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Latin Squares

In a CRD (completely randomized design)
there is no attempt to segregate out
sources of variability so they don’t
affect comparisons of treatments..
There are no restrictions on either the
number g of treatments and the numbers

n, of replications per treatments.

Model
Y, = H+o+ g, 1=1,.9 j=T1..n
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Contrast with weights {c}, > c, = 0
Zicig_i- (Zici)}'l * Zicidi * ZiCiE_i-

Zxclo(i * Z:iCiEi-

This has variance V(Y. cy.) = ¥.c’c’/n,

In particular

gil. - gi2o = o<i1 B o<i2 * 8

€. - €,

2

e .

with variance o*(1/n,_+ 1/n,).
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Stemplot of exam grades

Omd> stemeaf (nt2,8,stat: T,outlier:F)
n=21, M n=16, QL=55, M=64, B=71, Max=79
6
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1 1
1 2
3 3| 49
4 4] 1
9 5| 55999
( 6) 6| 345588
6 7] 122389

1|1 represents 11
Leaf digit unit =1
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In a RCB (randomized complete block)
design, you try to segregate out one
source of variability - the among blocks
variability - so that it doesn’t affect
comparisons among treatments.

There are no restrictions on the number
ot treatments, or the number of replica-
tions, but all treatments are repeated

equally oftenson =n,=..=n =T.
Model
Y, = B+t B re, U=, g, ) =1,..r

Contrasts among treatments are not
affected by large or small block effects.

y.= M+ o + B, + e, Treatment mean
Zicig_i- - Ziciou * Zicioi * Zicigo * Zicie_l'
= ). Col + 2 CE, Contrast
V(¥ cy.) = (Xco’/r
In particular, Y -y .= o - & +€ - €
with V(y .-y .) = 25°/r.
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When blocks are random and there are

random interaction effects «f8,, you need

to replace ¢ by eNiJ. = o(ﬁu. + €, and o® by
2 2

Odﬁ + 07,

In LS design (Latin Square), you try to

segregate out two sources of variability.

You group the EU's in two ways, equal

sized "rows” and equal sized "columns”,

so that

e Each row is homogeneous with respect
to one source of variability

e Each column is homogeneous with
respect to another variability source.

The defining features of Latin squares
are that

e Each row is a complete replicate

e Each column is a complete replicate.

That is, every treatment appears once in
every row and once in every column.
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Restrictions
The number of replicates = number of
treatments, that is r = g.

Model
gijk:p+di+5j+b/k+sijk’1
but only g* out of the possible g* combin-
ations of 1, j, and k are present.

<1 j.k=<g

A LS design yields data that is balanced
for main effects, that is each treat-
ment, each row and each column is
replicated g times. Not all combinations
of row, column and treatment levels
occur so it's not completely balanced.

Contrast among treatment means:
Zicigi" (Zici)}‘l * Zicidi * ZC ‘B
(Zici)g * Zlciei'O

Zicidi * Zicie_iu

This is unaffected by row and column

effects.

V(S el = (Seio/g
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Here is an example of a 6 by 6 Latin
Square for treatments A, B, ..., F

T 2 3 4 5 6
T B C A D E F
2 |E A C F B D
3 |A E F C D B
4 |D F E B A C
S |F B D A C E
6 |C D B E F A

One usage is in a “cross over” design in
which the same subject can, at different
times, be given each treatment. Even
when there is no “carry over” effect,
there may be an order effect. For
example, the subject might respond
differently to the first treatment given,
no matter which it was.

[f you assign subjects to rows, times or
position in the ordering to columns, and
treatments to letters, then a Latin square
design segregates among subject
variation and variation due to order.
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Here is analysis of a field experiment
comparing 6 crosses of a strain of corn.
Rows and columns were actual East-West
and North—South strips in a field.

