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Abstract

Analysis of length-biased time-to-event data, which commonly arise in epidemio-

logical cohort studies and cross-sectional surveys, has attracted considerable attention

recently. Ignoring length-biased sampling often leads to severe bias in estimating the

survival time in the general population. Existing work either completely ignore the co-

variate effects or use hazard or accelerated failure time regressions, which restrict the

covariates to affect only the location of the transformed survival distribution. In this

paper, we propose a flexible quantile regression framework for analyzing the covariate

effects on the population survival time under both length-biased sampling and random

right censoring. This framework allows for easy interpretation of the statistical model.

Furthermore, it allows the covariates to have different impacts at different tails of the

survival distribution and thus is able to capture important population heterogeneity.

Using an unbiased estimating equation approach, we develop two estimators, one for

covariate-independent censoring and the other for covariate-dependent censoring. We

establish the consistency and asymptotic normality theory for both estimators. A lack-

of-fit test is proposed for diagnosing the adequacy of the population quantile regression

model. The finite sample performance of the proposed methods is assessed through

a simulation study. By analyzing the CSHA dementia and the Spain unemployment

data sets, we demonstrate that the proposed methods are effective in discovering inter-

esting covariate effects at different tails of the target distribution, which were largely

overlooked by existing methods in the literature.
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kernel; survival time.
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1 Introduction

In biomedical studies, economics and many other areas, we are often interested in studying

the time that elapses before an event is experienced, for example, the time from the onset

of a disease to the death of a patient or the time from losing a job to reemployment. In

observational studies, such time-to-event data are often complicated by both right censoring

and length-biased sampling. Right censoring occurs when the event of interest (e.g., death

of a patient, reemployment) has not been observed at the end of the study; while length-

biased sampling occurs when the event has already occurred before the recruitment time of

the study. For example, the Canadian Study of Health and Aging (CSHA, Asgharian et al.,

2002; Shen et al., 2009) data set we analyzed in Section 4.1 contains information on over eight

hundred Canadian seniors over the age of 65 who were screened for dementia in a study start-

ing in 1991. About 22% of the participants were still alive (thus censored) when the study

ended. On the other hand, those seniors who had dementia but died before the sampling

time (or recruitment time) were not included in the study. Since the seniors with dementia

had to survival long enough to be included in the sample, the observed sample tends to

overestimate the survival time of the general population. The Spain unemployment data we

analyzed in Section 4.2 display similar features. In this paper we use length-biased sampling

to refer to the sampling scheme under which the probability of selecting an individual in the

population is proportional to the length of the target time variable.

Ignoring length-biased sampling may lead to severe bias in estimation. Considerable work

have been developed to correct the bias due to length-biased sampling. Existing literature

on this problem can be roughly divided into two classes. One class of work uses the uncondi-

tional approach, which estimates the marginal survival distribution in the general population

without using the covariates information. Wang (1991), de Uña Álvarez (2002), Asgharian

et al. (2002), Luo & Tsai (2009) and Huang & Qin (2011) proposed nonparametric methods

for estimating the marginal survival distribution. For studies with two left-truncated time-

to-event variables, Jiang et al. (2005) proposed a semiparametric estimation of the marginal

distribution of the nonterminal event. Ning et al. (2010) developed a nonparametric test

procedure to assess the equality of two marginal survival functions.
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Another class of work developed various semiparametric regression models to account for

the covariate effects. For length-biased data without right censoring, Wang (1996) developed

a semiparametric estimation method for the Cox Proportional Hazard (PH) model, and

Shin (2009) proposed a two-stage rank estimation procedure for the accelerated failure time

(AFT) model. de Uña Álvarez & Iglesias-Pérez (2010) proposed a nonparametric estimation

of the conditional distribution of the survival times given the covariates assuming that the

censoring times are observed. For length-biased data subject to random right censoring,

different estimating procedures were developed by Shen et al. (2009) for the transformation

and AFT models, Qin & Shen (2010) for the Cox PH model, Shen (2009) for the proportional

and additive hazards models, and Ning et al. (2011) for the AFT models. It is known that

these popular semiparametric models such as the PH and AFT models restrict the covariates

to affect only the location but not the shape of the distribution of transformed survival times

(Koenker & Geling, 2001). Consequently, some important forms of heterogeneity might be

overlooked.

In this paper, we propose a flexible quantile regression framework for analyzing time-to-

event data that are randomly right censored and length biased. Unlike hazard regression,

quantile regression models the conditional quantiles of the survival time directly. Therefore

the results are easier to interpret. More importantly, quantile regression allows the covariates

to have different effects at different tails of the survival distribution and thus is able to

capture important population heterogeneity (Koenker, 2005). Existing work on censored

quantile regression include Ying et al. (1995), McKeague et al. (2001), Bang & Tsiatis (2002),

Honoré et al. (2002), Portnoy (2003), Peng & Huang (2008), Wang & Wang (2009), among

others. However, these work all assume that the sample under analysis is a random sample

from the population of interest. They do not apply to censored data from observational

studies with length-biased sampling.

Let T̃ denote the time measured from an initiation event (e.g., onset of a disease, loss

of a job) to the event of interest (e.g. death, reemployment) in a population of interest.

Following the terminology in analysis of time-to-event data in biomedical studies, we refer

to T̃ as the population survival time, and refer to the event of interest as failure. We

are interested in estimating the conditional quantiles of T̃ given the observed covariates x.
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We derive unbiased estimating equations for estimating the parameters in the conditional

quantile regression model. Two different estimators are proposed: one assumes that the

censoring time is independent of the covariates (a common assumption in the literature) and

the other allows the censoring time to depend on the covariates. We establish consistency

and asymptotic normality theory for both estimators. Furthermore, we propose a lack-of-fit

test for model checking and establish relevant asymptotic theory.

The rest of the paper is organized as follows. In Section 2, we present two estimation

methods together with their asymptotic properties, and a lack-of-fit test for model check-

ing. In Section 3, we assess the finite sample performance of the proposed estimation and

lack-of-fit test through a simulation study. In Section 4, we illustrate the value of the pro-

posed methods by analyzing the CSHA dementia and Spain unemployment data sets. We

demonstrate that the proposed quantile regression methods not only produce results with

easy interpretation, but also help discover interesting covariate effects at different tails of

the target distribution, which were overlooked when applying existing methods. All the

technical details are given in the Appendix.

2 Proposed Methods

2.1 Notations and Quantile Regression Model

Following the notation in Shen et al. (2009), we use A to denote the time of sampling

measured from the initiation event. In the literature, A is also referred to as the truncation

variable or backward recurrence time. We use V to denote the time measured from the

sampling time to failure (residual survival time). Suppose that V is randomly censored by

a random variable C, which is called the residual potential censoring variable in Asgharian

et al. (2002). Let T = A + V be the observed survival time. One can only observe T if the

population survival time T̃ > A. We assume that C and (A, V ) are independent conditional

on the covariates x.

Let fT (t|x) be the conditional density function of T given x and let fT̃ (t|x) be the con-

ditional density function of T̃ given x. As in Wang (1991), Asgharian et al. (2002), Shen

et al. (2009), among others, the length-biased data are assumed to satisfy the stationar-
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ity assumption, i.e., the initiation times follow a stationary Poisson process. Under the

stationarity condition, which is reasonable for many real applications, we have

fT (t|x) =
tfT̃ (t|x)

µ(x)
, (1)

where µ(x) =
∫∞
0
tfT̃ (t|x)dt. It can also be derived that (Zelen, 2005; Asgharian & Wolfson,

2005) the joint conditional density function of (A, V ) given x (also the conditional density

function of (A, T )) is

fA,V (a, v|x) = fT̃ (a+ v|x)I(a > 0, v > 0)/µ(x). (2)

In the sequel, we let F0(·|x) denote the conditional distribution function of V and let

G0(s|x) denote the conditional survival function of C, i.e., F0(s|x) = P (V ≤ s|x) and

G0(s|x) = P (C > s|x). Let w0(t|x) =
∫ t
0
G0(s|x)ds. In addition, let fC(s|x) be the condi-

tional density function of C given x.

We observe a random sample (Yi,xi, δi), i = 1, . . . , n, where

Yi = min(Ti, Ai + Ci), Ti = Ai + Vi and δi = I(Vi ≤ Ci),

and xi is the p-dimensional vector of covariates. We also observe the initiation time Ai.

Let τ ∈ (0, 1) be a given quantile level. To estimate the τth conditional quantile of T̃i, we

assume that T̃i (or a transformation of T̃i such as the log transformation) follows the quantile

regression model

T̃i = zTi β0(τ) + εi, (3)

where zi = (1,xTi )T , β0(τ) = (α0(τ),γT0 (τ))T , and the random error εi satisfies P (εi ≤

0|xi) = τ . For τ = 1/2, zTi β0(1/2) is the conditional median of the population survival time.

