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Statistics 5303 Lecture 25 November 1, 2002

Types of sums of squares

| need to make a correction to what |
said in Lecture 24 about Type II SS.

The definition | gave was correct; I
applied it incorrectly.

SAS Type I SS (no change)
Type | SS are sequential SS like
MacAnova. Each SS is the amount of
the total SS "explained” by that term
after fitting preceding terms.

In MacAnova, the terms that precede
any term never “contain” it, in the
sense that AB contains A and B and
ABC contains A, B, C, AB, AC, BC.

Such non-hierarchical orders may be

possible in other programs. In R, you
can put B after A and AB but R treats
the model as if the terms were A, B,
AB in that order.
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Type Il SS: For the full three-way interaction model
Type Il SS are hierarchical SS. Each as specified by "y=(a+b+c)"3", say, the
SS is the amount of the total SS type Il SS are
“explained” by a term after fitting the
largest hierarchical model that does SS(A]1.8,C,BC).
not include the term. SS(B 7 1.A.C,AC),

A is tested in the model mmmwwg .A>.>w.w>wv.>o 3C)
cu+\_+0ﬁ+,~@__+®\_A+@@x;+m:_A R ! !
o SS(AC|1,A,B,C,AB,BC),
ZOD@ Oﬂq OAU\:A. OF@:. or Oﬁ@@x:.x 1S :JO_Cm_mm_ mmmmo_ ._ .>.w.o.>wu>ov
since they all "contain” «. mmﬁ>w0_ 1 A.B.C.AB.AC.BC)
B is tested in the model Type 111 SS
y=H+ot+ P+ +XT, +E, Each SS is the SS “"explained” by the

term after fitting all the other terms
in the model.

So, for example, in fitting the full

C 1s tested in the model
cut+0ﬁ+v@_.+®\_A+Of@:_+m:__A

AB, AC and BC are tested in the model three-way interaction model
y=p+ol+B o+, ss, = SS(A|1,8,C,AB,AC,BC,ABC)
B, v o, + BT, v € SS,, = SS(AB|1,A,B,C,AC,BC,ABC)
of ¥, isn't included since it “contains” etc.

each two-way interaction.

3 4
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The type III SS, in a 3-factor model with
3-way interaction is the SS to test
Hpt ot = X, = ... = oL
in fitting all the coefficients in
P = Hrod+P +T +otf +tT + BT + BT,

In the context of this model H is

Hot B = Moo= o= Jo,
= (1/bc)2. 2. B, Is the average
with first subscript 1.

where J
of all u

ijk
The Type Il §S,, similarly tests
H: B, = 0, all 1 and j, in fitting all the
coefficients in

P = Hro+P +T +otP +ot¥ + BT +xBT
H, 1s the same as H: ALl j, - H..- M. 1.,
are equal, where ji. = (1/¢C)2 J,, -

ije
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Comments:
e Type Il SS,, S5, and SS_ for the 3-

factor main effect model j = o + §
+ ¥ are not type Il SS when fitting

two- and three-way interaction models
(this corrects Lecture 24)

e Type Il SS,., SS,., SS__ for the 3-
factor two-way interaction model
P =+ B+ T+ P, + ¥, + BT,
are also type Il SS when fitting two-
and three-way interaction models.
You can get all type Il SS for a 3-factor

ANOVA from only 3 type I (sequential)
ANOVAS.

You can get all type Il two-way interac-
tions from type 111 SS from fitting one
ANOVA with no three way interaction
(anova("y=(a+b+c)~2", marginal : T) ).
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Using shortcut | ogy=(assaytenp +
growt htenp + variety)”3 to express the
complete three way model is not the way
to go to get a lot of Type Il SS.

