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Statistics 5401 Lecture 32

Bonferronized tests of correlation

coefficients

Transform correlations r  to t-statistics

as

(V{f-1hr.

— ]

to=
RV

COnd> tstats <- sqrt(fe-1)*r[J1,J2)/sqrt(1 - r[J1,J2]"2)

Omd> tstats

X_4 X_5 X_6 X_7
x_1 12.555  -0.059804 0. 98003 0. 31315
Xx_2 18. 492 -0.58258 0. 59499 -0.28332
x_3 14.923 -0. 34521 0.22844 -0. 1062

Ond> p*q # There are 12 correlations
(1) 12

Cnd> terit <- invstu(.025/(p*q),fe-1,upper:T)#Bonferronize
Qrd> trit # t-critical value Bonferronized by p*q = 12

(1) 2.9341 Bonferroni critical value, alpha=.05
Ond> p*g*twotailt(tstats,fe-1) # Bonf. Pvalues

(1,1) 4.8283e-21 11. 429 3.9538 9. 058

(2,1) 1.2039e-32 6. 7381 6. 6386 9. 3304

(3,1) 6. 82e- 26 8.7681 9. 8373 10. 988

There is strong evidence p,, =z 0.

Moreover, there is strong evidence that

p,?20,p,”z0and p, ?=z 0.

November 21, 2005

Statistics 5401 Lecture 32

Example with artificial data

Ond> scores <- read(™,"scores") # read from fake_scores.txt

NNONNNRP R
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scores 100 7 format | abels

) Artificial data representing scores of 100 col | ege students on
) 7 standardized tests.

) Col. 1: x1 logical word problens Var 1 in set

) Col. 2: x2 pattern recognition Var 2 in set

) Col. 3: x3 graph interpretation skills Var 3 in set

) Col. 4: x4 high school algebra Var 1 in set

) Col. 50 x5 role playing aptitude Var 2 in set

) Col. 6: x6 deci si on maki ng under stress Var 3 in set

) Col. 7: ab|I|tytof|nd di sgui sed objects in pictures V4

Read fromflle "TP1: St at 5401: Dat a: f ake_scores. txt"

Natural groups of variables would be X, x
However [ will put x,-x, in x

and Xx.-X..
andx x in x®@

amd> r< cor(scores) prlnt(format "7.4f"r) # Corr matrix
r:

%z 1 2 %z 3 x4 x5 ol 7
®x_1 1.0000 0.80%3 0.7672 |(0.7853)-0.0060 0.0%85 0.0316
®x_z 0.80%3 1.0000 0.80S7 (|0.8816(-0.0587 0.0600 -0.0Z86
x_3 0.7672 0.8057 1.0000 |'0.8333/-0.034% 0.0231 -0.0107
x_4(0.7853 0.8816 0.8333|1.0000 0.0172 0.1073 0.0165
% 5 -0.0060 —0.0587 —0.0349 | 0.0172 1.0000 0.8265 0.8934
®¥_6 0.098% 0.0600 0.0231 |0.1073 0.8265 1.0000 0.7443
®x 7 0.0316 -0.0286 -0.0107 | 0.0165 0.8934 0.7443 1.0000

Ond> p <-3; q<-4#vars 1-3 in one set, 4-7 in the other
Ond> N <- nrows(scores); fe <-N - 1

Ond> J1 <-run(p) # selector variable for variables 1-3
Ond> J2 <- run(p+1,p+q) # selector for variables 4-7

| use J1 and J2 as “"selector variables”
(subscripts) to select info related to x

= scores[, J1] or x? = scores[, J2] .
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Regression-based tests
You can test either
HO: B2.1 = 2212114 = 0
or
Hie B, =28, =0 pbyqg

qbyp

This is the standard multivariate linear

model situation.

If you use, say, manova(), to compute the
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multivariate regression of x” on x’, then

Response dimension = g

e H=S,S 'S, gxq, f_=n-1
* E = feSZQ.W qxq’ fe =n- 1
S22.1 = 822 - 8218111312
e Hypothesis DF = f =p
e Error DF = f_ =f -p=n-1-p

Ond> x1 <- scores[,J1]; X2 <- scores[,J2]

Ond> makecols(x1,x1_1,x1_2,x1_3)#split up x1 into columns
Col um 1 saved as vector x1_1
Col um 2 saved as vector x1_2
Col um 3 saved as vector x1_3

Ond> manova("x2 =x1_1+x1_2 +x1_3"silent:T)
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O‘rd> list(SS)
5 4 4 (I abel s) 5 by q by q

O"rd> TERMNAMES # names associated with each SSJj,,]
(1) "CONSTANT"

(2) "x1_1" 5 terns counting CONSTANT and
(3) "x1_2" ERROR1;

(4) "x1_3" regression terns are 2, 3, 4
(5) "ERRORL"

Ond> h2 <- matrix(sum(SS[run(2,4),,])); h2
X_4 x_5 X_6 X_7

xX_4 3205. 9 -169. 08 236.97 -66. 032
x_5 -169. 08 32. 657 12. 605 34.727
x_6 236. 97 12. 605 95. 049 35. 885
x_7 -66. 032 34.727 35. 885 43. 652

h2 is regression H from manova() .