The random errors ε1, . . . , εn are independent, but we do not require them to be identically

distributed. For notational simplicity, in the sequel we ignore τ in β0(τ) when confusion is

not made.
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2.2 Unbiased Estimating Equation

To motivate the estimating equation for β0 in (3), we first consider the ideal case where

G0(s|x), the conditional survival function of C, is known. Let E denote the expectation

taken under the true underlying distribution of the data. We have

E
[δi{I(Yi ≤ zTi β)− τ}

w0(Yi|xi)

∣∣∣xi = x
]

= E
[I(Vi ≤ Ci){I(Ti ≤ zTi β)− τ}

w0(Yi|xi)

∣∣∣xi = x
]

= E
[I(Vi ≤ Ci){I(Ai + Vi ≤ zTi β)− τ}

w0(Ai + Vi|xi)

∣∣∣xi = x
]

=

∫∫∫
I(v < c)

w0(a+ v|xi)
{I(a+ v ≤ zTβ)− τ}fA,V (a, v|x)fC(c|x) dc da dv

=

∫∫
G0(v|x)

w0(a+ v|x)
{I(a+ v ≤ zTβ)− τ}fA,V (a, v|x) da dv

=

∫ ∞
0

∫ y

0

G0(v|x)

w0(y|x)
{I(y ≤ zTβ)− τ}fT̃ (y|x)I(y − v > 0, v > 0)/µ(x) dv dy

=
1

µ(x)

∫ ∞
0

{I(y ≤ zTβ)− τ}fT̃ (y|x) dy,

where the third equality uses the conditional independence between C and (A, V ), the second

last equality applies the transformation y = a+ v and formula (2).

Note that the above expectation is zero when β = β0. Thus, when G0(s|x) is known, an

unbiased estimating equation for β0 is

n∑
i=1

δizi
{I(Yi ≤ zTi β)− τ}

w0(Yi|xi)
= 0.

2.3 Proposed Estimation Methods

In practice, G0(s|x) and hence w0(t|x) is unknown. In the following, we consider two feasible

estimating equations under different assumptions of the censoring variable distribution.

Under the assumption that the censoring variable Ci and the covariates xi are indepen-

dent, we may estimate G0(s|x) by the classical (or global) Kaplan-Meier estimator, defined

as Ĝ1(s), which is obtained from (Yj−Aj, δj), j = 1, . . . , n. In this case, we replace w0(Yi|x)
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with
∫ Yi
0
Ĝ1(s)ds and estimate β0 by β̂1 that solves the following estimating equation

Mn(β, Ĝ1) = n−1
n∑
i=1

δizi
{I(Yi ≤ zTi β)− τ}∫ Yi

0
Ĝ1(s) ds

= 0. (4)

Alternatively, we consider a more relaxed assumption where the distribution of Ci may

depend on the covariates xi. We adopt the following local Kaplan-Meier estimator

Ĝ2 = Ĝ2(s|x) =
n∏
j=1

{
1− Bnj(x)∑n

k=1 I(Yk − Ak ≥ Yj − Aj)Bnk(x)

}I(Yj−Aj≤s,δj=0)

, (5)

where {Bnk(x), k = 1, · · · , n} is a sequence of nonnegative weights adding up to 1. When

Bnj(x) = 1/n for all j, Ĝ2 = Ĝ1. Here, we employ the Nadaraya-Watson weights which

are defined as Bnk(x) = K(x−xk

hn
)/{
∑n

i=1K(x−xi

hn
)}, k = 1, . . . , n. In the above definition,

hn ∈ R+ is the bandwidth, K(x−xi

hn
) = K(x1−xi1

hn
, . . . ,

xp−xip
hn

), where xij is the jth element

of xi. We adopt the commonly used product kernel function K(u1, . . . , up) =
∏p

i=1K(ui)

with K(·) being a univariate kernel function. We replace w0(Yi|x) with
∫ Yi
0
Ĝ2(s|x)ds, where

Ĝ2(s|x) is defined in (5). We then estimate β0 by β̂2 that solves the following estimating

equation

Mn(β, Ĝ2) = n−1
n∑
i=1

δizi
{I(Yi ≤ zTi β)− τ}∫ Yi

0
Ĝ2(s|xi) ds

= 0. (6)

In the following, we define

Qn(β, Ĝ1) = n−1
n∑
i=1

δi∫ Yi
0
Ĝ1(s) ds

ρτ (Yi − zTi β),

Qn(β, Ĝ2) = n−1
n∑
i=1

δi∫ Yi
0
Ĝ2(s|xi) ds

ρτ (Yi − zTi β),

where ρτ (u) = u{τ − I(u < 0)} is the quantile loss function. Then it is easy to see that

Mn(β, Ĝi) is the negative gradient function of Qn(β, Ĝi), i = 1, 2. Since the estimating

equations (4) and (6) are discontinuous, an exact zero solution may not exist. To avoid

ambiguity and facilitate computation, we formally define β̂1 and β̂2 as the minimizer of

Qn(β, Ĝ1) and Qn(β, Ĝ2), respectively. As Qn(β, Ĝi) is convex in β, i = 1, 2, it can be easily

minimized using linear programming and existing statistical software packages.
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2.4 Asymptotic Properties

The two estimators β̂1 and β̂2 defined in Section 2.3 both approximately solve semiparametric

estimating equations. Different from classical M-estimators, the estimating equations here

are discrete and depend on a preliminary nonparametric estimator of the unknown function

G0(s|x). To establish the asymptotic properties of β̂i, i = 1, 2, we utilize the theory of Chen

et al. (2003) for non-smooth estimating equations that may depend on an infinite-dimensional

nuisance parameter. This theory was developed using modern empirical processes techniques.

We impose the following regularity conditions.

(C1) The parameter space B is a compact subset of Rp+1 and the true parameter value β0

is in the interior of B.

(C2) The covariate vector x has a joint density function h(x) whose νth derivative is bounded

from zero and infinity uniformly in x, ν ≥ 2. Furthermore, P (||x|| ≤ L) = 1 for a finite

positive constant L.

(C3) The conditional survival function of C satisfies: t0 ≤ sup{t : G0(t|x) > 0} ≤ t1 for all

x and some finite positive constants t0 and t1.

(C4) The functions F0(s|x) and G0(s|x) have continuous first derivatives with respect to s

for each x, and they have bounded (uniformly in s) νth order partial derivatives with respect

to x, where ν ≥ 2 is a positive integer.

(C5) The random error ε has a continuous density fε(s|x) that is uniformly bounded away

from zero for 0 ≤ s ≤ K and x ∈ X = {x ∈ Rp : ||x|| ≤ L}, where K is a finite positive

constant and L is the constant in condition (C2).

(C6) For any x, E{Ymin(Y, t0)
−4|x} ≤ C, where C is a positive constant.

(C7) λmin
[
E{xxT/µ(x)}

]
≥ η, where η is a finite positive constant, and λmin(A) denotes

the smallest eigenvalue of matrix A.

(C8) The univariate nonnegative kernel function K(·) has a compact support. It is a νth

order kernel function satisfying
∫
K(u)du = 1,

∫
K2(u)du < ∞,

∫
ujK(u)du = 0 for j < ν

and
∫
|u|νK(u)du <∞, and it is Lipschitz continuous of order ν, where ν ≥ 2 is the positive

integer in condition (C4).

We write Mn(β, G) = n−1
∑n

i=1m(Wi,β, G), where Wi = (xi, Yi, δi)
T denotes the data
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from the ith observation andm(Wi,β, G) = δizi{I(Yi ≤ zTi β)−τ}{
∫ Yi
0
G(s|xi) ds}−1. As the

sample size n gets large, we expect that Mn(β, G) converges in probability to the population

version estimating function

M(β, G) = E[m(Wi,β, G)] = E
[ z

µ(x)

∫ ∞
0

∫ y
0
G0(s|x) ds∫ y

0
G(s|x) ds

[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy
]

following similar calculations as in Section 2.2. Note that M(β0, G0) = 0. Therefore,

Mn(β, G) satisfies the conditions in Theorems 2 and 3 in Chen et al. (2003). The follow-

ing theorems summarize the consistency and asymptotic normality properties of the two

estimators β̂i, i = 1, 2.

Theorem 2.1 (Consistency)

(1) Assume that conditions (C1)-(C7) hold and that the censoring variable C is independent

of V and x. Then we have β̂1 → β0 in probability.

(2) Assume that conditions (C1)-(C8) hold and that the censoring variable C is independent

of V given x. If hn = n−α with 0 < α < min(1/ν, 1/p), then β̂2 → β0 in probability.

The asymptotic normality of β̂i is characterized by how the estimating function M(β, G)

depends on the finite-dimensional component β and the infinite-dimensional component G.

More specifically, we need to characterize how M(β, G) changes as we perturb β in a small

neighborhood of β0 or when we perturb G in the direction of Ĝi−G0. For this purpose, we

consider the ordinary derivative

Γ1(β0, G0) =
∂M(β, G0)

∂β

∣∣∣
β=β0

= E
{ zzT

µ(x)
fε(0|x)

}
,

and the pathwise derivative in the direction G−G0

Γ2(β, G0)[G−G0] = lim
a→0

M{β, G0 + a(G−G0)} −M(β, G0)

a
.

