side of (A.4) is equal
to −2N1/2n−1/2(Z−EN(Z|X))′ADg, which can be shown to be op(1)

as in the proof of Proposition 1. As for (A.5), let girt be the elements
of g, then

N1/2n−1/2g′ADg

= N1/2n−1/2

[
kn

N − 1

N∑
r=1

(g·r· − g···)2

− 1

Nk(n − 1)

k∑
i=1

N∑
r=1

n∑
t=1

(girt − gir·)2

]

= N1/2n−1/2 kn

N − 1
(Nn)−1/2

×
N∑

r=1

[
1

k

k∑
i=1

∫
y dRixr (y) − 1

Nk

N∑
r′=1

k∑
i=1

∫
y dRixr′ (y)

]2

+ Op
(
n3/2N−3/2)

p→ kθD.
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Proof of Theorem 3

Similar to the proof of Theorem 1, we can show that

N1/2n−1/2(
Z − EN(Z|X)

)′AD
(
Z − EN(Z|X)

)

→ N

(
0,

4

3k2
(ξ4

1 + η4
1)

)
,

where ξ4
1 and η4

1 are defined as in ξ and η but with σ 2
i (t) replaced

by σ 2
N,i(t), the conditional variance function calculated from the con-

ditional distribution function (11). It is straightforward to show that
σ 2

N,i(t) = σ 2
i (t) + O(N−1/2). The proof is finished by combining the

results of Theorem 1 and Lemma 1.

APPENDIX B: SOME AUXILIARY RESULTS

Lemma B.1. Let h(·) be any Lipschitz continuous function. Then
for any cell (i, r) in this hypothetical two-way ANOVA, there exists
some C > 0, for N large enough, such that
∣∣∣∣∣
1

n

ni∑
j=1

h(Xij)I( j ∈ Wir) − h(Xim)

∣∣∣∣∣ ≤ CnN−1,

∀Xim ∈ Wir,1 ≤ i ≤ k,1 ≤ r ≤ N.

Proof. The proof is rather straightforward and thus is omitted.

Lemma B.2. Assume Assumptions A1 and A2. Then under H0(D),
for N large enough, there exists some C > 0 such that for N large
enough, ∀ i, r, t,

∣∣E(Zirt − Zir·|X)
∣∣ ≤ CnN−1,

∣∣E(Z·r· − Z···|X)
∣∣ ≤ CnN−1.

Proof. Let xij be the covariate corresponding to Zirt in the hy-
pothetical two-way ANOVA (which is the response Yij = yij in the
truly observed ANCOVA model, remember the dual notations). Apply
Lemma B.1 [let h(x) = ∫

y dFix(y)], for N large enough, there exists
some C > 0 such that ∀ i, r, t,

∣∣E(Zirt − Zir·|X)
∣∣ =

∣∣∣∣∣
∫

y d

[
Fixij(y) − 1

n

ni∑
l=1

Fi(y|xil)I(l ∈ Wir)

]∣∣∣∣∣
≤ CnN−1. (B.1)

Relationship (B.1) ensures that ∀ i, r, |∫ y dFir·(y) − ∫
y dFixr (y)| ≤

CnN−1, where xr is the center of window Wir , Fir·(y) = 1
n ×∑ni

l=1 Fixil(y)I(l ∈ Wir). Under the null hypothesis,
∑k

i=1 Fix(y) =
M(y), ∀ x, ∀ y; therefore,

∣∣E(Z·r·|X) − E(Z···|X)
∣∣

=
∣∣∣∣∣
∫

y d

[
1

k

k∑
i=1

Fir·(y) − 1

Nk

k∑
i=1

N∑
r=1

Fir·(y)
]∣∣∣∣∣

≤ 2CnN−1.

Lemma B.3. ∀X1,X2, if |Ĝi(X1) − Ĝi(X2)| = Op(hi), where

hi = n−1
2ni

. Then there exists some C > 0, for N large enough,

|Ĝ(X1) − Ĝ(X2)| ≤ Chi,

where Ĝi is the empirical distribution of the covariate in the ith group
and Ĝ is the overall empirical distribution of the covariate.