MacAnova Note:

sum() sums over first dimension so
sun(SS[run(2,4),,]) 1sSY[2,,]1+SY3,,]+
SS[4,,] = regression SSCP matrix.

o> e2<- matnx(SS[S H)B e2 # E from manova()

X_6 xX_7
x_4 686 85 235 82 271.73 135.25
x_5 235. 82 3831.9 3890. 9 3705. 3
x_6 271.73 3890. 9 5677.7 3772.3
x_7 135. 25 3705. 3 3772.3 4490. 9
Ond> releigenvals(h2,e2)
(1) 4.9149 0.030929  0.0090215 1.2698e-15

These are relative eigenvalues in
regression of x® on x"
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All the multivariate linear model tests
are available. These include:
e Bonferronized (by q) F-statistics

e Bonferronized (by pxq) t-statistics,
one for each regression coefficient.
e Roy’'s maximum root test

e Hotelling's trace test (T 7)
e Wilks' test (likelihood ratio)
e Pillai’'s trace test.

Note: For tests based on relative eigen-
values

s = min(f,, dimension) = min(p,q)

= (|f, - dimension| - 1)/2
(|p-qf|-1)2

= (f_ - dimension - 1)/2
=(f,-p-q-1)/2=(N-p-q-2)/2
These are symmetric in p and g; you can

swap the values of p and g without
changing s, m and n.
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Find H and E from variance matrix S

Ond> s <- tabs(scores,covar:T) # variance matrix

Ond> setlabels(s,structure(getlabels(scores,2),\
getlabels(scores,2))) # make things pretty

Ond> s11 <-s[J1,J1]
Ond> s12 <-s[J1,J2]
Oond> s22 <-s[J2,J2]
Ond> h2a <- fe*s12' %*% (s11 %\% s12) # H from manova()
Omd> s22dotl <- s22 - s12' %*% (s11 %\% s12)

Ond> e2a <- fe* s22dotl # = E from manova()

Ond> h2a# Same as H from ma5nova0

X_4 X_6 x_7
x_4 3205 9 -169.08 236.97 -66. 032
x_5 -169. 08 32. 657 12. 605 34.727
x_6 236. 97 12. 605 95. 049 35. 885
x_7 -66. 032 34.727 35. 885 43. 652
Od> e2a# Same as E from manova()

X_4 x_5 X_6 x_7
x_4 686 85 235 82 271.73 135. 25
x_5 235. 82 3831.9 3890. 9 3705. 3
X_6 271.73 3890. 9 5677.7 3772.3
X_7 135. 25 3705. 3 3772.3 4490.9

You can get relative eigenvalues directly
from the pieces of S

Ond> releigenvals(s12' %*% (s11 %\% s12), s22dot1)
(1) 4.9149 0.030929  0.0090215 -2.9477e- 17

These are the eigenvalues of S§,S 'S
relative to S, and are the same as

22.1

eigenvalues of H relative to E
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Ond> fe2 <-fe-p;fh2<-p
Ond> vector(fh2,fe2)
(1) 3

96
Ond> fstats <- diag(h2/fh2)/diag(e2/fe2); fstats
(1) 149. 36 0.27272 0.53571 0. 31104

Ond> g*cumF(fstats,th2,fe2,upper:T) # Bonferronized P values
(1) 1.969e-35 3.3797 2. 6357 3.2694

This shows clearly that x, depends
strongly on x, but not x_. x_ or x..