Qrd> anova("l ogy=(assaytenp + growthtenp + variety)”3")

Model used is | ogy=(assaytenp + growthtenp + variety)”3

WARNI NG cases with m ssing val ues del eted
WARNI NG summaries are sequenti al

DF SS VB
CONSTANT 1 3200.5 3200. 5
assayt enp 7 3. 0628 0. 43755
grow ht enp 1 0. 001396 0. 001396
variety 1 0. 55282 0. 55282
assayt enp. gr owt ht enp 7 0. 06407 0. 0091529
assaytenp.variety 7 0. 025892  0.0036989
growt htenp. vari ety 1 0. 078632 0. 078632
assayt enp. growt ht enp. variety 7 0.053554 0. 0076506
ERRCRL 63 0.33538 0.0053235

Because mar gi nal : T was not an argument,
all SS all type I.

The underlined terms are also type Il SS
but no main effect SS are type Il SS.

Short cut | ogy=assayt enp* gr owt ht enp*

vari ety is more productive of type Il SS.

[t produces one Type Il main effect SS,
one type Il two-way interaction SS and
one type Il three-way interaction SS.
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When you are fitting an additive (main
effect model), you can get all SS from
one ANOVA using margi nal : T. In this
model the main effect type Il SS are
also type Il SS because there are no
Interactions.

mar gi nal : T with main effect model

Crd> anova("l ogy=assaytenp + growthtenp + variety", marginal:T)
Model used is | ogy=assaytenp + growthtenp + variety
WARNI NG cases with m ssing val ues del et ed

WARNING SS are Type |1l suns of squares
DF SS VB
CONSTANT 1 3196. 6 3196. 6
assayt enp 7 3.044 0. 43486
grow ht enp 1 0.0021074 0.0021074
variety 1 0. 55282 0. 55282
ERRCRL 85 0.55753 0. 0065591

The order of terms doesn't matter:

Cmd> anova("l ogy=vari ety + grow htenp + assaytenp", nargi nal : T)
Model used is | ogy=variety + growhtenp + assaytenp
WARNI NG cases with m ssing val ues del eted

WARNING SS are Type |1l suns of squares
DF SS VB
CONSTANT 1 3196. 6 3196. 6
variety 1 0. 55282 0. 55282
growt ht enp 1 0.0021074 0.0021074
assayt enp 7 3.044 0. 43486
ERRCRL 85 0.55753 0. 0065591
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To get these SS without using nar g-
inal: T, you would have to do three
ANOVAS, one with each of the terms last.

For example, this one has growt ht enp last
and SS matches the Type IIl SS just

growthtemp

computed.

Crd> anova("l ogy=vari et y+assayt enp+gr owt ht enp")
Model used is | ogy=grow ht enp+vari et y+assayt enp
WARNI NG cases with m ssing val ues del eted
WARNI NG summaries are sequenti al

DF SS VB
CONSTANT 1 3200. 5 3200.5
variety 1 0. 56975 0. 56975
assayt enp 7 3. 0452 0. 43503
growt ht enp 1 0.0021074 0.0021074
ERRCRL 85 0.55753 0. 0065591
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To get all Type Il SS with a two- or
three-factor model you need three
sequential ANOVAs without marginal : T

Order vari ety, assaytenp,
CGmd> anova("l ogy=vari et y*assayt enp* gr owt ht enp")
Model used is | ogy=vari et y*assayt enp*gr owt ht enp

WARNI NG cases with m ssing val ues del eted

WARNI NG summaries are sequenti al
DF

CONSTANT

variety

assayt enp

vari ety. assayt enp

gr owt ht enp

vari ety. grow ht enp

assayt enp. gr owt ht enp

variety. assayt enp. gr owt ht enp

ERRORL

DN~NRP R NN P

[

SS

3200. 5

0. 56975
3. 0452

0. 026078
0. 0020694
0. 075399
0. 067156
0. 053554
0. 33538

gr owt ht enp:

%S

3200. 5

0. 56975
0. 43503
0. 0037254
0. 0020694
0. 075399
0. 0095937
0. 0076506
0. 0053235

The 3 underlined terms are Type II SS.