Om> data <- read( "blissll_13")

blissll_13 4 fornmat

Dat a fromTabIe 11.13, pp. 309 of Bliss, Statistics in Biology
Yields in bu/acre of 6 crosses of the Hy strain of corn froma
field trial at Wndsor, Conn, arranged in a 6 by 6 Latin
Squar e

Col . 1: Row nunber (1-6)

Col. 2: Colum nunber (1-6)

Col. 3: Ooss (1=A, 2=B, 3=C, 4=D, 5=E 6=F)

Col. 4: Yield, bu/acre

Read fromfile "TPl: DataFronst Paul : Bl iss: Bl iss.nat"

NN NN NN

COmd> nakecol s(dat a, row, col , cross,y)
COmd> row <- factor(row); col <- factor(col)
COmd> cross <- factor(cross)

Crd> print(format:"6.0f",\

matri x(cross, 6, I'abel’s: structure( Row ", "Col ")))

MATRI X: Layout of crosses, g = 6

@ 1 Col 2 Col 3 Col 4 Col 5 Col 6
Row 1 2 3 1 4 5 6
Row 2 5 1 3 6 2 4
Row 3 1 5 6 3 4 2
Row 4 4 6 5 2 1 3
Row 5 6 2 4 1 3 5
Row 6 3 4 2 5 6 1

Crd> print(format:"5.0f", tabs(y, col,count:T))
VECTOR Equal counts per colum
(1) 6 6 6 6 6 6

Q> print(format:"5.0f", tabs(y, row count:T))
VECTCR Equal counts per row
(1) 6 6 6 6 6 6

Q> print(format:"5.0f", tabs(y, cross, count:T))
VECTOR Equal counts per cross
(1) 6 6 6 6 6
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Here are the treatment means y..,

Omd> ybar_i dotdot <- tabs(y, cross, mean: T)
Ord> ybar _i dot dot

(1) 13.817 16. 267 14. 467 15.2 17.183
(6) 16.683 Original treatnent neans

Here [ create a new vector of responses
with strong row and column effects but
with unchanged treatment effects:

o> yl1 <- y + 10*row + 100*col

Qnd> tabs(y row, nean: T) # row neans of y

(1) 6. 483 13.5 12. 367 16. 717 17.1

(6) 17 45 Oiginal row neans

Q> tabs(y, col,nean: T) # col um neans of y

(1) 17. 667 17.133 14. 95 15. 033 14.517
(6) 14.317 Original colum neans

Ord> tabs(yl, cross, mean: T)

(1) 398. 82 401. 27 399. 47 400. 2 402. 18
(6) 401.68 New treatnent neans

Omd> tabs(yl, row, nean: T) # row means of

(1) 376. 48 383.5 392. 37 406. 72 417.1
(6) 427. 45 New row neans, very different

Omd> tabs(yl, col, nean: T) # col um neans of yl

(1) 152. 67 252.13 349. 95 450. 03 549. 52
(6) 649. 32 New columm neans, very different

Q> c <- enter(5,-1,-1,-1,-1,-1) # contrast

Qmd> sun{c*ybar _i dot dot)
(1) -10.717 contrast in original treatment neans

Q> sun(c tabs(y1, cross, nean: T))
(1) 10.717 contrast in new treatnent neans

The contrast values are the same.
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If the 6 treatments were combinations of
two factors A and B witha = 2 and b = 3,

use
anova("y=rowtcol +cross+a*b",fstat: T)

Replacing the S d.f. cross line would be
lines for a, b and ab with 1, 2, and 2 d.f.

Here are 4 possible Hasse diagrams for
a Latin square design.

November 25, 2002

November 25, 2002

Rows random and
columns fixed

Rows and columns
fixed

1

M,

l Ty (14)

g 1 gl
(E)(g 1)x(g-2) (E)(g 1)x(g-2)

Rows and columns
random

Rows fixed and
columns random

M,
g | g C g g ]4 )
T g1 $ g1 )g-l T g1 ( / gl
B8 ng
(E)(gq)x(g—z) (g 1x(g-2)
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COmd> anova("y=row+col +cross", fstat:T)

Model used is y=row+col +cross

DF SS MB F P-val ue
CONSTANT 1 8764. 1 8764.1 2875.87861 0
row 5 135. 38 27.077 8.88513 0.00014346
col 5 61.118 12.224 4.01110 0. 011049
Cross 5 52. 498 10.5 3. 44538 0. 020852
20 60. 949 3.0474
Df,. =DF_ =DF_ =g-1=6-1=5
reat row col.
- 2 _ _ - _ _
DF__=¢"-1-3(g-1) =(g - 1)g - 2)