Ond> eigs2 <- releigen(h2,e2)

Ond> eigs2$values # very dominant first dimension
(1) 4.9149 0.030929  0.0090215 1.2698e-15

Ond> sd2 <- sqrt(diag(s22)) # residual standard deviations
Ovd> u2 <- eigs2$vectors[,-4]*sd2; u2/max(abs(u2))
3)

1 (2)
x_4 1 -0.10645 -0.037148
x5 -0.21979 -1 -0.014591
x_6 0.036036  0.95776  0.28063
x_7  0.13381 0. 27312 -1

X, dominates and the first canonical
variable weights most heavily on x,.
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Roy’'s test

COnd> s <- min(vector(qg,fh2)) # or min(p,q)

Ond> m <- (abs(p-0)-1)/2; n <- (N-p-g-2)/2

Cnd> vector(s,m,n) # use these to get critical value from chart
(1) 0 45.5
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Omd> thetamax <- eigs2$values[1]/(1+eigs2$values[1]);thetamax
(1) 0. 83093 Maxi mum val ue of theta = 1/(1+l anbda)

Cnd> # This exceeds 0.186, the 1% point from the s = 3 chart

Hotelling's trace test S X,

Omd> cumtrace(sum(eigs2$values),th2,fe2,q,upper:T)
(1) 1.8554e-86 Extrenely small Pval ue

Wilks (likelihood ratio) test 1/T1(1+X,)

Ord> cumW|Iks(1lpr0d(l+e|gSZ$vaIues) fh2,fe2,q)
(1) 1.5447e-30 Extrenely small Pval ue

Both P-values are extremely small, again
leading to rejection of H,.

F-statistics and relative eigenvalues are
the same when computed from
* H = S21S11_WST2
= -1
« E=S - S22 - 821811 812

22.1
Ond> s22dotl <- s22 - s12' %*% solve(s11) %*% s12

Ond> releigenvals(s12' %*% solve(s11) %*% s12, s22dot1)
(1) 4.9149  0.030929 0.0090215 1.4957e-16

Cnd> thetas <- eigs2$values/(1 + eigs2$values); thetas
(1) 0.83093 0.030001 0.0089408 1.2698e-15

Ond> releigenvals(s12' %*% solve(s11) %*% s12,s22)
(1) 0.83093  0.030001 0.0089408 6.5688e-18
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Population Canonical Correlations

The goal of canonical correlation to
understand the structure of correlations
between p variables in X" and q variables
1n X(2)

There are least two approaches.
1.Find a low rank approximation to a
matrix summarizing correlations

between x" and x*

2. Find features or summaries g(x'") and
h(x®) of x" and x” such that
p’[g(x™"), h(x*)] is as large as possible.
You know best how to work with linear

features, that is, where g(x™) = u'x™ and
h(x?) = v'x? are linear combinations.

Traditional canonical correlation finds u
and v such that p’[u’x"”, v'x®1 is as large
as possible.

11
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Now do the regression of x1 on x2.
Ond> makecols(x2,x2_1,x2_2,x2_3,x2_4)
Colum 1 saved as vector x2_1
Colum 2 saved as vector x2_2
Col um 3 saved as vector x2_3
Col um 4 saved as vector x2_4

Ord> manova("x1=x2_1+x2_2+x2_3+x2_4"silent.T)
Ond> hl <- matrix(sum(SS[run(2,g+1),,]))

Ond> el <- matrix(SS[6,,])

Ond> fhl <- g;fel <- N - 1 - fhl;vector(p, fh1,fel)

(1) 3 4 95

Ond> eigsl <-releigen(hl,el)

Ond> eigsl$values # same non-zero eigenvalues as before
(1) 4.9149 0.030929  0.0090215

Fact: The non zero relative eigenvalues
from the x on x“ regre531on are the

same as from the x® on x" regression.
Ond> sd1 <- sgrt(diag(s11)) # standard deviations

Od> ul<- e|gsl$vect0rs sdl ullmax(abs(ul))

x_1 0. 18701 -0. 57638 0. 88276
x_2 1 -0.4284 -1
x_3 0. 55634 1 0. 22803

This provides very little information on
the structure of the association.

Ond> fstatsl <- d|ag(hl/fhl)/d|ag(ellfel) fstats1
(1) 39. 801 55. 671

Ond> p*cumF(fstats,fhl,fel,upper.T) # Bonferronized P-values
(1) 4.5776e-19 1.3022e-30 1.2866e-23

The univariate F's all reject H,.
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Finding an approximation a matrix
summarizing correlations.

Recall we are trying to characterize the
correlations between two sets of var-
iables, x" with p variables and x* with g
variables.

Correlations are easiest to understand
with standarized data. This suggests
trying to find a simpler matrix that
approximates

p, = corr[)?”, X1,

where x\ and ' are multistandardized

versions of x'" and x®, that is

« EX"1=0, VIX"I = I

o E[X?] = 0. VIX®] = I

The zero means are not important; the
identity matrix variances is important.
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Notation:
e A" is another notation for A’.