The asymptotic distributions of β̂1 and β̂2 rely on Γ2(β, G0)[Ĝi−G0] and differer in that Ĝi−

G0, i = 1, 2, have different linear representations of independent and identically distributed

(i.i.d.) random variables. For the classical Kaplan-Meier estimator, an almost sure i.i.d.

representation of Ĝ1(s) − G0(s) is given in Lo & Singh (1985); while for the local Kaplan-

Meier estimator, an almost sure i.i.d. representation of Ĝ2(s|x) − G0(s|x) can be found in
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Gonzalez-Manteiga & Cadarso-Suarez (1994).

Theorem 2.2 (Asymptotic normality)

(1) Assume that conditions (C1)-(C7) hold and that the censoring variable C is independent

of V and x, then

√
n(β̂1 − β0)→ N(0,Γ1(β0, G0)

−1V1Γ1(β0, G0)
−1).

where V1 = Cov{m(Wi,β0, G0) + φ1(V
∗
j , δj,xj)} with φ1 and V ∗j defined in the appendix.

(2) Assume that conditions (C1)-(C8) hold, the censoring variable C is independent of V

given the covariates x, hn = n−α for some 1
2ν
< α < 1

3p
, where ν > 3/2p, then

√
n(β̂2 − β0)→ N(0,Γ1(β0, G0)

−1V2Γ1(β0, G0)
−1),

where V2 = Cov{m(Wi,β0, G0) + φ2(V
∗
j , δj,xj)} with φ2 and V ∗j defined in the appendix.

Remark. It is seen from Theorem 2.2 that the asymptotic covariance matrices of both

β̂1 and β̂2 depend on the unknown density function fε(0|x), which is difficult to estimate in

practice. For variance estimation, we adopt a simple bootstrap procedure by resampling the

quadruples (Yi,xi, δi, Ai) with replacement. The covariance matrix of the proposed estimator

β̂i, i = 1, 2, is then estimated by the sample covariance matrix of the analogous bootstrap

estimates.

The proposed estimator β̂2 involves the local Kaplan-Meier estimates and thus requires

choosing the bandwidth parameter hn. Our empirical study in Section 3.3 suggests that

the performance of the proposed procedure is not overly sensitive to the choice of hn. For

practical data analysis, we suggest to use the computationally more intensive K-fold cross

validation to choose the bandwidth. We first divide the data set randomly into K parts with

roughly equal size. For the kth part, k = 1, · · · , K, we fit model (3) using the rest K−1 parts

of the data, and then evaluate the quantile loss from predicting the τth conditional quantile

of T̃ . Here the quantile loss is calculated by
∑

i∈Ik δi{
∫ Yi
0
Ĝ2(s|xi) ds}−1ρτ{Yi − zTi β̂(−k)},

where Ik contains the indices of cases belonging to the kth part and the β̂(−k) is the local

quantile coefficient estimate with the kth part data excluded. We choose the hn that gives

the minimum average quantile loss.
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2.5 Model Diagnosis

Model diagnosis is important in real data analysis. To check the validity of the linear

model assumption in (3), we consider ei = δi{I(Yi ≤ zTi β0) − τ}w−10 (Yi|xi), i = 1, . . . , n.

Calculations in Section 2.2 indicate that E(ei|xi) = 0 when the model in (3) is correctly

specified. We may therefore construct a statistical test based on the pseudo residuals

êi = δi{I(Yi ≤ zTi β̂) − τ}ŵ−1(Yi|xi), i = 1, . . . , n, where β̂ and ŵ−1(Yi|xi) are appropri-

ate estimators of β0 and w0(Yi|xi), respectively.

More specifically, we consider the following conditional moment test statistic

Tn =
1

n(n− 1)λpn

n∑
i=1

n∑
j=1,j 6=i

K

(
xi − xj
λn

)
êiêj, (7)

where λn is a smoothing parameter, and K(·) is the product kernel function; see the discus-

sion after (6).

The statistic Tn provides a nonparametric kernel estimator of E{E(ei|xi)2h(xi)}, which is

zero if and only if (3) is correctly specified. Conditional moment test for quantile regression

with uncensored data was considered by Zheng (1998) and was extended to the random

censoring case in Wang (2008). However, these tests are not applicable to length biased

survival data.

Theorem 2.3 (1) Assume that the conditions of Theorem 2.2(1) are satisfied. Let Tn1 be

the test statistic in (7) with êi defined as δi{I(Yi ≤ zTi β̂1)− τ}{
∫ Yi
0
Ĝ1(s)}−1. If model (3) is

correctly specified, λn → 0 and nγλ2pn → ∞ for some 0 < γ < 1, then nλ
p/2
n Tn1 → N(0, κ21),

where κ21 = E[δi{I(Yi ≤ zTi β0)− τ}{
∫ Yi
0
G0(s)ds}−1]2.

(2) Assume that the conditions of Theorem 2.2(2) are satisfied. Let Tn2 be the test statistic

in (7) with êi defined as δi{I(Yi ≤ zTi β̂2) − τ}{
∫ Yi
0
Ĝ2(s|xi)}−1. If model (3) is correctly

specified, λn → 0 and nγλ2pn → ∞ for some 0 < γ < 1, then nλ
p/2
n Tn2 → N(0, κ22), where

κ22 = E[δi{I(Yi ≤ zTi β0)− τ}{
∫ Yi
0
G0(s|xi)ds}2]2.
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3 Simulation Study

3.1 Simulation Design

We next assess the performance of the proposed estimation and lack-of-fit test methods

through simulations.. We generate the survival times T̃i, i = 1, . . . , n, from the model:

log T̃i = β(0) + x1iβ(1) + x2iβ(2) + (1 + γx1i)εi, (8)

where β(0) = β(1) = β(2) = 1, x1i ∼ Bernoulli(0.5), x2i ∼ U(−0.5, 0.5), γ controls the level of

heteroscedasticity, and εi is the random error. The initiation times Ai are generated from

the U(0, uA) distribution, where uA > 0 is a constant. We keep the pairs with T̃i > Ai,

resulting in the length-biased survival time Ti = Ai + Vi. Due to random right censoring,

only Yi = min(Ti, Ai +Ci) is observed, where Ci is the censoring variable. Under model (8),

the τth conditional quantile of log T̃ is

Qlog T̃ (τ |x1i, x2i) = β(0)(τ) + x1iβ(1)(τ) + x2iβ(2)(τ),

where β(0)(τ) = β(0) + Q(τ), β(1)(τ) = β(1) + γQ(τ), β(2)(τ) = β(2) and Q(τ) is the τth

quantile of εi. Therefore, for γ 6= 0, the covariate x1i exhibits different effects at different

quantiles.

We consider three different cases. Case 1 corresponds to a homoscedastic model with

normal errors, γ = 0, εi ∼ N(0, 0.52) and uA = 50. Case 2 has heteroscedastic uniform

errors with γ = 1, εi ∼ U(−0.5, 0.5), uA = 30. Case 3 has heteroscedastic normal errors

with γ = 1, εi ∼ N(0, 0.52), uA = 300. In Cases 1-2, Ci are generated from U(0, uC) and

thus are independent of the survival times. In Case 3, Ci are generated from the mixture

distribution, where Ci ∼ Exp(λ) for xi2 < 0, and Ci ∼ Exp(0.1λ) for xi2 > 0. The uC and λ

are chosen to yield two censoring proportions: 20% and 40%. For each case, the simulation

is run 500 times for n = 200 and 400 at two quantile levels τ = 0.25 and 0.5.
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3.2 Estimation

We compare the following three estimation methods: the naive method, the IPW method

and the LIPW method. The naive method ignores the length-biased sampling but accounts

for random right censoring. It estimates the coefficients by minimizing

n∑
i=1

δi

Ĝ1(Yi − Ai)
ρτ
{

log(Yi − Ai)− β(0)(τ)− xi1β(1)(τ)− xi2β(2)(τ)
}
. (9)

The IPW method (the name is due to the connection to the inverse probability weighting

method in the missing data literature) gives the estimator β̂1(τ), and the LIPW (local inverse

probability weighting) method gives the estimator β̂2(τ), both defined in Section 2.2.

Tables 1–3 summarize the bias, mean squared error and empirical coverage probabilities

of 95% bootstrap confidence intervals for each of the aforementioned three methods in Cases

1–3. The bootstrap confidence intervals are based on 500 bootstrap samples. The estimators

of the naive approach substantially overestimate the conditional quantiles of the population

survival time T̃ in all the scenarios considered. In addition, the associated inference of

the naive method is inaccurate. In Cases 1–2 with covariate-independent censoring, the

IPW method and the LIPW method perform equally well: both lead to essentially unbiased

estimates with coverage probabilities close to the nominal level. However, when the censoring

depends on the covariate x2i in Case 3, the IPW method based on the global Kaplan-Meier

estimate of the censoring distribution gives biased estimates especially for the effect of x2i

with 40% censoring, and consequently the associated confidence intervals have coverage

probabilities significantly lower than 95%. In summary, the LIPW method is more flexible,

and it performs competitively well in both scenarios no matter the censoring distribution

depends on the covariates or not.