Blocking factors row and col are non-
treatment factors. There is no need to
test them. ANOVA shows significant
differences in yield among the 6 crosses.
QOvd> pai rw se("cross", .05, hsd: T)
I -114
| -0.403
I I 0. 664
|

1.08
1.58

goNhWE

Only crosses 1 and S differ significantly
at the 5% level.
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[f you include any two-way interaction,
the interaction SS = S§___ from an
additive model and there are O degrees of
freedom for error.

COrd> anova("y=r ow+col +cr oss + row. cr oss")

Mbdel used is y=rowtcol +Cross + row. cross
WARNI NG summaries are sequenti al

DF SS VB
CONSTANT 1 8764. 1 8764. 1
row 5 135. 38 27.077
col 5 61.118 12.224
cross 5 52. 498 10. 5
r OW. Cross 20 60. 949 3. 0474
ERRCR1L 0 0 undef i ned

Cmd> anova("y=r ow+col +cross + col . cross")

Model used is y=rowtcol +cross + col.cross

WARNI NG sunmmaries are sequenti al
SS

DF %S
CONSTANT 1 8764. 1 8764. 1
row 5 135. 38 27.077
col 5 61.118 12. 224
cross 5 52.498 10.5
col . cross 20 60. 949 3.0474
ERRCRL 0 0  undefined
QOvd> anova("y=rowtcol +cross + row. col ")
Model used is y=row+col +cross + row. col
WARNING sunmaries are sequenti al

DF SS %)
CONSTANT 1 8764. 1 8764. 1
row 5 135. 38 27.077
col 5 61.118 12. 224
cross 5 52. 498 10.5
row. col 20 60. 949 3. 0474
ERRCRL 0 0  undefined
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You can build larger designs by combining
two or more Latin squares.

You can do this in several ways.

[f you have mxg “column blocks”, all with
the same rows, you can assign treat-
ments to each of m sets of columns using
m Latin squares.

[f you randomize the order of the mxg
columns, you might get a design like this
forg=3and m=3

1 23 456 7 8 9
11C B CAABABZC
2/|A C ABBCBZ CA
3/ B ABCCAZCAHRB

Columns 1, 2, 4 are a LS as are columns

3,5, 6 and columns 7, 8, 9.

The model is similar to that for a Latin
Square, except that k = 1, ..., mg

gijk: Koot + ‘Bj * a/k * Eijk

13
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Another possibility is to"reuse” neither
rows nor columns. This allows for the
effects of rows and columns to differ
between squares or for their to be no
connection between rows or columns in
one square and those in another.

You are just have m Latin Squares
related only by having the same treat-
ments.

1
2
3

The model now is
Uijk: Ho+ o+ 5]'(11) + b,k(D.) + 8&1 * eijkil

with both rows and columns nested in
squares.

w > Ol—
> O TN —
O W > W
w > Ol—
O T >IN
> O W W
O o> —
> O TN N
W > O W
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[f the mxg columns can themselves be
grouped in m homogeneous sets, each set
can be Latin square and you have a new
blocking factor, the square.

1
11C
2 A
3B
The model would be (&, is square or
replicate effect) and columns are nested
in squares

gijk:'u+o(i+’8j+a' + & + €

k(L) [} ijke

O T >W
O W >N
> O TN N

3
C
A
B

> O WWw
O W > —

1

C
A
B

> O o -

[n both these cases you are "reusing”
rows, since you are assuming the same
row effect in every column.
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Here is an anlysis of the mydriatic res-
ponse of albino rabbits to four doses A to
D of a complex amine. Y = increase in
pupil diameter in mm.

12 rabbits were used on 4 different dates
(rows). Treatments were assigned so that
each group of 4 rabbits formed a Latin
square. In the original description of the
data, there was no indication the squares
were a blocking factor.