When A is a positive semi-definite sym-
metric matrix, you can find a "square
root” A% of A in many ways.

e A"? {s any matrix such that
(A1/2)TA1/2: A

e A"? is shorthand for (A'?)’
AT/2A1/2 - A

° A—1/2 - (A1/2)—1

° A—T/Q = (AT/Q)—1 - (A—1/2)T =Y A—1/2A—T/2 - A—1

When A'? is upper triangular, A"? is
lower triangular and (A'?)'A'? is the
Cholesky decomposition of A and you can
compute A'? using MacAnova function
chol esky().

13
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Then
I Z 12 -|

p
5,00

q

|
VIX1= £ = |
I

where £ = Cov[x", x?1 =% 7% 5 "

12722

Because VIX"1 =1, and VIX?] = I,
£ = Corrlx™, x”1.
¥ _is p by g and contains all the infor-

mation on the linear association of x‘
and x“.

rank(£..) < min(p.q)

12

Note that £_=0 < &£ = 0.

One way to try to describe the correla-
tion between x and x® is to use the SVD
of fu to find a rank m < min(p,q) matrix

£ ™ which is as close as possible to £ .

15
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Recall the partitions of £ and x:
ZH z:12 p x“)
X = , X =
z:21 Z:22 q X(Q)
P g

Define
o _ “T72( (1) (1)
o XV =X T(xT-p")

° §12) - 2224/2()((2)_}1(2))

Then VIX"] = L. VIX?] = I, so both x" and
x? are multistandardized.

Combine x" and x® in one vector with
p+q elements:

X
i’tz)
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The SVD of £ is &£ = LTR’
e L=[2,...,2Lpbyqg LL=1L
2, = (left singular vector of )
= (eigenvector of £ § )

12712

[}
—
1

diaglz, > z, > ... > z ],
T = singular value of £ |
= square root of eigenvalue 6,
of £ & Torof £ 8
e R=1[r,...rl,gbyg RR=1I
r. = (right singular vector of £)
= (eigenvector of £ & )

Then the best rank m approximation is
'va(m) = L™T™R™ =Sz Ar]

1<i<m ~ 1 i i

e L™ =10[2,..., 21 pbym
e RW=1[r,...rlgbym
e T™ = diaglz, ..., 7]
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The singular values T, > ¢, > ... of £ _are
the population canonical correlations.

Their squares, ©, = “cf, are eigenvalues of
both £ £ "and £ '8

Now & =% 72 £ - implies that

* g § ! = z:11_T/2212222_12212:11_1/2

12512

- To -T/2 -1 -1/2
* z:12 z:12 - z:22 z:21211 z:12222
Therefore ©, = “cf is

-1/72

e eigenvalue of £, g £ '8 &

-1/2

e eigenvalue of £ 78 & '8 %

Moreover, 6, is
o eigenvalue of £ % "% relative to £
» the regular eigenvalue of £ '8 & '8

o eigenvalue of £, & 7'E  relative to £,
e the regular eigenvalue of £ 'S & 'S

17
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Let’'s see how well the rank 1 and rank 2

< <
approximations to p., = &  are
Ond> svdall <- svd(rtilde12,all:T) # complete SVD
Ond> J <- 1# selector for rank 1 approximation
Ovd> leftvecs <- svdall$leftvectors[,J];
Ond> rightvecs <- svdall$rightvectors|,J]
Omd> svals <- dmat(svdall$values[J])

Ord> leftvecs %*% svals %*% rightvecs'# rank 1 approximation

(1, 1) 0.78549 -0.055253 0.016781  0.047095
(2,1) 0.42081 -0.029601 0.0089902 0.025231
(3,1) 0.17162 -0.012072 0.0036664 0. 01029

Ond> J <- run(2) # selector for rank 2 approximation
Omd> leftvecs <- svdall$leftvectors|,J]

COmd> rightvecs <- svdall$rightvectors[,J]

Ond> svals <- dmat(svdall$values[J])

Ond> leftvecs %*% svals %*% rightvecs'

(1,1) 0.78411  -0.052391 0. 061766 0. 057415
(2,1) 0.42137 -0.030758 -0.0092031 0. 021057
(3,1) 0.17656  -0.022332 -0.15762  -0.026709

Here | used a useful MacAnova “"trick”. |
set J to the indices of the singular
values and vectors to be used so [ could
use the same MacAnova expressions for
both rank 1 and rank 2 approximations.