Order growt ht enp, variety, assaytenp:

CGmd> anova("| ogy=gr owt ht enp*vari et y*assayt enp")
Model used is | ogy=grow ht enp*vari et y*assayt enp

WARNI NG cases with m ssing val ues del et ed

WARNI NG summaries are sequenti al
DF

CONSTANT

growt ht enp

variety

growt htenp. variety

assayt enp

growt ht enp. assayt enp

vari ety. assayt enp

grow ht enp. vari ety. assayt enp

ERRORL

WNNNNRP R R

[}

SS

3200. 5

0. 0024441
0. 57061
0. 08202
3. 0375

0. 067028
0. 026029
0. 053554
0. 33538

VB

3200. 5

0. 0024441
0. 57061
0. 08202
0. 43393
0. 0095754
0. 0037184
0. 0076506
0. 0053235

The 3 underlined terms are Type II SS.

10
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Order assaytenp, growthtenp, variety:
Crd> anova( "l ogy=assayt enp*gr owt ht enp*vari et y")
used i s | ogy=assayt enp*grow ht enp*variety

Model

Lecture 25

WARNI NG cases with m ssing val ues del et ed
WARNI NG summaries are sequenti al

CONSTANT

assayt enp

growt ht enp

assayt enp. gr owt ht enp
variety
assaytenp.variety
growt ht enp. vari ety

assayt enp. growt ht enp. vari ety

DF

ERRCRL

1
7
1
7
1
7
1
7
3

6

SS
3200. 5
3. 0628

0. 001396
0. 056997
0. 55989
0. 025892
0. 078632
0. 053554
0. 33538

November 1, 2002

VB

3200. 5

0. 43755
0. 001396
0. 0081425
0. 55989
0. 0036989
0. 078632
0. 0076506
0. 0053235

You can also get the Type Il two-way
interaction SS from one ANOVA with
mar gi nal : T without an ABC term.

Ord> anova("l ogy=(vari et y+assayt enp+gr owt ht enp) 2", nar gi nal : T)
used is | ogy=(vari ety+assayt enp+growt ht enp) 2

Model

WARNI NG cases with m ssing val ues del et ed

WARNING SS are Type 111

R

CONSTANT

vari ety

assayt enp

growt ht enp

vari ety. assayt enp
variety. grow ht enp
assayt enp. gr owt ht enp
ERRCRL

ONRNRNRR

~

but you can’t get the Type Il main effects

suns of squares

SS %S

3189. 9 3189. 9

0. 56505 0. 56505
3. 0241 0. 43202
0.0030172  0.0030172
0.026029 0. 0037184
0. 078632 0. 078632
0.067156 0. 0095937
0.38893 0.0055562

using margi nal : T when all the inter-
actions are in the model

11
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For 4 factors, you need 6 ANOVA with

models

"y=a*b*c*d" SS_, SS_, SS,.. SS,..,
"y=d*a*b*c" SS_ SS,. SS,,. (SS,..,)
"y=c*d*a*b" SS,, SS,., SS,... (SS,..,)
"y=b*c*d*a" SS,, SS,., SS,.. (SS,,.)
"y=a*c*d*b" (SS,), SS_, (SS,), (SS,..,)
"y=b*d*c*a" (SS,), SS,. (SS,.), (SS,..,)

Terms in parentheses are found more than

once.

Cmd> anova("l ogy=vari et y*assayt enp*gr owt ht enp", nargi nal : T)

Model

used is | ogy=vari ety*assayt enp*grow ht enp

WARNI NG cases with nissing val ues del eted

WARNING SS are Type |11
DF

CONSTANT

variety

assayt enp

vari ety. assayt enp

grow ht enp

vari ety. grow ht enp

assayt enp. gr owt ht enp

vari ety. assayt enp. gr owt ht enp

ERRORL

WNNRP R NNRP P

(o]

suns of squares

SS

3184.6

0. 55812
3. 0304

0. 025891
0. 0025845
0. 07626
0. 063516
0. 053554
0. 33538

These are the full Type IIl SS.
matches the original Type |1 SS computed

without marginal : T.

