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Statistics 5401 Lecture 41 December 14, 2005

How many clusters are there?
Sometimes you have a prior idea as to
the number of clusters there should be.

More usually, you base your decision on
the history of the criterion = distances
between the two clusters that were
merged to reach a stage. This always
increases or at least never decreases.

e While merging two objects or clusters
that should be in the same cluster, the
distance criterion should be relatively
small.

e When you merge two distinct clusters,
the criterion should take a jump, that
Is, be larger than the value at the
previous merge.

e Sometimes real clusters are them-
selves grouped in "super clusters”.
When this occurs, the criterion should
take a additional jumps when super
clusters are merged.
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-~ h T CluSt / ----\.-.- ] n n
e N Sy Here's another look at the "toy” example,
ol ST 8 points from 3 separated populations.
. S 2 15. 606 27. 451 Row | abels are "true"
e TTe-- 1 7.2295 29.53 popul ation |abels; not
o R .. 1 9. 9958 30. 821 known in practice
T M SN A 3 17. 241 31.21
(o . pm ne
Superclusters ' 3 20, 954 31 244
«——> Inter supercluster distances _ 2 14.528 24 69&? '
> Inter cluster distances inside First save the criterion values:
superclusters Ord> criterion <- reverse(cluster(x, keep:"crit")); criterion
(1) 0. 60943 0. 76945 0. 80378 0. 83117 0. 91951
(6) 2.1453 2.3442

This should give a little of the flavor of When the largest number of clusters
what’s going on. output is M (=8 here), | engt h(criterion)
First the "dots” are gathered together to =m = M-1.

form the clusters, some of which are far

apart and the others are close (light the distance between clusters M and M-1

double ended arrows). as they are merged, criterion[2] is the
Then the clusters are gathered together distance at the next merge, ...,

to form super clusters, all of which are criterion[n] 1s the distance between
fairly well separated (heavy double ended clusters 1 and 2 when they merge.

arrows). You can now plot criterion vs stage and
look for jumps.

| used reverse() so that criterion[1] i1s
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Qrd> m<- length(criterion); n <- nrows(x)

SR | find the changes or differences in the
Qrd> plot(Stage:n-mCriterion:criterion,synbols:run(m1l),\

[InesTTYmn 0N e againet stage") distances are more informative. While
| e: rging criterion otted agal nst stage ' '
gﬂe?glru; criteriu:-npplntted agai?nst stage ’ bUlldlng ClUSterS, Changes ShOUld De

small. When merging two real clusters

Large jurnp in going theg ShOUld ShOUld ShOW a jump and

from 3clusters ta 2

c sometimes a peak.
. 1.5
y Ord> plot(n-mtl, criterion[-1]-criterion[-nj, synbol s:run(m2),\
e xl ab: " Stage", ylab:"Increase", ymin:0,lines: T, title:\
. L ' "Increase in criterion frompreceding to current stage vs
e e Jp ¥ st age")
o 7 \ IIl‘u:rE'aSE' in L::riterinn _frculm preceding tl.n current stage vs stsu;r@-I
st Srall juriip in goi tE
" (\lxlbelf clustérs frrgg Q]Elrgﬁﬁé?sgtggg diF to 2) - d{d ta 3/
after merge i
" : : : : : : I
Stage : =15 did to 3) - dib to d)
As compared to previous changes, the .
criterion takes a big jump going from 3 D es-asn
clusters to 2. This suggests g = 3 | (o to5) - d(7 to o)
Clusters 0.zf diftad) - d{dta ) . dtzmi)_dﬁmaﬂ i
e Stage O is before any merging, when oty 3 ; : 3 3
Stal
there are N clusters. -

There is large jump in differences when
3 clusters go to 2, suggesting there are 3
e The criterion value for stage 1 is the clusters. The peak is at the 2™ from last

smallest inter-object distance d, . point and 2 + 1 = 3 = guess at g.

e At stage j, there are N - j clusters.
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Here's an analysis of an artificial bivar-
1ate example where there are 7 clusters
In 3 super clusters.

The numbers are labels for the actual
populations sampled.

You ought to be able to do fairly good job
of recovering the “true” clusters as they
are all more or less circular. This 1s an
almost i1deal case.