[Tables 1–3 are about here]

3.3 Sensitivity of LIPW to Bandwidth hn and Cross-validation

In the above simulation, the bandwidth hn is chosen as hn = n−0.3 for the LIPW method. To

investigate the sensitivity of the LIPW method to hn, we compare the mean squared error

13



(MSE) of LIPW estimators with hn = dn−0.3, where d = 0.1, 0.2, · · · , 2.0. Figure 1 plots the

mean squared error of the LIPW estimates versus d in Case 2 with τ = 0.25. We observe

that the performance of the LIPW method is not sensitive to the choice of hn. For each

curve, the solid point on the right end corresponds to the LIPW estimate with hn selected

by the five-fold cross validation (CV) method as described in Section 2.4. It seems that the

MSE of the LIPW method varies very little for d ∈ [0.75, 2] and the cross validation leads

to a good choice of hn.

[Figure 1 is about here]

3.4 Model Diagnosis

To assess the power of the proposed model diagnosis method, we consider testing the linearity

of the conditional median function of log T̃ . The simulation setup is the same as that in Case

2 with 20% censoring except that

log T̃i = β(0) + x1iβ(1) + x2iβ(2) + a cos(10x2i) + (1 + x1i)εi, (10)

where a measures the deviation from the linear model.

To investigate the effect of bandwidth λn involved in the test, we consider λn = cn−0.3

for c = 0.5, 0.8, 1.0, 1.3 and 1.5. Figure 2 plots the estimated power curves of the tests Tn1

and Tn2 for n = 200, different values of a, and different choices of c. The tests for c = 0.5

have slightly inflated Type I errors (0.092 for Tn1 and 0.088 for Tn2), and those for c = 1.5

are a bit conservative. However, both tests have levels close to the nominal level of 0.05 for

c = 1.0 and 1.3. In addition, for all c values, the power curves gradually approach one as a

increases.

[Figure 2 is about here]
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4 Real Data Analysis

4.1 Analysis of the CSHA Data Set

The Canadian Study of Health and Aging (CSHA) is a large cohort study of dementia. The

study identified 1132 seniors with dementia between February 1991 and May 1992. These

seniors were followed until 1996. Their dates of dementia onset, the dates of enrollment in

the study, and the dates of death or last follow-up were recorded. Excluding the cases with

missing values, the data set contains 818 Canadian seniors with dementia, among whom 393

of them have probable Alzheimer’s disease, 252 have possible Alzheimer’s disease, and 173

have vascular dementia. And 638 of them died before the end of the study (22% censoring).

We apply the proposed method to the following model

Qτ (log T̃i|xi) = β(0)(τ) + β(1)(τ)x1i + β(2)(τ)x2i, i = 1, · · · , 818, (11)

where x1i and x2i are binary variables indicating whether the ith subject has probable

Alzheimer’s disease or possible Alzheimer’s disease. We use vascular dementia as the base-

line. Our preliminary analysis indicated that the censoring distribution is not influenced by

the binary covariates. Therefore, we focus on the proposed IPW method in the following.

Table 4 summarizes the estimates of the IPW and naive methods at τ = 0.1, · · · , 0.9.

The values in the parentheses are the standard errors estimated by the bootstrap procedure

based on 500 bootstrap samples. By ignoring the length-biased sampling, the naive method

overestimates the quantiles of the population survival times. Existing methods, for instance

the Buckley-James estimator of Ning et al. (2011) did not detect any significant difference

among these three categories. However, by regression at different quantiles using the pro-

posed IPW method, we obtain the following observations. Firstly, the seniors with probable

Alzheimer’s disease tend to have longer survival time than those with vascular dementia,

but the effect is not significant at any of the nine quantile levels. Secondly, at upper quan-

tiles τ = 0.7, 0.8, 0.9, the survival time of the seniors with possible Alzheimer’s disease is

significantly longer than that of the seniors with vascular dementia.

[Table 4 is about here]
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Furthermore, we plot the estimated quantiles (in days) of the three categories of diseases

based on the IPW method in Figure 3. The shaded area corresponds to the 95% pointwise

bootstrap confidence band of the estimated quantiles of the survival of patients with vascular

dementia (baseline), that is, exp{β̂(0)(τ)}. Figure 3 suggests that the three categories differ

little at lower quantiles, but the quantiles of possible Alzheimer’s are clearly larger than

those of vascular dementia at upper quantiles.

[Figure 3 is about here]

4.2 Analysis of Spain Unemployment Data

The Spain unemployment data set was taken from the Labour Force Survey of the Spanish

Institute for Statistics between 1987 and 1997 (de Uña Álvarez et al., 2003). The data set

includes 1009 married women who were unemployed at the time of survey. The starting time

of unemployment was recorded for each subject. The response variable T̃ is the total length

of unemployment (in month). The event of interest is defined as “finding a job” or “stop

searching for a job”. The observed sample is length-biased as the sample was restricted only

to the subjects who were in the unemployment stock at the inquiry time. The truncation

time A is defined as the time between unemployment origin and the inquiry time. At the

end of the study (18 months after the first inquiry), 56% of the subjects still searching for

jobs were right censored. In this study, since the censoring is due to the end of follow up, the

censoring times were known to be 18 months. To demonstrate the proposed methods, we

manually generate random censoring times Ci ∈ [0, 18] as follows. For each censored case,

we generate Ci from the truncated exponential distribution TExp(1, 18) if the subject is

below 31 years old (the median age), and from TExp(17, 18) otherwise. Here the truncated

exponential distribution TExp(λ, 18) refers to the conditional distribution of Z given that

Z < 18 for Z ∼ Exp(λ).

We consider the following quadratic quantile regression model:

Qτ (log T̃i|xi) = β(0)(τ) + β(1)(τ)xi + β(2)(τ)x2i , i = 1, · · · , 1009, (12)

where xi is the ith subject’s age when entering the unemployment stock, which is standard-

ized to have mean zero and variance 1.
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To assess if the quadratic quantile regression model (12) is adequate, we apply the lack-of-

fit test procedure described in Section 2.5. The bandwidth λn is set as λn = cn−0.3 for various

c values. Figure 4 plots the p-values of the lack-of-fit tests based Tn1 and Tn2 at four quantile

levels τ = 0.15, 0.25, 0.45 and 0.5. The results show that the quadratic quantile regression

model fits the data reasonably well at lower quantiles τ = 0.15 and 0.25. However, the test

based on Tn1 indicates somewhat lack-of-fit at τ = 0.45, and both test statistics indicate

lack-of-fit of the quadratic model at τ = 0.5 for large values of λn. This lack-of-fit around

the median is possibly due to the high percentage (56%) of right censoring in this data set.

[Figure 4 is about here]

Table 5 summarizes the coefficient estimation of the naive method, the IPW method

and the LIPW method at τ = 0.15, 0.25, 0.45 and 0.5. The bandwidth is chosen as h =

n−0.3 = 0.13 for the LIPW method. The standard errors are obtained by bootstrapping with

500 bootstrap samples. The IPW method and the LIPW method both suggest that Age

has a significant linear effect at all four quantile levels. The LIPW method gives slightly

larger estimates of the quadratic effect than the IPW method. With the LIPW method,

Age displays significant quadratic effects at the central quantiles τ = 0.45 and 0.5. As

demonstrated in our simulation, the results of the LIPW method are more trustworthy

when the censoring time strongly depends on the covariates.

[Table 5 is about here]

In Figure 5, we plot the estimated conditional quantiles of the unemployment duration

with respect to age when the three different estimation methods are applied. The naive

method is expected to overestimate the conditional quantiles of unemployment duration. By

analyzing the same data set with a nonparametric estimation method, de Uña Álvarez &

Iglesias-Pérez (2010) found that younger unemployed women get out of the unemployment

stock earlier. However, our proposed methods suggest that the age effect is convex, having a

negative effect on the duration from age 17 to about 40, but having a positive effect beyond

age 40 at quantile levels τ = 0.25, 0.45 and 0.5. At the lower quantile τ = 0.15, the LIPW

method suggests that the unemployment duration is the shortest around age 40, while the
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IPW estimates show that the unemployment duration decreases with age within the entire

region of the study (17 to 70).

[Figure 5 is about here]
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versity of Vigo for providing the Spain unemployment data set. We thank Professor Masoud

Asgharian for providing the dementia data from the CSHA, which were collected as part

of the Canadian Study of Health and Aging. The core study was funded by the Seniors

Independence Research Program, through the National Health Research and Development

Program (NHRDP) of Health Canada Project 6606-3954-MC(S). Additional funding was pro-

vided by Pfizer Canada Incorporated through the Medical Research Council/Pharmaceutical

Manufacturers Association of Canada Health Activity Program, NHRDP Project 6603-1417-

302(R), Bayer Incorporated, and the British Columbia Health Research Foundation Projects

38 (93-2) and 34 (96-1). The study was coordinated through the University of Ottawa and

the Division of Aging and Seniors, Health Canada.