12

VB
3184. 6
0. 55812
0. 43292
. 0036987
. 0025845
0. 07626
. 0090737
. 0076506
. 0053235

only SS,,.

oOO0OO OO
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Two-series Factorial Designs
Notation: A design with k, factors with a

levels, k, factors with b levels, ..., k
factors with z levels, is a a“b%...z"%
design. For example, a design with 3
factors with levels 2, 2 and 3 is a 2°3'
design.

z

2" designs with k factors, each with only
two levels, are particularly important

Levels 1 and 2 of each factor are tradi-
tionally called the "low” and "high”
levels.

13
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Letters a, b, c, ... are traditionally used
to designate the high level of factors A,
B, C, .....
Notation

The treatment combination of low levels
of all factors is notated (1).

All other treatment combinations are
notated with a combination of the letters

a, b, c, ..., with the letter present if the
corresponding factor is at the high level.

A B C

1) 1 1 1

a 2 1 1

b 1 2 1

ab 2 2 1

C 1 1 2

ac 2 1 2

bc 1 2 2

abc 2 2 2

14
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This is an example of standard order.
k ), a

1 (1
m:vmc
3 (1), a, b,
4 (1), a

ab

ab, c, ac, bc, abc

b, ab, ¢, ac, bc, abc
d, ma. bd, abd, cd, acd, bcd, abcd

The first 2' combinations match the 2

design. You get the rest by combining

the 2" combinations with the new letter.
W%_J:>mng

K
K
K

REAL 64 FACTOR with 2 levels
B REAL 64 FACTOR with 2 | evels
C REAL 64 FACTOR with 2 levels
D REAL 64 FACTCR with 2 | evel s
Crd> hconcat (A B, C D [run(16),]
(1) (2) (3) (4)
(1) 1 1 1 1
a 2 1 1 1
b 1 2 1 1
ab 2 2 1 1
c 1 1 2 1
ac 2 1 2 1
bc 1 2 2 1
abc 2 2 2 1
d 1 1 1 2
ad 2 1 1 2
bd 1 2 1 2
abd 2 2 1 2
cd 1 1 2 2
acd 2 1 2 2
bcd 1 2 2 2
abcd 2 2 2 2

15
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Here | generate a set of 16 j , by

treating the factor levels as if they were
numerical values. It corresponds to a

model of the form
tipn t.TOm+ @u+nkm:+ QT
Ow> mu_ijkl <- 100 + A+ 2*B + A*\B + C

o> Y <- mu + rnorn(64) # artificial data with signnma = 1

Crd> array(tabs(Y,A B C D count:T),\
| abel s: structure("A","B","C"',"D")) #sanple sizes n_ijkl

Al Bl
B2
A2 Bl
B2

#hhhhhhhg
Ahhhhhhhg

RRRRRZARRA

Type hel p(Il abel s) for information on
adding labels to data.

All sample sizes are the same so the
data are balanced.