Omd> N <- nrows(yl)

Qrd> criterion <- cluster(yl, nclust: 20, keep:"criterion")

Omd> cl asses <- cluster(yl, nclust: 20, keep: "cl asses")
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cluscritplot() in file

m i .rl“lm.rg:i.ng r_:r:i.telrionl hid Istng? . C[‘mngel in rl_'r:i.telr:i.onlfron:. pre::ed:i.r:g stlage v stage
S 1.4 -
e *° Verybig jurmp 2 dB3t0d) -ddtad) —7
0oz 2nd sharp jurap g1
Cr % L5 1st sharp jump 1 § o0t d(B103) (710 )

BN
| o di7toh) —diBt :

0.2

] nelilzis1sl4lalalling
182 154 1856 183 190 192 194 196 195 182 154 186 153 190 192 194 196 193
Stage Stage

These are criterion plots for average
linkage.

On the left, the jump from 7 to 6 is the
distance when groups 4 and S merged.

The jump from 6 to S is the distance
when groups 2 and 3 merged.

The plot on the right suggests 7 or 6
clusters that later merge into 3 super-
clusters.
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Here are confusion tables of the average
linkage 7 cluster and 6 cluster solutions
with true cluster membership.

Qrd> print(format:"6.0f", matrix(tabs(, True, cl asses[, 6]),\

| abel s:structure("True ","dus ")))
MATRI X:

Qus 1 Qus 2 Aus 3 dus 4 dus 5dus 6 Aus 7
True 1 0 0 32 0 0 0 0
True 2 0 0 0 0 0 21 0
True 3 0 0 0 24 0 1 0
True 4 0 1 0 0 0 0 27
True 5 0 32 0 0 0 0 1
True 6 33 0 0 0 0 0 0
True 7 0 0 0 0 28 0 0

There is almost perfect clustering, with
only three cases in a cluster that don’t
correspond to their populations. Two of
these are in the next clusters to be
merged (clusters 7 and 2).

Qrd> print(format:"6.0f", matri x(tabs(, True, cl asses[, 5]),\

| abel s:structure("True ","dus ")))
MATRI X:

Qus 1 Qus 2 Aus 3 dus 4 Aus 5dus 6
True 1 0 0 32 0 0 0
True 2 0 0 0 0 0 21
True 3 0 0 0 24 0 1
True 4 0 28 0 0 0 0
True 5 0 33 0 0 0 0
True 6 33 0 0 0 0 0
True 7 0 0 0 0 28 0

Now populations 4 and S are grouped
together in cluster 2.
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average linkage with 7 clusters average linkage with & clusters

7 clusters

2 )

o 1 2 3 4 5 & T8 @9
X1

h3

R R I
go-
o
h3

R R I
go-
L=

a 1 2 3 A4 5 & 7 &5 9
X1

The distance between clusters 2 and 7 is
not much bigger than the average of
distances between clusters. That's why
i1t doesn’t show up much in the criterion
plots.

zvernge linkage with © clusters
3
E 4

1] 1 2 3 4 5 & T &8 @9

averange linkmge with 4 olusters

i@@%‘

B,

1] 1 2 3 A4 5 & 7 &5 9
X1

Jclusters 4 rlusters

L=
R R I
ﬁ.h

L= L T L

average linkage with 3 clusters

@@g L

o
3 clusters

average |linkage with 2 clusters

ot &
Bk,

0 1 2 3 4 5 6 7 8 9
X1

HE,

0 1 2 3 4 5 6 7 8 9
X1

2 clusters

o B N W »~ OO O
o B N W A~ OO O
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The three cluster solution corresponds to
the super clusters.

Here is the dendrogram down through 20
clusters:

Criterion

Z. 4923

2,281
0.906z24
0.85646
0.74479
0.50774
0.39009
0.35915

=
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o
[
[ax)
[0

I

I
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'
'
'
'
'
!
N
I
’
L}
L}

0. 265895 |
0. 2445 |
0. 24226 -
Cluster Mo. |3

Lo .
m—— 4 -
LU
P

e Solid loops: Histories of the three
super clusters

e Dashed loops: Histories of the seven
clusters.

There's a lot of history missing because
only the top part of the dendrogram with
20 or fewer clusters is shown.
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Here is a N = 325 sample from the same
populations as the N = 8 sample.

