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How far from "advertised” is a "Bonfer-
roni box?" It depends on how correlated
the data are. Here are two samples of
40, both from normal populations with

Yo, =5and /o, =7,
The one on the left has p = 0; the one on
the right has p = -.9
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Here are 95% and 99% rectangular and
elliptical confidence regions for g based
on these samples
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Summary
e Box shaped confidence regions for 6
based on Bonferronized z-tests or -t-
tests based on estimates 6,

October 5, 2005

K =t («/2) or K, = z(ot'/2), ot = ot/

O is the estimated standard error of éj.

The shape is determined by the values of
G,?, the diagonal elements of VI[8].

o Ellipsoidal confidence regions based
on Hotelling's T? test:

R(X) e| e - 6)'{VIel}'(e - 8) <K},
K7 = x o) or {(f,g)/(f-q+DIF, . ().
The shape is determined by eigenvalues

of VI8]. The orientation is determined
by the eigenvectors of VI[8].
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e The elliptical confidence regions have
the same orientation as the "cloud of
points” but are much smaller (compare
the axis scales).

e For small p, there isn’t a lot of diffe-
rence between the elliptical and box
regions: the box corners are slightly
outside the ellipse; the ellipse ends
and sides are slightly outside the box.

e When p is high, two corners of the box
are distant from the ellipse and there
is a lot of area outside the ellipse and
in the box, and relatively little area
outside the box and in the ellipse.

e As p - +1, actual confidence of box
approaches 1 - /2 instead of 1 -
(97.5% instead of 95%, for example).

Simulation with M = 10,000, n = S0:

p 0 9 .99
1 - x| 0.9456 | 0.9614 | 0.9698
1 - o estimates actual confidence level
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e Both regions (box and ellipsoid) are
centered at 6.

e The volume of a box shaped region is

G5 0404 (2K )% K, = 2(et'/2) or
t, (e'/2)
Forq_2 area_d (2K)

e The volume of an elllpso1da1 region is
J/ det(VIB])xTt¥*K

((q+2)/2)
When q = 2,
Area = ./{det(VIBD}TK 2,
69} 62\/{1 B pe},é? }Kjﬂ
ﬁé&} = estimated correlation between
6, and §6,.
Note: For even q = 2m, I'((q+2)/2) =
For odd q = 2m-1,
I'((q+2)/2) = 1x3x...x

(2m-1)/T0/2"
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Bounding boxes for ellipsoids

Every ellipsoid has a rectangular
bounding box.

e Each "face” (edge or wall) is perpen-
dicular to a coordinate axis.

e Each face of the box is tangent to
(touches at one point) the ellipsoid.

"/

What is the size and shape of an ellipse’s
bounding box?

Bounding box when p = 2.
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Note:
[f £ is a variance matrix, det(Z) is the
generalized variance, a single num-
ber which is sometimes used as a
summary of how spread out a multi-
variate population is.

The volume of an ellipsoidal region is
proportional to the square root of a
generalized variance.

For fixed o, larger correlations result in
smaller generalized variance.

Also for fixed trace(Z) = 3y 6, = 2\, the
more different are eigenvalues {\ } of
V[B], the smaller is the generalized
variance.

For instance when X = .55 and X\, = .45,
J/det(g) =,/(.55x. 45) = 0. 497 while when
X, =.9and X, = .1, /det(E) =/(.9x.1) =

0.3 < 0.497. In both cases A, + A = 1.
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Define E to be the inside and boundary of
an ellipsoid with center at x,. That is

E={x| (x-x)Q"(x - x) <K
where Q is gxq symmetric positive defi-
nite (Q = V(8) for a confidence ellipse).

Fact
The bounding box for E is the set

{x|xoj - Ky/q, < x <x, +Kyq,j=1..4a}
The bounding faces or planes come in
parallel pairs, each pair perpendicular to
a coordinate axis:

X | X, = X, - Ky/q} and {x | X, = %, + Ky/q,}

These are perpendicular to the coordinate
axis defined by

=[00...0 1 0..0T7

]

and parallel the plane defined by
containing the remaining axes {e}

i’izj"
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Ellipse Together With its Bounding Box

______________________________ - -

When p = 2, the left and right tangent
lines are the vertical lines defined by

X, = Xo K\/qn and X, = X * K\/qn
They are perpendicular to the x, axis.

The bottom and top tangents line are the
horizontal lines defined by

X, = Xoo ™ K\/qzz and X,= Xoo * K\/q22
They are perpendicular to the x, axis.
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This description of an ellipsoid E cor-
responds to the obvious fact that the
boundary and the interior of E consist
exactly the points between all pairs of
parallel tangent lines or planes.

=

The direction of each pair of lines is
perpendicular to a vector & (heavy lines
in plot). Every vector & determines two
tangent lines (planes when q > 2).
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This formulas of the bounding box are
consequence of the following "fact”:
e If X is In E, every linear combination
L'x = 3 2.x satisfies
R'x -K/(2'QR) < £'x < £'x+K\/(2'Q1)
e Conversely, if these inequalities are
true for every 2, then x is in E

That is,
e When X is in E, for every &, the
linear combination 2°X is inside the
interval
L'x, + K\/(Q‘OQ)
e When X is not in E, there is some
linear combination 2°x such that
R'x < 'x, - K\/(2'QQ) (outside to left)
or
R'x > 'x, + K,/(2'QQ) (outside to right)

Note the use of Q instead of Q' here.
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A particular case is & = e, where, as

before, e Is a "coordinate vector”.
(001

e

11,0,0 {0,1,0)

Then you have the particularly simple
equations:

o U'x =) X = X,

© QL =229,%% =q,

When you apply the general result here
you get the defining equations for the
bounding box

{x|x0j—K\/q”5Xj5x0j+K\/q”,j =1,....q}
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Bounding boxes for ellipsoidal
confidence regions

e A g-vector & defines linear combi-
nations 2'6 and 2'6 of the elements of
e=1[6,..,0]and6=[6, ..., 6].

e The estimated variance of '8 is
VL8] = 2'VI8]L
e The estimated standard error of 2'6
is
C,s = V/IVIL'EL} = \/{R'VIBIL}.
JIVIL'8l} is /(2'QL) when Q = V[8].
e The faces of the bounding box are at
distances K_G. from the center.
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e The bounding box for the ellipsoid is
always bigger than the Bonferroni
box.

