
����������	�
������������	����������������������

 "!��#��$��%!'&�(

) �#�*��+,!-�.&0/2143�����3

5�6��������*����6"!-��7���8�9�6�	�:�1<;=8������>$"�#�*���

/?&�3A@"/�3��A@CBD��3��FEG���,H4IJ	�$��LK
/?&03A@M/�3��A@�&0��3�NFEGOP��8�8,!-	��Q�2�*���DK

5R��	����TSU!-+�IJ	C9,!
http://www.stat.umn.edu/~kb/classes/5303

© 2002 by Christopher Bingham

Statistics 5303                                                        Lecture 18                                                  October 16, 2002

;�!�8��V!-�%!XWY�D�C!Z�>�"���A�[!-8����\�]�-�Y�^6,!_�V!-��:`�\��8a	
�_+�
bN'�%	M�4�V�-�C�L	��c:c�dWe!Z�cfY�]��6\��8g�V!-�M	M�#���h�-8dH

Cmd> print(mu,alpha,beta,alphabeta) # print coefficients
mu:
(1)        75.3
alpha: A main effects
(1)         6.1        12.1         6.4       -18.4        -6.2
beta: B main effects
(1)        -5.3         4.1        -2.3         3.5
alphabeta: AB interaation effects
(1,1)         7.2        -1.8         1.4        -6.8
(2,1)         1.9        -0.9         0.4        -1.4
(3,1)        -2.6           1           3        -1.4
(4,1)        -2.7        -4.6        -6.8        14.1
(5,1)        -3.8         6.3           2        -4.5

Cmd> muij_add <- mu + alpha + beta'; muij_add
(1,1)        76.1        85.5        79.1        84.9
(2,1)        82.1        91.5        85.1        90.9
(3,1)        76.4        85.8        79.4        85.2
(4,1)        51.6          61        54.6        60.4
(5,1)        63.8        73.2        66.8        72.6i 6"!��"!\	��%!_��6"!j:U!-	�8�������Y��6"!j:U�XWQ!Z�

k2lnm�oYkqpsrZltpbuJm 1vfs�]��6Q��$��w��8g�G!��>	"�#���h��8XHx;y�
���a��	��yWT�*�z+"!j{C|�|�}]~�}V��������8M�D!_��6"!a!2�M��!��#���
�����̀ �q	�80W.7����,!-�M	��V!	CW�WJ�������,!Z��
XH

Cmd> muij_full <- muij + alphabeta; muij_full# full model
(1,1)        83.3        83.7        80.5        78.1
(2,1)          84        90.6        85.5        89.5
(3,1)        73.8        86.8        82.4        83.8
(4,1)        48.9        56.4        47.8        74.5
(5,1)          60        79.5        68.8        68.1i 6"!��"!\	���!F��6,!j:U!-	�8��\�����Y��6"!�� ���̂ � ���4� ��� � ��� :c�dWe!Z�

k2lnm�oYkqpsrZltpbuJm�psrcuJlnm 1c�Y}]~̂ ����8g�G!��>	"�#���h��8XH
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Cmd> colplot(muij_add, \
title:"Plot of means in columns vs row number")

Cmd> rowplot(muij_add, \
title:"Plot of means in rows vs column number")

3
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Cmd> colplot(muij_full, \
title:"Plot of means in columns vs row number")

Cmd> rowplot(muij_full, \
title:"Plot of means in rows vs column number")

4
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S`6�	g�sfc�-$��yWF�]�Y: !�	�8\�]�-�b��	"�#�*����7 �*�z6�	��"!
��� !2�M�]!C�#��� i 6,!8Q�T7�!2�M�]!C�4�s:c�XWQ!Z�P���

 lnm��coYkqpYr2ltp	�Clnm�� EV8,� u�m 1t8,� rcuJlnm K

i 6�	g�w���d1 ��8b9Q!-8"!��>	�� 1 �^6,!8�$��*��6�
��,�J�^6,!-�����
��6�	g� �%	M�4�*����7_6�	���8,��!2�M�]!C�#�Y:U!-	�8���
 � ~^�
u m o �21� o &g1 H�H H�1 +