24
32

30

MNote an Ain
the interior

of B

28

26

Plots for average linkage

eriterion plotted against stage I
T T T T T

n vs stage
T T

r
0.4
0.a5 b
0.5 b

w 0.25 F

W

202t

Zoast

0.5k i 0.1 f
.05

M-
¥z 314 516 518 G20 S22 g2 312 514 516 51§ 5200 522 524
Stage Ftuge

The biggest change is again the second
from last which suggests g is 3. The
preceding change was also quite big so
you might reasonably guess g=4.

12
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How well does the 3 cluster solution
match the actual? Not well, except for
population C,

Here are the clusters found when there
are 3. Clusters 3 and 2 pretty much
consist of populations C and A, and but
cluster 1 overlaps populations A and B
substantially.

[f you compare this with the actual
clusters, you see cluster 2 contains about
half of group A, with cluster 1 containing
the rest of A and most of B. Cluster 3 is
primarily group C.

13
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A "confusion matrix” shows the amount
of overlap.

Qmd> cl asses <- cluster(y, keep: "cl ass")

Qmd> tabs(, groups, cl asses[,2]) # confusion matrix,g = 3
(1,1) 47 51 2 True group A

(2,1) 56 0 19 True group B
(3,1) 0 0 150 True group C
Cluster 1 2 3

e About half of cluster 1 1s group A and
about half is group B.
e Cluster 2 consists entirely of group A
e Cluster 3 is mainly group C which is
entirely in it.
COrd> tabs(, groups, cl asses[,3]) # confusion matrix,g = 4
(1, 1) 47 51 2 0

(2,1) 53 0 19 3
(3, 1) 0 0 150 0

e When there were 4 clusters, the 4th
consisted of 3 cases from group B
which were later put in cluster 1

Qrd> tabs(, groups, cl asses[,4]) # confusion matrix,g =5

(1,1) 47 34 2 0 17
(2, 1) 53 0 19 3 0
(3,1) 0 0 150 0

When there were S clusters, the oth
consisted of 17 cases from group A
which were later put in cluster 2

14
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Plots for wWard Method

Merging criterion plotted Increase in criterion from preceding to
apminst stage, methodmwrard current stage vs stagemethod wrard

18F T
}E 5 Large criterion,/””’/_?
813 w 4| changes
o o
£10r 3t
=l =
o] Al =
LS
5 1
0 0 g 4a

312 314 316 318 320 322 F24 32 34 36 FE O30 322 324
Stage Stage

Differences show a big jump going from 3
to 2 clusters, indicating 3 clusters.

Qmd> cl asses <- cluster(y, keep: "cl ass", net hod: "war d")

Qmd> tabs(, groups, cl asses[,2]) # 3 cluster confusion nmatrix
(1,1) 39 0 61

(2,1) 48 1 26

(3,1) 0 149 1

Qrd> tabs(, groups, cl asses[,3]) # 4 cluster confusion nmatrix
(1,1) 39 0 44 17

(2,1) 48 1 26 0

(3,1) 0 149 1 0

Ord> tabs(, groups, cl asses[,4]) # 5 cluster confusion matrix
(1,1) 36 0 44 17 3
(2,1) 0 1 26 0 48
(3,1) 0 149 1 0 0

Together with the earlier peak, which by
itself might suggest 6 clusters, there is
a hint of a hierarchy of clusters, with 6
clusters grouped in 3 larger clusters.

15
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Plots of the clusters for g = 5, 4 and

Ward

method g = S clusters

5

16
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Ward method ¢

3 clusters
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Plots for Single Linkage

Merging criterion plotted Increase in criterion from preceding ta
appinst stage, methodsingle current stage vs stape.methodisingle

R
{ 008} Large criterion 1
1 ggg changes T 1

1 o005
1 0.04r

] 003
0.02

1 0.1

0 d==ctE
32 34 36 38 A0 322 3 glE 34 36 I8 320 322 3
Stage Stage

No clear indication of number of clusters,
although it suggests S clusters split into
2 larger clusters. But it isn't so.

The confusion matrices tell the story.
Qrd> tabs(, groups cl asses[ 2])

(1,1 99 O Cluster 2 is singleton
(2,1) 74 O 1 Cluster 3 is singleton
(3,1) 150 0 0

Qmd> tabs(, groups, cl asses[ 3])

(1,1) 98 0 1

(2,1) 74 O 1 0

(3,1) 150 0 0 0

Crd> tabs(, groups, cl asses[ 41)

(1,1) 97 0 1 1
(2,1) 74 0 1 0 0
(3,1) 150 0 0 0 0

Lots of singletons. With 15 classes, 8
were "singletons”. Single linkage works
terribly with this data even though there
Is a clear clustering.