5 Appendix

We establish the asymptotic theory for β̂2 in Theorems 2.1-2.2 and the asymptotic distri-

bution of Tn2 in Theorem 2.3, as these are the more challenging cases. The approaches also

apply to β̂1 and Tn1 with minor modifications.

Let F =
{
m(w,β, G) : β ∈ B, G ∈ G

}
, where B is defined in condition (C1), m(w,β, G) =

δz
[
I(Y ≤ zTβ)− τ

][ ∫ Y
0
G(s,x)ds

]−1
for zT = (1,xT ), and G = {G(t,x) : ||x|| ≤ L, 0 ≤ t ≤

t1; c1 ≤ G(t,x) ≤ 1, for all x and 0 ≤ t ≤ t0;G(t,x) is nonincreasing in t,

∀ x; |G(t,x1)−G(t,x2)| ≤ c2||x1 − x2||, ∀ t, for a positive constant c2. It can be checked

that for the local Kaplan-Meier estimator defined in (5), 1− Ĝ2(s,x) is a distribution func-

tion. Thus Ĝ2 ∈ G. The lemma below establishes that the size of F is not too large.

Lemma 5.1 F is P-Donsker.
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Proof. Given any ε > 0, let N(ε,G, L2(Q)) denote the ε-covering number for G, where Q

is an arbitrary probability measure. We cover the set {x : ||x|| ≤ L} with N1 balls with L2(Q)

radius ε such that N1 = c3
εd

, for some constant c3 > 0. Denote the center of these N1 balls by

x1,x2, . . . ,xN1 . Since Gi = {G(t,xi) ∈ G} is a monotone class of functions, ∀ xi, we have

N{ε,Gi, L2(Q)} ≤ exp(c4ε
−1), where c4 > 0 is a constant. Now, ∀ G(t,x) ∈ G, we can find

1 ≤ i ≤ N1 such that ||x−xi|| ≤ ε. Note that G(t,xi) is within one of the balls that cover Gi.

Denote the center of this ball by G∗. Then G(t,x) is covered by the ball with the center G∗

and radius (1+c2)ε by the Lipschitz condition. Thus N{(1+c2)ε,G, L2(Q)} ≤ c3
εd

exp(c4ε
−1).

Hence N(ε,G, L2(Q)) ≤ K1

εd
exp(K2ε

−1), for some positive constants K1 and K2.

Next, define F1 =
{

1/
∫ y
0
G(s,x)ds : G(s,x) ∈ G

}
. Note that G can be covered by N

balls of L2(Q) radius ε, where N = N(ε,G, L2(Q)). For any G(s, x) ∈ G, it is covered by

one of the N balls. Consider any G̃(s, x) ∈ G such that G̃(s, x) is covered by the same ball.

Then applying Hölder’s inequality and Condition (C6),

E
[ 1∫ Y

0
G(s,x)ds

− 1∫ Y
0
G̃(s,x)ds

]2
= E

[ (
∫ Y
0

(G(s,x)− G̃(s,x))ds)2

(
∫ Y
0
G(s,x)ds)2(

∫ Y
0
G̃(s,x)ds)2

]
≤ 1

c41
E
[(
∫∞
0
I(s < Y )(G(s,x)− G̃(s,x))ds)2

min(Y, t0)4

]
≤ 1

c41
E
[(
∫∞
0
I(s < Y )ds)(

∫∞
0

(G(s,x)− G̃(s,x))2ds

min(Y, t0)4

]
≤ 1

c41
E
[
E(Ymin(Y, t0)

−4|x)E
( ∫ ∞

0

(G(s,x)− G̃(s,x))2ds
)]
≤ c5ε

2

c41

Therefore, we have N(
√
c5c
−2
1 ε,F1, L2(Q))≤ N . This implies that F1 has bounded uniform

entropy integral.

Finally, let F2 =
{
δz[I(Y ≤ zTβ) − τ ] : β ∈ B

}
. Then F = F1 · F2. Since F2 is a VC

graph class of functions, it has bounded uniform entropy integral. Thus the product class F

has bounded uniform entropy integral, which implies that F is P-Donsker. 2

Lemma 5.2 Under conditions (C1)-(C8), if hn = n−α with 0 < α < min(1/ν, 1/p), then

(i) sups supx |Ĝ(s|x)−G0(s|x)| = O
(
{log n/(nhpn)}1/2 + hνn

)
a.s.;

(ii) Ĝ(s|x)−G0(s|x) = −
∑n

j=1Bnj(x)ξ(Y ∗j , δj, s,x) +O
(
{log n/(nhpn)}3/4 + hνn

)
a.s.
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for s < s0 such that infx{1− F0(s0|x)}G0(s0|x) > 0, where

ξ(V ∗j , δj, s,x) = G0(s|x)

[∫ min(Y ∗
j ,s)

0

dG0(u|x)

{1− F0(u|x)}G2
0(u|x)

+
I(V ∗j ≤ s, δj = 0)

{1− F0(V ∗j |x)}G0(Y ∗j |x)

]
,

and V ∗j = min(Vj, Cj).

Proof. The proof follows directly from the same arguments for proving Theorems 2.2 and

2.3 of Gonzalez-Manteiga & Cadarso-Suarez (1994). The main difference is that the bias

influence and the variance influence are hν and (nhpn)−1 for a νth order kernel function for

p-dimensional covariates. 2

Proof of Theorem 2.1(2). We’ll check the conditions of Theorem 1 of Chen et al. (2003).

Their condition (1.3) is straightforward and condition (1.4) follows from Corollary 2.1 of

Dabrowska (1989). By the subgradient condition ||Mn(β̂, Ĝ2)|| = op(n
−1/2), their condition

(1.1) is satisfied. By Lemma 5.1, F =
{
m(w,β, G) : β ∈ B, G ∈ G

}
is P-Donsker, thus

is also P-Glivenko-Cantelli (van der Vaart and Wellner, 1996). This implies their condition

(1.5). It remains to check their condition (1.2). Let FT̃ (·|x) be the conditional CDF of T̃

given x = x; similarly let Fε(·|x) be the conditional CDF of ε. Then

inf
||β−β0||≥δ

||M(β, G0)|| = inf
||β−β0||≥δ

||M(β, G0)−M(β0, G0)||

= inf
||β−β0||≥δ

∣∣∣∣E[ z

µ(x)
[FT̃ (zTβ|x)− FT̃ (zTβ0|x)

]∣∣∣∣
= inf

||β−β0||≥δ

∣∣∣∣E[ z

µ(x)
[Fε(z

T (β − β0)|x)− Fε(0|x)
]∣∣∣∣

= inf
||β−β0||≥δ

∣∣∣∣E[ zzT

µ(x)
(β − β0)fε(ξ|x)

]∣∣∣∣
≥ Cδλmin

[
E(zzT/µ(x))

]
≥ C∗δ,

where ξ is between 0 and zT (β − β0), C and C∗ are finite positive constants. The last

equality follows from the mean value theorem, the second last inequality uses condition (C5)

and the last inequality uses condition (C7). Thus their condition (1.2) is also satisfied. 2

Proof of Theorem 2.2(2). Recall that

M(β, G0) = E
[ z

µ(x)

∫ ∞
0

[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy
]

= E
[ z

µ(x)
[Fε{zT (β − β0)|x} − τ ]

]
.
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Therefore, we have Γ1(β0, G0) =
∂M(β,G0)

∂β

∣∣∣
β=β0

= E
[

zzT

µ(x)
fε(0|x)

]
. And the pathwise deriva-

tive in the direction G−G0 is

Γ2(β, G0)[G−G0]

= lim
a→0

[M(β, G0 + a(G−G0))−M(β, G0)]

a

= lim
a→0

1

a
E
{ z

µ(x)

∫ ∞
0

[ ∫ y
0
G0(s|x) ds∫ y

0
(G0(s|x) + a(G(s|x)−G0(s|x))) ds

− 1
]
[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy

}
= −E

{ z

µ(x)

∫ ∞
0

∫ y
0

(G(s|x)−G0(s|x)) ds∫ y
0
G0(s|x) ds

[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy
}
.

We check the conditions of Theorem 2 in Chen et al. (2003). Note that (2.1) has been proved

earlier, (2.2) is evident from the above calculation, (2.4) is satisfied by the definition of G,

and (2.5) is implied by Lemma 5.1. We’ll check conditions (2.3) and (2.6).