Proof. By the main result stated by Pyke (1965, sec. 2.1), we have
|X1 − X2| = Op(hi); thus we immediately have |Gi(X1) − Gi(X2)| =
Op(hi). Applying the mean value theorem to Gi(X1) − Gi(X2) and

G(X1) − G(X2) and combining the results, we have, for some X∗
1 ,

X∗∗
1 ∈ [X1,X2],

|G(X1)−G(X2)| = g(X∗
1 )

gi(X∗∗
1 )

|Gi(X1)−Gi(X2)| ≤ c1|Gi(X1)−Gi(X2)|,

where the positive constant c1 can be taken independently of X1 and X2
by the boundedness assumption on the density. Therefore, we have
|G(X1) − G(X2)| = Op(hi). By theorem 2.11 of Stute (1982), we have
that for N large enough, for some positive constant c2,

|Ĝ(X1) − Ĝ(X2)|
≤ |G(X1) − G(X2)| + ∣∣Ĝ(X1) − Ĝ(X2) − G(X1) + G(X2)

∣∣
= Op(hi) + c2N−1n1/2(log(Nn−1))1/2

= Op(hi).

Remark. An immediate consequence of this lemma is that for any
observation in the one-way ANCOVA, it belongs to at most O(n) cells
in the hypothetical two-way ANOVA.

Lemma B.4. For N large enough, there exists some C > 0 such
that ∀ i,X,

N∑
r=1

|Ki,Ĝ(X,Xr) − Ki,G(X,Xr)| ≤ Cn1/2(log(nin
−1))1/2

in probability, where Xr , r = 1, . . . ,N, are the centers of cells in the
hypothetical two-way ANOVA.

Proof. By theorem 2.11 of Stute (1982), there exists K1 > 0, such
that for N large enough,∣∣Ĝi(X) − Ĝi(Xr) − Gi(X) + Gi(Xr)

∣∣
≤ K1n−1

i n1/2(log(nin
−1))1/2 a.s., (B.2)

Ki,Ĝ(X,Xr) − Ki,G(X,Xr) 	= 0 only if (1) |Gi(X) − Gi(Xr)| ≤ hi but

|Ĝi(X) − Ĝi(Xr)| > hi or (2) |Gi(X) − Gi(Xr)| > hi but |Ĝi(X) −
Ĝi(Xr)| ≤ hi. In case (1) we thus have, for N large enough,

hi − K1n−1
i n1/2(log(nin

−1))1/2 < |Gi(X) − Gi(Xr)| ≤ hi. (B.3)

After performing second-order Taylor expansion for Gi(x) − Gi(xr)

and G(x) − G(xr), then combining the results, we have

G(x) − G(xr) = g(xr)

gi(xr)

(
Gi(x) − Gi(xr)

)

+
[

g′(x∗∗
r )

2
− g′

i(x
∗
r )g(xr)

2gi(xr)

]
(x − xr)

2,

where x∗
r and x∗∗

r are between x and xr . If |Gi(x) − Gi(xr)| ≤ hi, then
|x − xr| ≤ supp |(G−1

i )′(p)| · |Gi(x) − Gi(xr)| = c n
2ni

for some con-
stant c, and we have

|G(X) − G(Xr)| = c1|Gi(Xij) − Gi(Xr)| + O(n2n−2
i )

for some positive constant c1. Combined with (B.3), we thus have

c1hi − c1K1n−1
i n1/2(log(nin

−1))1/2 + O(n2n−2
i )

< |G(X) − G(Xr)|
≤ c1hi + O(n2n−2

i ).

Applying theorem 2.11 of Stute (1982) again, we have

c1hi − c2K1n−1
i n1/2(log(nin

−1))1/2 + O(n2n−2
i )

< |Ĝ(X) − Ĝ(Xr)|
≤ c1hi + c3K1n−1

i n1/2(log(nin
−1))1/2 + O(n2n−2

i ) (B.4)
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for some positive constants c2 and c3. We have similar inequalities for
case (2). As a result,

N∑
r=1

|Ki,Ĝ(X,Xr) − Ki,G(X,Xr)| ≤ NO
(
n−1

i n1/2(log(nin
−1))1/2)

≤ c∗n1/2(log(nin
−1))1/2

for some positive constant c∗.