18
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! Fi luster MoQuitt luti
Plots for McQuitty method ive closter Wonithy solwtion
Increase in criterion from
Merging criterion plotted preceding to current stage
against stage. methodisingle ws stage,method:singleJ
gg " Large critericn/

changes
04t g

0.3t
0.2t
0t

]
32 34 36 FE 20 322 3M 2 o34 36 38 320 322 3M
Stage Stage

This shows big increase in change going
from 4 clusters to 3, indicating 4
clusters.

Ord> cl asses <- cluster(y, keep: "cl ass", net hod: "ncqui tty")

COrd> tabs(, groups, cl asses[,2]) # g = 3
17 0

(1,1) 83

(2,1) 74 0 1

(3,1) 1 0 149

Qrd> tabs(, groups, classes[ 3]) #g =4 Y

(1,1 73 0 10

(2,1) 71 O 1 3

(3,1) 1 0 149 0

Qrd> tabs(, groups, cl asses[,24) # g =5

(1,1) 47 17 0 10 26

(2,1) 71 0 1 3 0

(3,1) 1 0 149 0 0
McQuitty doesn’'t do too bad a job, but *

doesn’t come close to accurately identi-
fying original clusters.

19 20



Statistics 5401 Lecture 41 December 14, 2005 Statistics 5401 Lecture 41 December 14, 2005

Utility company data from text.
Three cluster MoQuitty solution Qmd> data <- read("","t12_05")
T12_05 22 8 format |abels
) Data fromTable 12.5 p. 687 in

) Applied Miulivariate Statistical Analysis, 5th Edition
) by Richard A Johnson and Dean W Wchern, Prentice Hall, 2002
) These data were edited fromfile T12-5. DAT on di sk from book
) Public Ut|I|ty data (1975)
) Col. 1. X1 = fixed-charge coverage rati o (i ncone/debt)
) Col. 2. X2 =rate of return on capital
T ) Col. 3: X3 = cost per KWcapacity in place
) Col. 4. X4 = annual load factor
) Col. 5. X5 = peak KWH denmand growth from 1974 to 1975
) Col. 6: X6 = sales (KWH use per year)
) Col. 7: X7 = percent nucl ear
) Col. 8 X8 =total fuel costs (cents per KW
) Col. 9: Wility name (skipped by format)

Read fromfile "TP1: St at 5401: Dat a: JWDat a5. t xt "

Omd> stuff <- cluster(data, nclust: 22, net hod: "average", \
keep: vector("criterion","classes"),reorder: T,class: T)

Case Nunber of dusters
No. 2 3 4 5 6 7 8 91011 12 13 14 15 16 17 18 19 20 21 22

1 1 1 1 1 1 1 121 1 1 1 1 1 1 1 1 1 1 1 1 1
18 11 1 1 1 1 1 1 1 1 1 1 1 1 1 1 18 18 18 18 18
14 11 1 1 1 1 1 1 1 1 1 1 14 14 14 14 14 14 14 14 14
19 11 1 1 1 1 1 1 1 1 1 1 14 14 14 14 14 19 19 19 19

6 11 1 1 1 1 1 9 9 9 9 9 9 9 9 9 9 9 9 9 9

3 11 1 1 1 1 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8

9 11 1 1 1 1 8 8 8 11 11 121 11 21 12 11 271 121 11 211 11

4 1 1 1 1 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6
20 1 1 1 1 6 6 6 6 6 6 6 6 6 6 6 6 6 6 20 20 20
10 11 1 1 6 6 6 6 6 6 6 6 6 6 617 17 17 17 17 17
13 1 1 1 1 6 6 6 6 6 6 6 6 6 6 617 17 17 17 21 21
22 1 1 1 1 6 6 6 6 6 6 12 12 12 12 12 12 12 12 12 12 12

2 1 1 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
12 1 1 4 4 4 4 4 4 4 4 4 13 13 13 13 13 13 13 13 13 13
21 1 1 4 4 4 4 4 4 4 4 4 13 13 13 13 13 13 13 13 13 22
15 1 1 4 4 4 4 4 4 4 4 4 13 13 15 15 15 15 15 15 15 15

7 1 1 4 4 4 4 4 410 10 10 10 10 10 10 10 10 10 10 10 10
17 1 1 4 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5