19

Statistics 5401 Lecture 32 November 21, 2005

The best rank 1 and 2 approximations to

~

>, are

- (1) T - (1) T T
— — +

E,=zrlandx "= r'+ A,

Ond> x1tilde <- (x1 - sum(x1)/N) %*% solve(cholesky(s11))

QOrd> x2tilde <- (x2 - sum(x2)/N) %*% solve(cholesky(s22))

Ond> xtilde <- hconcat(x1tilde, x2tilde)

omd> list(xilde)
xtil de REAL 100 7

Ond> rtilde <- tabs(xtilde,covar:T)
Cnd> print(rtilde, format:"7.4f")
MATR X:

(1,1) 1.0000 O0.0000 -0.0000| O.7853 -0.0196 0.0547 0.0792
(2,1) 0.0000 1.0000 0.0000| O.4190 -0.093%9 0.0054 -0.0242
(3,1) -0.0000 0.0000 1.0000| 0.1%772 —0.0055 —-0.1612 —-0.0155
(4,1) 0.7853 0.419%0 0.1772| 1.0000 -0.0000 O0.0000 O.0000
(%,1) -0.0196 -0.0928%9 -0.0055|-0.0000 1.0000 0.0000 O.0000
(&,1) 0.0547 0.0054 -0.1612| 0.0000 O0.0000 1.0000 -0.0000
(7,1) 0.0792 -0.0242 -0.0155| 0.0000 0.0000 -0.0000 1.0000

Ond> rtilde12 <- rtilde[J1,J2]; rtilde12

(1,1) 0.78526 -0.019556  0.054711  0.079215
(2,1) 0.41898 -0.09892 0.0054408 -0.024196
(3,1) 0.17715 -0.0054845 -0.16123 -0.015524

~

The upper right hand corner is R, the
matrix of correlations between the

multistandardized vectors X" and x*2.
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Define the first pair of correlation
canonical variables by

(1 _ TS _ T ST/2( (1) (M
oz = X" = 078 AT - p)
- (211-1/2Q1)Tx(1) -V (1),

1

V (1) - (ZH—]/QQW)T“(W)

1
o 7 = r'x® = r1T222_T/2(X(2) - }1(2))

1
-1/2 Ty (2) (2)
(222 r1) X7 - v,

v (2) - (Z -1/2r )Tp(2)

1 22 1

Then corrlz ™,z = 0'€ r = z..
More generally, you can define min(p,q)
pairs of canonical variables z,”, z” by
° Z.(W) - QjTi"(U - (21171/2QJ)TX(1) _ ij,

1) _ -1/2 T.,01)
v ™= (2770

i
° Z-(z) _ r.Tk“(z) - (Z —1/2r.)Tx(2) _ V(1)

2

: : (2) - J (2) L
2 -1/2 T 2
v = (8, )
« corrlz™, 2?1 =08 r =z,
1 < j < min(p,q)
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All other correlations among canonical
variables are 0. Specifically,

coviz®”, 2™ =070, =0, =k

k

2)

coviz?, z®1=r'r =0, =z k

k
m 2 T _ :
coviz'”, z*l=R'¥ r =0, ] =k

In a sense, all the correlations between
x"" and x? are "squeezed” into z , ...,

min(p.q)*

21
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Omd> z1 <- x1tilde %*% svdall$leftvectors],-4]
Omd> z2 <- x2tilde %*% svdall$rightvectors][,-4]
Ond> list(z1,z2) # matrices of canonical variables
z1 REAL 3

z2 REAL 100 3

Ond> print(cor(z1,z2),format:"8.5f")

MATRI X

(1,13 1.00000 0.00000 0.00000¢ 0.91156 —-0.00000 —0.00000
{2,1) 0.00000 1.00000 0.00000% 0.00000 0.17321 0.00000
(3,1 0.00000 0.00000 1.00000:-0.00000 —0.00000 0.09456
(4,1y 0.%11i56 0.00000 -0.00000°: 1.00000 0.00000 0.00000
(5,1) —-0.00000 0.17321 -0.00000¢ 0.00000 1.00000 —0.00000
(&,1) -0.00000 0.00000 O0.0%456; 0.00000 -0.00000 1.00000

What you really want are how to get
canonical variables directly from x“ and
x?.

.(1) Q.T)'Z(H - Q.TZ fT/2(x(1) _ JJ(]))

j j o
(ZH_WQQJ)T(X(” _ pm)
(ZH_”QQ])TX(” _ ij'
1 _ -1/2 Ty,
v (2,70

]

°
N
[T

. Zj(2) - ro)’E'(Q) - roZQQ—sz(x&) _ JJ(Q))
- (22271/2rJ)T(x(2) _ }1(2))
= (222 1/QI"1)TX(2) - VJ(Q),
VJ(2) - (222-1/2rj)rp(2)

22