Condition (2.3). Consider any β ∈ B and G ∈ G such that ||β−β0|| ≤ δn and ||G−G0|| ≤

δn, where δn = o(1) and for a function G(t, x), ||G(t,x)|| = supt supx |G(t,x)| denotes the

sup-norm. We have

||M(β, G)−M(β, G0)− Γ2(β, G0)[G−G0]||

=
∣∣∣∣∣∣E{ z

µ(x)

∫ ∞
0

∫ y
0

(G0(s|x)−G(s|x)) ds∫ y
0
G(s|x) ds

[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy

+
z

µ(x)

∫ ∞
0

∫ y
0

(G(s|x)−G0(s|x)) ds∫ y
0
G0(s|x) ds

[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy
}∣∣∣∣∣∣

=
∣∣∣∣∣∣E{ z

µ(x)

∫ ∞
0

(
∫ y
0

(G0(s|x)−G(s|x)) ds)2∫ y
0
G(s|x) ds

∫ y
0
G0(s|x) ds

[I(y ≤ zTβ)− τ ]fT̃ (y|x) dy
}∣∣∣∣∣∣

≤ C
∣∣∣∣∣∣E{∫ ∞

0

(
∫∞
0
I(s ≤ y)(G0(s|x)−G(s|x)) ds)2∫ y

0
G(s|x) ds

∫ y
0
G0(s|x) ds

fT̃ (y|x) dy
}∣∣∣∣∣∣

≤ C

c21

∣∣∣∣∣∣E{∫ ∞
0

(
∫∞
0
I(s ≤ y)(G0(s|x)−G(s|x)) ds)2

min(y, t0)2
fT̃ (y|x) dy

}∣∣∣∣∣∣
≤ C

c21

∣∣∣∣∣∣E{∫ ∞
0

y2(
∫∞
0

(G0(s|x)−G(s|x)) ds)2

min(y, t0)2
fT̃ (y|x) dy

}∣∣∣∣∣∣
≤ C

c21

∣∣∣∣∣∣E[ ∫ ∞
0

(G0(s|x)−G(s|x))2 ds
]∣∣∣∣∣∣ ≤ Ct1

c21
||G−G0||2,
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where C stands for a finite positive constant. Thus (2.3)(i) is satisfied. Furthermore,

||Γ2(β, G0)[G−G0]− Γ2(β0, G0)[G−G0]||

=
∣∣∣∣∣∣E{ z

µ(x)

∫ ∞
0

∫ y
0

(G(s|x)−G0(s|x)) ds∫ y
0
G0(s|x) ds

[I(y ≤ zTβ)− I(y ≤ zTβ0)]fT̃ (y|x) dy
}∣∣∣∣∣∣

≤ C
∣∣∣∣∣∣E{∫ ∞

0

y(
∫∞
0

(G(s|x)−G0(s|x))2 ds)1/2

c1 min(y, t0)
|I(y ≤ zTβ)− I(y ≤ zTβ0)|fT̃ (y|x) dy

}∣∣∣∣∣∣
≤ C

c1

∣∣∣∣∣∣E{(∫ ∞
0

(G(s|x)−G0(s|x))2 ds
)1/2 ∫ ∞

0

|I(y ≤ zTβ)− I(y ≤ zTβ0)|fT̃ (y|x) dy
}∣∣∣∣∣∣

≤ C∗||β − β0|| ·
∣∣∣∣∣∣E[( ∫ ∞

0

(G(s|x)−G0(s|x))2 ds
)1/2]∣∣∣∣∣∣

≤ C∗t
1/2
1 δn

∣∣∣∣∣∣[E( ∫ ∞
0

(G(s|x)−G0(s|x))2 ds
)]1/2∣∣∣∣∣∣ ≤ C∗t

1/2
1 δn||G−G0|| = op(1)δn.

Thus (2.3)(ii) is satisfied.

Condition (2.6). We consider the almost sure i.i.d. representation in Lemma 5.2:

Ĝ2(s|x)−G0(s|x) = −
n∑
j=1

Bnj(x)ξ(V ∗j , δj, s,x) +Op

(
(log n/(nhpn))3/4 + hνn

)

= −n−1h−pn
n∑
j=1

K
(

x−xj

hn

)
n−1h−pn

∑n
i=1K

(
x−xi

hn

)ξ(V ∗j , δj, s,x) +Op

(
(log n/(nhpn))3/4 + hνn

)
,

where V ∗j = min(Cj, Vj) and

ξ(V ∗j , δj, s,x) = G0(s|x)

[∫ min(V ∗
j ,s)

0

dG0(u|x)

(1− F0(u|x))G2
0(u|x)

+
I(V ∗j ≤ s, δj = 0)

(1− F0(V ∗j |x))G0(V ∗j |x)

]

are independent random variables with mean zero and finite variance for any given s and x.

Now by standard change of variables and Taylor expansion,

Γ2(β0, G0)[Ĝ2 −G0] = n−1
n∑
j=1

φ2(V
∗
j , δj,xj) + op(n

−1/2),

where

φ2(V
∗
j , δj,xj) =

zj
µ(xj)

∫ ∞
0

∫ y
0
ξ(V ∗j , δj, s,xj) ds∫ y
0
G0(s|xj) ds

[I(y ≤ zTj β)− τ ]fT̃ (y|xj) dy.

Since E(ξ(V ∗j , δj, s,xj)|xj = x) = 0 (Gonzalez-Manteiga and Cadarso-Suarez, 1994), φ(V ∗j , δj,xj)

22



are i.i.d. with mean zero.

Recall that Mn(β0, G0) = n−1
∑n

i=1m(Wi,β0, G0) withm(Wi,β0, g0) = δizi
[I(Yi≤zTi β)−τ ]∫ Yi
0 G0(s|xi) ds

being independent mean 0 random vectors. Therefore,

√
n{Mn(β0, G0) + Γ2(β0, G0)[Ĝ2 −G0]} → N(0,V2),

where V2 = Cov(m(Wi,β0, G0) + φ2(V
∗
j , δj,xj)). In conclusion, we have

√
n(β̂ − β0)→ N(0,Γ1(β0, G0)

−1V2Γ1(β0, G0)
−1).

Remark. In the case where the censoring variable C does not depend on the covariates

(Theorem 2.2(1)), the above argument proceeds similarly. Using the almost sure i.i.d. rep-

resentation of the Kaplan-Meier estimator (Theorem 1, Lo and Singh, 1986), we have

Ĝ1(s)−G0(s) = −n−1
n∑
j=1

ξ1(V
∗
j , δj, s) +Op

(
n−3/4(log n)3/4

)
,

where V ∗j = min(Cj, Vj), and

ξ1(V
∗
j , δj, s) = G0(s)

[∫ min(V ∗
j ,s)

0

dG0(u)

{1− F0(u)}G2
0(u)

+
I(V ∗j ≤ s, δj = 0)

{1− F0(V ∗j )}G0(V ∗j )

]

are independent with mean zero and finite variance for any given s. And we have

Γ2(β0, G0)[Ĝ1 −G0] = n−1
n∑
j=1

φ1(V
∗
j , δj) + op(n

−1/2),

where φ1(V
∗
j , δj) =

∫ xh(x)
µ(x)

∫∞
0

∫ y
0 ξ1(V

∗
j ,δj ,s) ds∫ y

0 G0(s) ds
[I(y ≤ zTβ)−τ ]fT̃ (y|x) dydx, and the outer-layer

integral denotes a p-dimensional integral. 2

Proof of Theorem 2.3. Let T ∗n2 = 1
n(n−1)λpn

∑n
i=1

∑n
j=1,j 6=iK

(
xi−xj

λn

)
eiej, where ei =

δi[I(Yi ≤ zTi β0)−τ ]w−10 (Yi|xi). We will show that nλ
p/2
n (Tn2−T ∗n2)→ 0 in probability. Then

the theorem holds because nλ
p/2
n T ∗n2 has the desirable asymptotic distribution following the

central limit theorem of Hall (1984) for a second-order degenerate U-statistic.

Note that we can write êi = ei+ξi+ηi, where ξi = δi[I(Yi ≤ zTi β̂)−I(Yi ≤ zTi β0)]ŵ
−1(Yi|xi)

and ηi = δi[I(Yi ≤ zTi β0) − τ ][ŵ−1(Yi|xi) − w−10 (Yi|xi)], where ŵ(Yi|xi) =
∫ Yi
0
Ĝ2(s|xi) and
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w0(Yi|xi) =
∫ Yi
0
G0(s|xi). Thus

Tn2 = T ∗n2 +
1

n(n− 1)λpn

∑
j 6=i

eiξj +
1

n(n− 1)λpn

∑
j 6=i

eiηj +
1

n(n− 1)λpn

∑
j 6=i

ξiξj

+
1

n(n− 1)λpn

∑
j 6=i

ηiηj +
1

n(n− 1)λpn

∑
j 6=i

ξiηj = T ∗n2 +
5∑
t=1

Dt,

where the definition of Dt, t = 1, . . . , 5, should be clear from the context. To prove the

theorem, it suffices to establish that nλ
p/2
n Dt = op(1), t = 1, . . . , 5.