5 17 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3

8 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
16 2 2 2 2 2 2 2 2 2 2 2 2 2 216 16 16 16 16 16 16
11 2 2 2 2 2 7 7 171 17 717 71 17 717717 717 7 7 7 7 7 7

Lines separate clusters & super clusters

21 22
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cluscritplot() works fine with the value Do MANOVA using 4 clusters as groups.

returned by Column 1 of avel nkcl ass (saved class
. n n ] - n .
cluster(x, keep:vector("class","crit") table) goes with 2 clusters, so
Qmd> cl uscritpl ot (stuff, val ues: :
tplot n avel nkcl ass[, 3] goes with 4 clusters.
Omd> cluscritplot (stuff, changes: T) Omd> manova("data = {factor(avel nkclass[,3])}", fstat:T)
s Meirging criil:erion Vs Istage . C[‘mngel in ‘:—'rit:‘rio':' frnl:-m p:lcecmliinglstalgt VIS stage M)de| Used | S dat a = {f act or ( a.VeI nkC| aSS[ y 3] ) }
0.8 i WARNI NG sunmari es are sequenti al
4 DF SS NS F P-val ue
g o CONSTANT 1
is E o FOCRat i 0 27. 306 27.306 1157. 88993 0
P ] Return 2535. 9 2535.9 780. 73073 0
: 0.2 CapCost 6.2227e+05 6.2227e+05 539. 63597 0
. . LoadFact 71421 71421 6959. 85602 0
Pe?kKMH 231. 08 231.08  25.23259 8.8296e- 05
o Sal es 1.7481e+09 1.7481e+09 514.42426 1.088e- 14
; Yeage m S Nucl ear 3168 3168  11.79440  0.002958
. . Tot al Cost 26. 752 26.752 371.90192 1.804le-13
This might suggest 9 clusters (separated {factor (avel nkcl ass[, 3])} 3
. . : FOCRat i 0 0.29044 0.096813  4.10524  0.02202
Dgllghtllnes)grouped In 4 super Ret urn 47.284 15,761  4.85243  0.012041
. CapCost 14875 4958.3  4.29983  0.018749
clusters (separated by heavy lines). LoadFact 233.23  77.742  7.57580 O0.0017585
. . Peak KW 39. 352 13.117  1.43234  0.26623
Cluster 3 1s a Smgleton all the way. sal es 2.0348e+08 6.7827e+07  19. 95971 5.9022e- 06
Nucl ear 1086. 5 362.17  1.34834 0. 2902
S Tot al Cost 5.1993 1.7331  24.09334 1.5892e- 06
O, corpnares(st i) e r
(2) "criterion" FCCRati o 0. 42449 0. 023583
Return 58. 467 3. 2481
COrd> avel nkcl ass <- stuff$cl asses # save class table CapCost 20756 1153.1
LoadFact 184.71 10. 262
Peak KW 164. 84 9.1579
Sal es 6. 1168e+07 3. 3982e+06
Nucl ear 4834. 8 268. 6
Tot al Cost 1.2948  0.071933

fstats: T results in this type of output.
[t should not be a surprise that F is "sig-
nificant” for most variables.

23 24
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Now find MANOVA canonical variables for Plotting the first two canonical variables

plotting to try to display clusters. does show the clusters as well separ-
Omd> eigs <- releigen(SY[2,,],S93,,]);eigs$val ues# 3 non zero .t d
(1) 20. 197 6. 0436 3.2648 1.0496e-15 1.671le-16 ated.

(6) -1.4996e-16 -4.0731e-16 -1.7041e-15 , ) ,
Ond> z <- data %% ei gs$vectors[,run(3)] # conpute 3 can. vars. WOUld that be the case 1n ad PrlnClPal
ami> chpl ot ([, 1], [, 2], \ Component plot of the data?

title:"Canonical Variable Plot for Wilities",\ Omd> eigspc <- eigen(cor(data))#eigen vals & vecs of cor matrix
x| ab: " Canoni cal Variable 1", yl ab: "CanVar 2", xaxis: F, yaxi s: F) gsp gen( ( )) g

Camorical Variable Flot for Utilities Ord> ei gspc$val ues # Ei genval ues of correlation matrix
' ' ' " " " T T = (1) 2.1729 1.9003 1. 3235 0. 99674 0. 64902
Small numbers are case numbers IH\J (6) 0. 57166 0. 2165 0. 16939

_;| Roman numerals are cluster numbers.