16
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Nodel “used i s YoArB 0D One advantage of 2* designs is that all
OONSTANT A 7 47980+05 7. 4798e+05 effects can be computed by simple con-
8 I Steay 21843 trasts with coefficients +1.
A B 1 6. 8349 6. 8349 .
€ 1 10.879 10,379 Create factorial contrasts
B.C 1 0. wwmmo 0. .ﬂmmm Cm> c_a <- vector(-1,1,-1,1,-1,1,-1,1,-1,1,-1,1,-1,1,-1,1)
sBC = A =i o> c_b < vector(-1,-1,1,1,-1,-1,1,1,-1,-1,1,1,-1,-1,1, 1)
WW W 0. Wwwwwm 0. wwwwwm Oow> ¢ ¢ <- vector(-1,-1,-1,-1,1,1,1,1,-1,-1,-1,-1,1,1,1, 1)
A B.D 1 0. 14331 0. 14331 ow> c_d <- vector(-1,-1,-1,-1,-1,-1,-1,-1,1,1,1,1,1,1,1, 1)
M W D W ooomwmwm ooowmmwm %M_ m: nt (hconcat (c_a, c_b,c_c,c_d), format:"3.0f")
B.C.D 1 1. 7681 1. 7681 :
A B.C.D 1 0.72778 0.72778 AW_% 1l
ERRORL 48 56. 585 1.1789 (8 .1 111
C " 41) 1 1 -1 -1
Note the terms are in “standard” order (51 .1 -1 11
: . 6,1) 1 -1 1 -1
W1th CONSTANT 1n place of (1). MNHW 100101 -1
Omi> ybar_ijkldot <- array(tabs(Y,A B, C D nean:T),\ (8,1 1 1 1 -1
_mcm_m“m:coﬁc_uﬁHmA__k_._.m.____%N_._._u.:“ ybar _i j kI dot Amwww W w W w
Al BL C1 105. 03 105.95 Sanple cell means (1L,1) -1 1 -1 1
) 105. 03 105. 79 (12,1) 1 1 -1 1
B2 Cl 108. 39 107. 55 (13)1) -1 -1 1 1
) 109. 27 108. 75 (141) 1 -1 1 1
A2 Bl Cl 105. 85 107. 03 (151) -1 1 1 1
oG 1tiaa 11099 ged L4t
B . .
< 111.8 112. 05 You can calculate the contrast for factor
amd> yb - bar_ijkldot); yb
BEETTEE S m ame T OTK DY TER(r en(run(2) .
AAEW 107. 55 110. 39 105. 79 107. 84 108. 75 I m_uA 2" -1),2)),2"(k-]))
(16) 112.05 Cd> k <- 4;) <-
. am> print 2), 27(j-1),2)),\
ybarvec 1s the vector of c:z. 1IN standard ﬁmommﬁ_ﬁ_.ﬁm_ﬁﬁ;@ovtwﬁ (-1),2)
order. (1) 11 1 1 2 2 2 211112222

17 18
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Get structure with all factorial effects

Cmd> effects <- coefs()

Crd> conpnanes(effects) # names of conponents
(1) " CONSTANT"

" A

" g

"A B

ne

A C

"B O

"A.B.C

"D

"A D'

"B D'

"A.B.D

"C D

"ALCD

(15) "B.C.D'

(16) "A B.C. D'

Ond> ef fects$A # al pha_hat
(1) -1.1359 1. 1359

CQrd> sum(c_a*ybarvec)/ 16 # same as al pha_hat[ 2]
(1) 1.1359

nwmm - |an - MWM_.M_AO:__Wcl:_A.\A@

Crd> vector (sun{c_b*ybarvec)/ 16, ef f ect s$B[ 2])
(1) 1. 8474 1.8474 beta_hat[ 2]

- _ B,
Wm - WA B MWM__M_AO:__A c:__t\é@
Ord> vect or (sun{c_c*ybarvec)/ 16, ef f ect s$J 2] )
(1) 0. 40271 0.40271 gamma_hat [ 2]

Omd> vect or (sun{c_d*ybarvec)/ 16, ef f ect s$00 2] )
(1) 0. 063402 0.063402 del ta_hat[ 2]

—~
N
—

[ N T i S VN
NP, OO~ OIS W
S A D A A

—
=
AW

o

Thus the high level coefficients are the
contrasts divided by 16 = 2

19
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Compute interaction contrasts as
products of main effect contrasts.
Cmd> c_ab <- c_a*c_b; c_ac <- c_a*c c; c ad <- c_a*c_d
Cmd> c¢_bc <- ¢ _b*c c; c_bd <- ¢c_b*c d; c cd <- c_c*c d
Cmd> c_abc <- c_a*c_b*c_c; c_abd <- c_a*c_b*c_d
Cmd> c_acd <- c_a*c_c*c_d; c_bcd <- c¢_b*c_c*c_d
Cmd> c_abcd <- c_a*c_b*c_c*c_d