Ovd> date <- factor(rep(run(4),12))

Ovd> rabbit <- factor(rep(run(12),rep(4,12)))

COmd> dose <- factor(4,3,2,1, 3,4,1,2, 2,1,3,4, 1,2,4,3,\
3,4,1,2, 4,3,2,1, 1,2,3,4, 2,1,4,3, 2,1,4,3, 1,4,3,2,\
4,3,2,1, 3,2,1,4)

Om> y <- vector(7,5,2,1, 4,6,1,3, 3,1,6,7, 1,3,6,3, 4,51,2,\
6,4,2,0, 1,3,4,5 2,2,7,4, 30,53, 0,4,3,2, 7,3,2,0,)\
4,2,0,6)

Qvd> print(format:"2.0f", matri x(dose, 4))

MATRI X Treatnent assignments

(1,1) 4 3 2 1 3 4 1 2 1 4 3

(2,1) 3 41 2 4 3 2 1 1 4 3 2

(31) 2 1.3 41 2 3 4 4 3 2 1

(41 1 2 4 3 2 1 4 3 3 2 1 4

Ord> anova("y = date + rabbit + dose",fstat:T)

Model used is y = date + rabbit + dose

DF SS VB F P-val ue

CONSTANT 1 500. 52 500.52 1102. 06422 0

date 3 1. 5625 0.52083 1. 14679 0. 34625

rabbi t 11 12. 229 1.1117 2. 44787 0. 025517

dose 3 179. 06 59.687  131.42202 0

ERRCRL 30 13. 625 0. 45417
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There are 11 d.f. between rabbits
(columns).

There is strong evidence for a dose
effect.

Because, each successive four columns
constitutes a complete Latin square, it is
likely the original experiment was run as
a replicated LS with a factor for squares.
Here I analyze with a factor for squares.

Omd> sq <- factor(rep(run(3), rep(16,3)))

Ovd> col s_in_sq <- factor(rep(rep(run(4),rep(4,4)),3))

Qmd> anova("y = sq + sqg.cols_in_sq + date + dose",fstat:T)

Mbdel used is y = sq + sq.cols_in_sq + date + dose
WARNI NG sunmaries are sequenti al
DF SS

M F P-val ue
CONSTANT 1 500. 52 500.52 1102. 06422 0
sq 2 7.0417 3.5208 7.75229  0.0019319
sg.cols_in_sq 9 5.1875 0. 57639 1.26911 0.2935
date 3 1. 5625 0. 52083 1. 14679 0. 34625
dose 3 179. 06 59. 688 131. 42202 0
ERRCR1L 30 13. 625 0. 45417

The sum of the SS for sq and
sg.cols_in_sq is the SS for rabbits in
the previous ANOVA, and the error SS is
the same, so this doesn’t change the
analysis.
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Omd> ens("y = sq + sg.cols_in_sq + date + dose",\
vector("sq","cols_in_sq","date"))

EMS(CONSTANT) = V(ERRORL) + 12V(date) + 4V(sq.cols_in_sq) +

16V(sq) + 48Q CONSTANT)

EMB(sq) = V(ERRORL) + 4V(sq.cols_in_sqg) + 16V(sq)

EM5(sq. col s_in_sq) = V(ERRORL) + 4V(sqg.col s_in_sq)

EMS(date) = V(ERRORL) + 12V(date)

EMS(dose) = V(ERROR1) + 12Qdose)

EMB( ERRORL) = V( ERRORL)

COmd> mixed("y = sq + sq.col s_in_sq
vector("sq","col s_in_sq", "date"

+ date + dose",\
)
MATRI X:

DF MB Error DF Error N
CONSTANT 1. 002 501 2.598 4.042 124 0.002912
sq 2 3.521 9 0.5764 6.108 0.02109
sq.col s_in_sq 9 0.5764 30 0.4542 1.269 0.2935
date 3 0.5208 30 0.4542 1.147 0.3462
dose 3 59.69 30 0.4542 131.4 0
ERRCRL 30 0. 4542 0 0 MSSING M SSI NG

Note that the SS for sq is significant,
indicating that blocking by squares was
probably part of the experimental design.
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