Om> zpc <- standardi ze(data) % % ei gspc$vectors[, run(3)]

Ond> chpl ot (zpc[, 1], zpc[, 2], title:"PC Plot for Wilities",\

el xl ab:"PC 1", yl ab: "PC 2", xaxi s: F, yaxi s: F)

W odH @O

1

[x]

1

- c Z 5 _z 1 1 5E ] 75
Canonical Tariable 1

Cmd> split(run(nrows(data)), avel nkclass[,3]) # Useful "trick"
conponent: conpl Cases in cluster 1
1

(1) 3 4 6 9
(6) 10 13 14 18 19
(12) 20 22
conponent: conp2 Cases in cluster 2
(1) 8 11 16
conponent: conp3 Case in cluster 3
(1) 5
conponent: conp4 Cases in cluster 4
(1) 2 7 12 15 17
(6) 21

25 26
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Canonical varlaple plots for 7, 6, 9, 4, 3,
af ] and 2 average linkage clusters using z.
Ord> for(j,1,6){plotmatrix(z, upper: T, xaxis: F, yaxi s: F,\
synbol s: avel nkcl ass[, 7-j 1], \
2t . title:paste("Cd usters when there are",8-j,"clusters”),wind:j)}
Clusters when there zre ¥ clusters Clusters when there mre & oclusters
i3 3 7 3
¢ ) A A 53 A A
2 | 1 P:s!i611 6&&1 16 | 1 Pﬂiﬁll 6&11 16
72 7%, o = 2% 22, .
1 1
[z} 6??1 16 [z 6?611 16
1‘5144 ?422 1‘5144 2422
z] z 3] 1z z (3]
II - Clusters when th;re are 5 clusters = Clusters when t['g re are 4 elusters
= = O, i i AR 44 Ay
P 1 i 1 111111111 lﬂll 11 i1 1 1111]11111 11’111 11
. . 2 2 2 2
The clusters we found still consist of S T -
. . . 1 1
somewhat neighboring points, but the g g
. . 1 22 1 22
clustering 1s less apparent. g% 24
Tz T3] Tz T3]
Clusters when there anre 5 clusters Clusters when there nre 2 clusters
3 3 1 1i
1 Al 1 1 Al 1
|l 1 11]1]-Iil11 113111 11 | 1 11]1]-Iil11 113111 11
23 2 ?, = 23 2, :
1 1
(2} 11111]1l 11 (2} 11111]1l 11
1111112122 1111112122
2] = 73] 2] z (31

There isn’'t much visual evidence of 9
clusters grouped in 4, at least not in
these dimensions computed from g=4.
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Qrd> eigs <- relei gen(SS[ 2, .1, SY 3, , 1) ; ei gs$val ues#

(1) 68. 346 17.2 7. 8351 5.1326 2. 4588
(6) 1. 7082 0. 56552 0.11127
Cluzters when there zmre § clusters Clusters when there are 7 clusters
[ 3
i1 gﬂ;&’ﬁ‘ g ed 45 444, 4 i g sd 45 444
11 1 W® ]11 1l 1 Wt
z 2 z 2
3 7 T i 7 o
7 4 e 7 4 '
(2] & 121 &
A c-g 1 17ay A c-g 1 1)
2 2
2 3 2 3
(2] zl (3] [F3] zl (3]
Clusters when there are & clusters Clusters when there are 5 clusters
3
i1 § &1 g ed 45 qd4) pn# gt 1l 45 444
]11 11 L ! 3 ]11 1l L !
7 z 2 3 z 2 =
4 414 4 4 444
2 M z N
(2] 66.5.22 R 111}2 1 171
2 2
2 3 2 3
(2] zl [E3] [¥3] zl [E3]
Clusters when there are 4 clusters Clusters when there are 3 clusters
K 3 K 3
(o p 4 411 44 4131 (1 p i it o 11111
]11 11 12 ]11 11 12
i 2 z = i 2 2 &
4 4 1 1
1 4 pl
(2] R 1}2 @ R 1}2 RS
2 2
2 3 2 3
2] zl [E3] 2] zl [E3]
Clusters when there are 2 clusters
1 1
]ﬁili it 1l 1 1 i1 .
T e . 1}  Plots of canonical
a .
i |2 2 % variables computed
L from 8 cluster solution.
il
(2) R 1}2 1
2
2 1
2] zl (3]
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