Let Q(x,β) = 1
µ(x)

PT̃ |x(T̃ ≤ zTβ). From the calculations in Section 3.1, Q(x,β) =

E
[
δiI(Yi ≤ zTi β)w−10 (Yi|xi)

∣∣∣xi = x
]
. We can write

nλp/2n D1

= [(n− 1)λp/2n ]−1
∑
j 6=i

K

(
xi − xj
λn

)
ei

[
δjI(Yj ≤ zTj β̂)w−10 (Yj|xj)− δjI(Yj ≤ zTj β0)w

−1
0 (Yj|xj)

−Q(xj, β̂) +Q(xj,β0)
]

+ [(n− 1)λp/2n ]−1
∑
j 6=i

K

(
xi − xj
λn

)
ei

[
Q(xj, β̂)−Q(xj,β0)

]
+[(n− 1)λp/2n ]−1

∑
j 6=i

K

(
xi − xj
λn

)
eiδj

[
I(Yj ≤ zTj β̂)− I(Yj ≤ zTj β0)

]
×
[
ŵ−1(Yj|xj)− w−10 (Yj|xj)

]
= D11 +D12 +D13,

where the definition of D1i, i = 1, 2, 3, is clear from the context. To prove that D11 =

op(1), it suffices to show that sup||β−β0||≤cn−1/2|D11(β,β0)| = op(1) for any positive constant

c, where D11(β,β0) = [(n − 1)λ
p/2
n ]−1

∑
j 6=iHn(Wi,Wj,β,β0) and Hn(Wi,Wj,β,β0) =

K
(

xi−xj

λn

)
ei

[
δjI(Yj ≤ zTj β)w−10 (Yj|xj)− δjI(Yj ≤ zTj β0)w

−1
0 (Yj|xj)−Q(xj,β)+Q(xj,β0)

]
.

We observe that n−1λ
p/2
n D11(β,β0) = [n(n − 1)]−1

∑
j 6=iHn(Wi,Wj,β,β0) is a second-

order degenerate U -statistic and that the class of functions {Hn(Wi,Wj,β,β0) : β ∈ B} is

Euclidean with a constant envelope function. Applying the result on uniform convergence

of U -statistics indexed by parameters (Lemma 1, Zheng, 1998), we have

sup||β−β0||≤cn−1/2|n−1λp/2n D11(β,β0)| = Op(n
−1−γ/4), ∀ 0 < γ < 1.

So sup||β−β0||≤cn−1/2|D11(β,β0)| = O(nλ
−p/2
n )Op(n

−1−γ/4) = Op(λ
−p/2
n n−γ/4) = op(1). Next,
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let D12(β,β0) = [(n − 1)λ
p/2
n ]−1

∑
j 6=iK

(
xi−xj

λn

)
ei

[
Q(xj,β) − Q(xj,β0)

]
. Let Q1(β) =

1
µ(x)

d
dξ
PT̃ |x(T̃ ≤ ξ)

∣∣∣
ξ=zTβ

and Q2(β) = 1
µ(x)

d2

dξ2
PT̃ |x(T̃ ≤ ξ)

∣∣∣
ξ=zTβ

. By Taylor expansion,

D12(β,β0) = [(n− 1)λp/2n ]−1
∑
j 6=i

K

(
xi − xj
λn

)
eiQ1(β0)(z

T
j β − zTj β0)

+[(n− 1)λp/2n ]−1
∑
j 6=i

K

(
xi − xj
λn

)
eiQ2(β

∗)(zTj β − zTj β0)
2,

where β∗ is between β and β. Following similar lines as in Wang (2008), it can be shown

that sup||β−β0||≤cn−1/2|D12(β,β0)| = Op(λ
p/2
n ) = op(1). Thus D12 = op(1). To evaluate D13,

we note that we can assume Yj ≤ max{zTj β̂, zTj β0} otherwise I(Yj ≤ zTj β̂) − I(Yj ≤ zTj β0)

is zero, then by Lemma 5.2,

|D13| ≤ C[(n− 1)λp/2n ]−1
n∑
j=1

∣∣∣ n∑
i=1,i 6=j

K

(
xi − xj
λn

)
ei

∣∣∣∣∣∣I(Yj ≤ zTj β̂)− I(Yj ≤ zTj β0)
∣∣∣

ŵ−1(Yj|xj)w−10 (Yj|xj)|Yj| sup
s

sup
x

∣∣Ĝ(s|x)−G0(s|x)
∣∣

= C[(n− 1)λp/2n ]−1Op

(
(log n)1/2n−1/2h−p/4n + hνn

)
n∑
j=1

∣∣∣ n∑
i=1,i 6=j

K

(
xi − xj
λn

)
ei

∣∣∣∣∣∣I(Yj ≤ zTj β̂)− I(Yj ≤ zTj β0)
∣∣∣

Let G13(β,β0) =
∑n

j=1

∣∣∣∑n
i=1,i 6=jK

(
xi−xj

λn

)
ei

∣∣∣∣∣∣I(Yj ≤ zTj β) − I(Yj ≤ zTj β0)
∣∣∣. Then by

Hölder’s inequality,

E
[
sup||β−β0||≤cn−1/2G13(β,β0)

]
≤

n∑
j=1

{
E
[ n∑
i=1,i 6=j

K

(
xi − xj
λn

)
ei
]2}1/2{

E
[
sup||β−β0||≤cn−1/2

∣∣I(Yj ≤ zTj β)− I(Yj ≤ zTj β0)
∣∣]}1/2

= O(n)O(n1/2λp/2n )O(n−1/4) = O(n5/4λp/2n ).

Thus G13(β̂,β0) = Op(n
5/4λ

p/2
n ). And this implies

|D13| ≤ Op(n
−1/4h−p/4n (log n)1/2) +O(n1/4hνn) = op(1),

from the conditions on hn in Theorem 2.2. Putting the above together, we have D1 = op(1).

Similarly, we can prove that Dt = op(1), for t = 2, 3, 4, 5. 2
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Table 1: Simulation results for Case 1 with homoscedastic normal error and covariate-
independent censoring. The MSE is the estimated mean squared error and CovP is the
empirical coverage probability of a 95% bootstrap confidence interval.

100×Bias 100×MSE 100×CovP
n CP τ Method β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ)
200 20 0.25 Naive 24.7 2.1 2.2 0.9 1.2 3.3 33.4 96.6 95.0

IPW -0.3 0.2 -0.3 2.0 2.6 9.0 93.4 95.2 94.6
LIPW -0.4 0.4 -0.7 2.1 2.6 9.6 92.8 95.2 94.8

0.5 Naive 24.0 2.9 4.6 0.8 1.1 3.0 31.4 94.4 95.4
IPW -0.3 0.4 0.5 1.1 1.5 4.5 94.6 95.0 95.6
LIPW -0.6 0.8 1.1 1.1 1.4 4.8 94.8 96.2 96.4

40 0.25 Naive 23.6 5.2 7.9 1.0 1.6 5.1 41.0 94.8 93.6
IPW -0.4 0.5 -0.8 2.2 3.0 9.7 93.2 94.6 93.8
LIPW -0.9 1.1 -0.6 2.2 3.0 10.0 94.2 96.4 95.2

0.5 Naive 23.0 7.2 12.9 1.1 1.8 6.1 43.8 92.4 93.0
IPW -0.4 1.0 0.7 1.2 1.8 5.1 94.2 95.8 96.2
LIPW -1.0 1.6 0.7 1.2 1.8 5.1 95.8 96.6 96.8

400 20 0.25 Naive 24.4 2.1 2.6 0.5 0.7 1.7 8.6 95.4 95.8
IPW 0.1 -0.4 -0.8 0.9 1.2 3.8 93.0 94.8 95.2
LIPW 0.1 -0.4 -0.5 0.9 1.2 3.8 93.2 95.0 95.4

0.5 Naive 23.9 3.4 3.8 0.4 0.5 1.7 5.6 93.6 94.2
IPW -0.4 0.4 0.4 0.5 0.8 2.3 95.0 95.6 95.8
LIPW -0.5 0.5 0.7 0.5 0.8 2.3 95.4 95.8 95.8

40 0.25 Naive 23.2 5.5 9.5 0.5 0.8 2.6 15.8 90.6 91.0
IPW -0.2 -0.1 -1.0 1.0 1.4 4.3 92.4 94.6 94.0
LIPW -0.1 -0.2 -0.9 1.0 1.3 4.2 93.2 95.2 94.8

0.5 Naive 22.5 8.5 14.3 0.5 0.8 3.5 13.2 86.2 88.4
IPW -0.5 0.6 0.7 0.6 0.9 2.7 94.6 94.8 94.8
LIPW -0.8 0.8 0.9 0.6 0.9 2.7 95.0 96.0 95.2
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Table 2: Simulation results for Case 2 with heteroscedastic uniform error and covariate-
independent censoring. The MSE is the estimated mean squared error and CovP is the
empirical coverage probability of a 95% bootstrap confidence interval.