Lemma B.5. For any positive constant C, we have

∫ [∫
K(y)K(z − Cy)dy

]2
dz =




8

(
1 − C

3

)
, 0 < C ≤ 1

8

(
1

C
− 1

3C2

)
, C > 1.

Proof. Direct integration.

Lemma B.6. Let ξ4 and η4 be defined as in Theorem 1. Then

var
(
N1/2n−1/2T1

) → 4ξ4

3k2
and var

(
N1/2n−1/2T2

) → 4η4

3k2
.

Proof.

T1 = 1

k(n − 1)

k∑
i=1

ni∑
l1 	=l2

yil1 yil2

∫
Ki,G

(
Xil1 , x

)
Ki,G

(
Xil2 , x

)
dG(x).

It is obvious that E(T1) = 0,

E(Nn−1T2
1 |X) = 2N

k2(n − 1)2n

k∑
i=1

ni∑
l1 	=l2

σ 2
i
(
Xil1

)
σ 2

i
(
Xil2

)

×
[∫

Ki,G
(
Xil1 , x

)
Ki,G

(
Xil2 , x

)
dG(x)

]2
.

Thus

var
(
N1/2n−1/2T1

)

= 2N

k2(n − 1)2n

k∑
i=1

ni(ni − 1)

∫ ∫
σ 2

i (u)σ 2
i (v)

×
[∫

Ki,G(u, x)Ki,G(v, x)dG(x)

]2
gi(u)gi(v)du dv.

Fix u and v, and let y = Gi(u)−Gi(x)
hi

; then x = G−1
i (Gi(u) − yhi),

dx = −hi
dy

gi(G
−1
i (Gi(u)−yhi))

, and

var
(
N1/2n−1/2T1

) = 2N

k2(n − 1)2n

k∑
i=1

ni(ni − 1)

∫ ∫
σ 2

i (u)σ 2
i (v)

×
[∫

K(y)K

(
Gi(u) − Gi(v)

hi
− y

)

× −hig(G−1
i (Gi(u) − yhi))

gi(G
−1
i (Gi(u) − yhi))

dy

]2

× gi(u)gi(v)du dv

= 2N

k2(n − 1)2n

k∑
i=1

ni(ni − 1)h2
i

∫ ∫
σ 2

i (u)σ 2
i (v)

×
[∫

K(y)K

(
Gi(u) − Gi(v)

hi
− y

)
dy

]2

× g2(u)gi(v)

gi(u)
du dv + o(1).

Fix v, and let z = Gi(u)−Gi(v)
hi

; then u = G−1
i (Gi(v) + zhi),

du = hi
dz

gi(G
−1
i (Gi(v)+zhi))

, and

var
(
N1/2n−1/2T1

) = 2N

k2(n − 1)2n

k∑
i=1

ni(ni − 1)h3
i

∫ ∫
σ 4

i (v)

×
[∫

K(y)K(z − y)dy

]2 g2(v)

gi(v)
dz dv + o(1).

Apply Lemma B.5 to prove the first part of the lemma. The second part
can be verified similarly.

Lemma B.7. If Assumptions A1 and A2 hold, then, under the local
alternative sequence (11), there exists some C > 0 such that, for N
large enough, ∀ r, i, t,∣∣EN(Zrit − Zri·|X)

∣∣ ≤ CnN−1,

∣∣∣∣∣EN(Zr·· − Z···|X)

− (Nn)−1/4

[
1

k

k∑
i=1

∫
y dRixr (y) − 1

Nk

N∑
r=1

k∑
i=1

∫
y dRixr (y)

]∣∣∣∣∣
≤ CnN−1.

Proof. This follows by inspecting the proof of Lemma B.2 and not-
ing that now,

EN(Zrit|X) =
∫

y dFixij (y) + (Nn)−1/4
∫

y dRixij (y).

[Received October 2004. Revised August 2005.]
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