This means

P(R

Bounding box

(X) contains ©) >
)

P(R (X) contains ©)

Bonferroni box

Since
P(R

the bounding box can be considered a

1 - « confidence region for @, but is
very conservative with actual
confidence level

P(R (X) contains 8) >> 1 - «

(X) contains 8) > 1 - «,

Bonferroni box

Bounding box

15

If

R(X) = {8 | (6 - 6)VI6I'(6 - 6) <K,
is an ellipsoidal confidence region then
its bounding box is centered at 6 with
edges parallel with lengths 2K /G, .
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As usual

K, = X,(e0) = /{X ()} (large sample)
or

K, = Vaf /(f,-q+1))F . (e0} (small)

e This is the same shape -- but larger -
- as the box-shaped confidence region
obtained by Bonferronizing separate
tests of each 6.

The lengths of the sides of the "Bon-
ferroni” box are
2x7(t'/2)5, or 2xt («'/2)5,

]

&' = K/qQ.

q = number of parameters in 6, and
might not be p = number of variables.
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The sides of the bounding box define
simultaneous confidence limits for the
parameters, since
P(6, - KG, <6 <6 +KG,, j=1,..q}=
P(R,unsing v X) CONtains 8) >> 1 -

Generally, these are very conservative
confidence limits (confidence >> 1 - «).

Cenfiderce Ellipse and Univariate Limits
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Uniwariate t 95% cenfidence limits
--------------------- Bonferronized t 95% simultaneous confidence limits

Boundingbox (Scheffe-like confidence limits)

Hereq=2,8=H, 6 =X
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| continued the simulation reported on
before to estimate the actual confidence
level of simultaneous confidence limits
based on the bounding box.

Estimated Confidence Levels
p 0 .9 .99

1-& | .9702 0.9776 0.9848

These are unacceptably larger than the
intended confidence 1 - « = .95.

Vocabulary

| refer to bounding box limits and their
generalization to linear combinations of
parameters as ellipsoidal limits.
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With @ = X, and V[8] = (1/n)S,

Lecture 13 October 5, 2005

VALY

m2vev b= J{/n)(s -2s +s )}
You can use either

e "Ellipsoidal limits” (T?-based limits)

uo- o= X=X K/A(1/n)(s - 25, +s )}
with K, = \/{X (0} (large sample) or K_ =
\/{qxfqu_fe_q”(d)} (small sample normal).

or

e Limits based on Bonferronized t or z
po- o= X=X KA /A(1/n)(s - 25, +s )}
K =t ((«/M)/2) or K = z((et/M)/2).

with Bonferronizing factor M = p(p-1)/2.

Comment: When p is large, M can be very
large.
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Suppose you are interested in M specific
linear combinations 6, j = 1,....M.

You can estimate each 26 by Q].'é with
estimated standard error

~

C,s= V/IL/VIEILY j=1,..M

nje

Example: In a repeated measures situa-
tion with mean vector U, you might want
to compare all M = p(p-1)/2 pairs p. and
M. That is, you are interested in all
these p(p-1)/2 linear combinations

M= Mo Ho=Hg v Hy- M,
VU VR VU U TR
The p(p-1)/2 associated 2 's are
- [1,-1,0,..0, &, = [1,0,-1,..0]",...,
[
[

0,1,-1,...01, ..,8, =[0,1,..0,-1]"...,
N = [0,0,0,...,0,1,-11" (contrasts)

p-1.p

Note.6, = 6,=...=6 < '8 =0,all j <k
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Which intervals are shorter? Apparently,
for M=p(p-1)/2, always the Bonferronized
t or z. Here are plots against M of ratios

t (.025/M)

A=t /(6 -p+1))F,,  (.0S)}
forp=3,4,5, 6 (M=3,6, 10, 15), f. = 50
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Ratio < 1 means Bonferroni intervals are
shorter. For p = 3, only when M > 12 are
ellipsoidal limits shorter. For p = 6,
even with M = 50, Bonferroni limits are
substantially shorter.
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When all Qj‘s are contrasts, that is
2 1aee; = 0, you get slightly shorter
ellipsoidal limits, by replacing g by q -
1, that is using

K, = V@ 1xfF_  (e0/(f -q+2)}
Here f_- q+ 2 =1 -1(q-1) + 1
Here is a plot against number of para-
meters q of ratio of interval lengths

Bonferronized by M = q(q-1)/2 to these
shorter ellipsoidal limits,

Ratiolengths Bonf pairwise corparisan intervals to ellipsaid

f, = Error df. =100
M =q(g-1)/2

10 20 30 40 50 60 ] 80 Q0
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As the dimension goes up, Bonferroni
limits improve relative to the ellipsoidal
limits.

Conclusion: Never, except possibly for
very large M, use the ellipsoidal limits
for a set of M linear combinations or
comparisons that has been selected
before seeing the data. When M is large,
use ellipsoidal limits only when

K /K, > 1.

Ellipsoidal limits have one advantage:
They can be used with any 2, including an
Q selected after seeing the data. This

is because they apply to all & simul-
taneously.

The ellipsoidal limits are similar to
Sheffe multiple comparison limits.
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