CGmd> vect or (sun{c_ab*ybarvec)/ 16, effects[4][2, 2])
(1) 0. 3268 0. 3268 al phabet ahat|[ 2, 2]

nw,?@mm - |nw,f@5 - |W@G = nw,ﬁm: =
MWM_.M_AO:._WC:_A.\A 6

Use the term names to select effects

Cmd> names <- TERWNAMES] - 17]; pri nt ( past e( nanes))

CONSTANT ABABCACBCABCDADBDABDCDACDB.CD
A B.CD

Cmd> vector (sun{c_ac*ybarvec)/ 16, ef fect s[ nanes=="A. C'][ 2, 2])

(1) 0.1621 0.1621 al phagammahat [ 2, 2]

Ord> vect or (sun{ c_ad*ybarvec)/ 16, ef fect s[ nanes=="A. D'] [ 2, 2] )
(1) 0. 022282 0.022282 al phadel tahat[ 2, 2]

CGmd> vect or (sun{ c_abcd*ybarvec)/ 16, \
effects[names=="A B.C.D'][2,2,2,2])
(1) 0. 10664 0.10664 al phabet agammadel t a[ 2, 2]

In each case the factorial coefficient
associated with the high levels of all
factors in the term is the contrast value
divided by 16 = 2.

20
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Crd> concoefs <- hconcat(c_a, c_b,c_ab,c_c,c_ac,c_bc, c_abc,\
c_d, c_ad, c_bd, c_abd, c_cd, c_acd, c_bcd, c_abcd)

CQmd> print(concoefs,format:"2.0f") # all contrast vectors
concoef s:

(3,79 -1-2 17-2 1 12-1-2 1 1-1 1-1-1 1
(2,1) 17-1-1-17-12 1 1-12-12 1 1 1 1-1-1
(31)-112-17-2 1-12 1-12 1-12 1 1-1 1-1
(4,27 722 1-2-12-2-1-2-1-2-1 1 1 1 1
(5,1)-17-2 17 12-1-2 1-12 1 1-1-1 1 1-1
(6,b2) 12-2-172 2 1-2-1-2-1 1 1-1-1 1 1
(7z,3) -1 2-1 2-1 12-1-12 1-1 1-1 1-1 1
(17 1712 11 1 1 1-2-1-12-1-1-1-1-1
(91 -1-2 17-12 1 12-1 12-1-12 1-1 1 1-1
(10,17 127-17-2-17-2 1 12 1 1-1-1-1-1 1 1
(123,2) -2 2-2-12 1-1 1 1-1 1-1-1 1-1 1
(12,19 27 17 1-17-2-17-2 1 1 1 1-1-1-1-1
(23,1) -2-2 17 1-1-1 1 1-1-1 1 1-1-1 1
(14,2 2-17-2 1 1-1-12 1 1-1-12 1 1-1-1
(15,1) -7 12-12 1-1 1-1 1-1 1-1 1-1 1-1
(16,1) 2 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Cmd> all <- vector(sun{concoefs *ybarvec))
Omd> al | /8 # values of all 15 contrasts divided by 2*(k-1)

(1) 2.2717 3. 6949 0. 65359 0. 80543 0. 32419
(6) 0. 22033 -0. 33982 0. 1268 0. 044565 - 0. 66558
(112) 0. 094642 0. 07099 0. 035488 0. 33242 0.21328

MacAnova function yates() is a quick way
to compute these from a vector of treat-

ment means in standard order.

COrd> usage(yat es)
yates(x), X a REAL vector

CQrd> yat es(ybar vec)

(1) 2.2717 3. 6949 0. 65359 0. 80543 0. 32419
(6) 0. 22033 - 0. 33982 0. 1268 0. 044565 -0. 66558
(11) 0. 094642 0. 07099 0. 035488 0. 33242 0.21328
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