100×Bias 100×MSE 100×CovP
n CP τ Method β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ)
200 20 0.25 Naive 10.3 38.8 3.1 0.6 1.4 4.8 74.0 13.6 95.4

IPW 0.7 0.6 -2.1 0.6 1.9 4.6 93.2 94.8 93.0
LIPW 0.7 0.7 -1.5 0.6 1.9 4.6 94.0 95.2 93.8

0.5 Naive 11.1 35.2 3.9 0.5 0.9 3.4 65.6 6.4 93.8
IPW -0.5 1.3 -0.8 0.6 1.7 4.4 94.2 94.2 96.0
LIPW -0.6 1.6 -0.0 0.6 1.7 4.5 94.6 94.6 95.2

40 0.25 Naive 9.1 42.7 14.1 0.6 1.8 7.1 81.0 13.2 92.6
IPW 0.9 0.6 -1.9 0.7 2.1 5.0 92.8 93.8 93.8
LIPW 0.9 0.5 -2.2 0.7 2.2 5.0 93.8 94.8 95.4

0.5 Naive 9.7 40.4 16.3 0.6 1.2 5.6 75.0 5.8 90.0
IPW -0.5 1.3 -0.8 0.7 2.2 4.9 93.4 95.6 95.0
LIPW -0.7 1.3 -0.1 0.7 2.1 5.0 93.8 94.8 96.0

400 20 0.25 Naive 10.2 38.3 5.6 0.3 0.7 2.5 54.6 1.0 93.4
IPW 0.4 0.2 -0.9 0.3 0.9 2.3 93.6 96.2 94.8
LIPW 0.3 0.3 -0.9 0.3 0.9 2.2 94.0 97.0 95.2

0.5 Naive 11.4 34.8 5.1 0.2 0.4 1.6 40.4 0.6 93.2
IPW -0.3 0.4 0.1 0.3 0.8 2.3 94.4 96.0 97.0
LIPW -0.4 0.5 0.4 0.3 0.8 2.3 94.2 96.0 96.6

40 0.25 Naive 8.8 43.0 17.4 0.3 0.8 3.4 68.0 1.2 84.6
IPW 0.3 0.3 -0.4 0.3 1.0 2.5 93.4 95.6 94.8
LIPW 0.2 0.5 -0.7 0.3 1.0 2.5 93.4 95.4 94.8

0.5 Naive 10.0 40.3 17.5 0.3 0.6 2.4 57.2 0.4 82.4
IPW -0.3 0.5 0.3 0.3 1.0 2.6 93.8 94.4 96.4
LIPW -0.5 0.5 0.3 0.3 1.0 2.5 94.4 94.6 96.4
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Table 3: Simulation results for Case 3 with heteroscedastic normal error and covariate-
dependent censoring. The MSE is the estimated mean squared error and CovP is the em-
pirical coverage probability of a 95% bootstrap confidence interval.

100×Bias 100×MSE 100×CovP
n CP τ Method β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ)
200 20 0.25 Naive 25.6 78.0 -20.9 1.4 2.6 10.9 44.0 0.8 90.8

IPW -1.1 0.4 -12.2 2.7 11.4 26.6 93.6 93.8 93.6
LIPW -1.0 -0.0 -6.3 2.6 11.3 26.4 93.6 94.4 94.4

0.5 Naive 27.2 79.9 -29.0 1.2 2.5 12.0 36.0 0.4 86.2
IPW -0.7 1.2 -6.7 1.5 4.9 13.1 95.6 93.4 94.2
LIPW -0.6 0.2 -0.9 1.5 4.9 12.6 95.4 93.6 95.8

40 0.25 Naive 24.4 83.3 -52.7 1.8 4.0 17.1 56.4 2.6 75.4
IPW -1.9 1.4 -25.2 2.7 12.4 29.3 94.2 92.2 91.6
LIPW -1.7 -0.2 -7.7 2.7 11.8 27.9 93.6 93.6 94.8

0.5 Naive 26.9 89.7 -60.3 1.5 4.7 26.9 50.2 2.2 75.8
IPW -1.1 3.0 -21.6 1.7 5.3 14.3 94.8 94.6 92.4
LIPW -1.0 0.1 -2.1 1.6 5.3 13.5 96.0 95.2 95.6

400 20 0.25 Naive 25.9 78.5 -21.4 0.7 1.3 5.1 17.2 0.0 86.2
IPW -1.1 1.6 -7.6 1.3 4.2 12.1 94.4 95.2 94.2
LIPW -1.0 0.7 -2.2 1.2 4.2 12.4 94.0 95.4 94.2

0.5 Naive 26.4 81.7 -28.2 0.6 1.2 5.8 8.6 0.0 77.6
IPW -0.2 1.2 -8.4 0.7 2.1 5.5 95.8 96.2 95.0
LIPW -0.2 0.2 -1.8 0.7 2.0 5.6 96.0 96.2 96.0

40 0.25 Naive 24.9 84.2 -52.1 0.8 2.0 8.8 23.4 0.0 56.0
IPW -1.5 3.3 -19.9 1.3 4.7 12.9 93.8 95.2 91.6
LIPW -1.3 0.6 -2.9 1.3 4.6 12.9 94.2 96.0 95.2

0.5 Naive 26.5 92.3 -56.9 0.8 2.6 17.5 16.2 0.0 58.8
IPW -0.4 3.2 -22.5 0.8 2.4 6.3 95.0 96.4 86.0
LIPW -0.2 -0.4 -2.2 0.8 2.3 6.4 96.0 96.4 95.2
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Table 4: Estimates of Naive and IPW for the CSHA data set at τ = 0.1, · · · , 0.9

IPW Naive
τ β(0)(τ) β(1)(τ) β(2)(τ) β(0)(τ) β(1)(τ) β(2)(τ)
0.1 6.10 (0.13) -0.00 (0.57) 0.31 (0.34) 6.64 (0.10) 0.23 (0.12) 0.23 (0.15)
0.2 6.47 (0.15) 0.18 (0.23) 0.23 (0.20) 7.04 (0.10) 0.16 (0.13) 0.22 (0.13)
0.3 6.65 (0.13) 0.25 (0.16) 0.26 (0.18) 7.34 (0.09) 0.09 (0.11) 0.17 (0.13)
0.4 6.99 (0.16) 0.13 (0.18) 0.16 (0.19) 7.53 (0.07) 0.07 (0.09) 0.17 (0.10)
0.5 7.11 (0.12) 0.25 (0.14) 0.27 (0.16) 7.70 (0.09) 0.09 (0.11) 0.19 (0.11)
0.6 7.38 (0.10) 0.12 (0.12) 0.22 (0.13) 7.90 (0.11) 0.05 (0.12) 0.16 (0.14)
0.7 7.55 (0.08) 0.17 (0.10) 0.27 (0.11) 8.09 (0.09) 0.01 (0.11) 0.16 (0.13)
0.8 7.78 (0.09) 0.18 (0.10) 0.25 (0.12) 8.27 (0.19) 0.03 (0.21) 0.21 (0.22)
0.9 8.11 (0.07) 0.12 (0.10) 0.28 (0.11) 8.83 (0.19) -0.24 (0.23) -0.14 (0.22)

Naive IPW LIPW
τ = 0.15

Intercept 2.764 (0.067) 1.995 (0.179) 1.948 (0.180)
Age -0.304 (0.080) -0.266 (0.191) -0.261 (0.195)
Age2 0.104 (0.048) 0.040 (0.102) 0.105 (0.103)

τ = 0.25
Intercept 3.129 (0.096) 2.292 (0.128) 2.307 (0.127)
Age -0.260 (0.087) -0.292 (0.150) -0.310 (0.147)
Age2 0.123 (0.059) 0.092 (0.080) 0.096 (0.080)

τ = 0.45
Intercept 3.896 (0.142) 2.900 (0.086) 2.859 (0.086)
Age -0.209 (0.101) -0.224 (0.083) -0.270 (0.084)
Age2 0.047 (0.070) 0.093 (0.056) 0.120 (0.055)

τ = 0.50
Intercept 4.066 (0.127) 3.036 (0.090) 3.034 (0.092)
Age -0.168 (0.097) -0.245 (0.076) -0.272 (0.078)
Age2 0.047 (0.066) 0.100 (0.055) 0.111 (0.056)

Table 5: Coefficient estimation and bootstrap standard error from different methods for the
Spain unemployment data set.
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Figure 1: Mean squared error (MSE) of LIPW estimates with bandwidth hn = dn−0.3 in
Case 2 at τ = 0.25. For each curve, the solid point on the right end corresponds to the
LIPW estimate with hn selected by the five-fold cross validation (CV).

33



0.0 0.2 0.4 0.6 0.8 1.0

0.0
0.2

0.4
0.6

0.8
1.0

Tn1

c

Po
we

r

c= 0.5
c= 0.8
c= 1
c= 1.3
c= 1.5

0.0 0.2 0.4 0.6 0.8 1.0

0.0
0.2

0.4
0.6

0.8
1.0

Tn2

c

Po
we

r

c= 0.5
c= 0.8
c= 1
c= 1.3
c= 1.5

Figure 2: Simulated power curves of Tn1 and Tn2 with bandwidth λn = cn−0.3 in Case 2 at
τ = 0.5.
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Figure 3: Estimated quantiles of population survival times for the three categories of de-
mentia in the CSHA data set.
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Figure 4: The p-values of the lack-of-fit test based on Tn1 (solid curves) and Tn2 statistics
(dashed curves). The censoring distribution G(·) is estimated by using the global Kaplan-
Meier estimates in Tn1, while by the local Kaplan-Meier estimates in Tn2. The dotted hori-
zontal line corresponds to 0.05.
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Figure 5: Estimated conditional quantiles of unemployment duration (in month) from differ-
ent methods. The dotted, solid and dashed curves correspond to the Naive, IPW and LIPW
methods, respectively.
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