{ � |
rcu�lnm�o �21R� o &g1�H H�H�	X1�� o &�1�H H�H 1=+

i 6"!���! ���a8,�T7 : 	���8 !Z�>�]!C�4� ���`� 7 ��8��V!-�C@
	M�4���h��8dH
��� :Y�*��	��C��
X1-�q6�	���8Q�b!2�M�]!C�4� ��8���
zf`6"!-8
rZlto �21 � o &g1�H H�H 1=	T{ � | rcu�l m�o �21�	��*� � 1�

���������������� ��� � ��� � ������������� � ����� �����
S`6"!�8�
,�-$ ��	�8�8Q��� �%!���!C�#����� � rcu lnm o �21

,�-$ ��	�8 �D��8"� ��$0We!_��6�	g� 
 � ~^� �q	�8CWa7
6�	��"!"! ��# �Y!Z�>�]!��#�,1��%!�9D	�� WJ�[!-���s�2�
f`6"!#�^6,!-� 
,�-$ ��	�8��%!���!C�4�<!Z�]��6"!-�$��� � r l o
�21t	��*� � 1-���$��� � u m o �21t	��*�%�^H
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H�S`6"!�8 We��!-� r('Uo H�H H osr*)Uo � � :`����
��^6�	��P�
6�	���8,��!2�M�]!C�#���

+ +++ H�S`6"!�8���6"!-�%! ����8Q� ��8g�G!��>	"�#���h��8XH
) 8"!.�t� �^6,!	CWD��	�8���	C9,!��s�2�P6�	�����8C9a8Q� ��8g�G!��C@
	M�4���h��8\�L� !-	����[!��b�L8��V!-�M���%!J��	����h��8Y�t� ��6"!
�-, )�. �PH"/���$ ��	�8a+�	��,!���8���!��%!-8M�D!	�+Q��$�� ��6"!
!2�M�]!C�4�^�Y�t�U�'����7_�,�Z�[!Z��
Y��8��^6,! :`	���8
!2�M�]!C�4� ����8"!-�a	�8CW:`	���8s!2�M�]!C�#� ����8����M	������dH
,g����8��V!-�M	M�4���h�-8T:U!-	�8����^6�	�� 	�8�
Y� @%�D�-8����>	����
6�	�����6"!\��	�: !\��	���$"! ���-��	��*� �[!��"!Z���Y�t�P7_	�80W
	�8�
b7.����8����M	��g� 6�	����^6,!��	X:U!��	���$"!������ 	��*�
�[!��"!Z���Y�t�U� H

Cmd> w_a <- vector(1/3,1/3,1/3,-1/2,-1/2) # Contrast in A

Cmd> w_b <- vector(-3,-1,1,3) # Contrast in B5���8g�̂ �M	����w������6"!\��	�: !������ !-�,!-�M
\�[!��"!Z���t�P7
Cmd> sum(w_a*muij_add) # values for each level of B
(1,1)        20.5        20.5        20.5        20.55���8g�̂ �M	����w������6"!\��	�: !������ !-�,!-�M
\�[!��"!Z���t�U�
Cmd> sum(w_b*muij_add') # note the transpose
(1,1)         20          20          20          20          20
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7J$�� �����Y��6"!��%$��*� 1t8,��8�@"	0W�WJ�]�����"!j:c�dWQ! �cfY�]��6
��8g�G!��>	"�#���h��8X1Z��6"!��`@��D��8g�^�M	���� 6�	��a	
WJ�*�>�]!-�%!-8g� ��	���$,! ����� !�	M��6 �[!-�,!Z�4�2� 7 �

Cmd> sum(w_a*muij_full)
(1,1)      25.917      19.083        24.5        12.5	�8CW ��6"!7A@%����8����M	���� 6�	���	bWJ�V�M�]!-�%!-8g� ��	���$,!

����� !-	"��6\�h!-�"! �4�t�U� �
Cmd> sum(w_b*muij_full')
(1,1)      -18.8        11.4        25.6        68.2        13.6

;=8a��	��Q������$���	���1�f̀ 6,!-8���6,!-�%!����a8,����8��V!-�C@
	M�4���h��8d1t	���	�����fY���"!��D��8g���>	����w��8Y�
E ���4:̀ ��	������Q��8s�2� �,fc���[!-�,!Z����K�������6"!\��	X:U!
����� 	��*�P�[!-�,!Z���s�2�P72H i 6�	��Y:U!-	�8���
Q��$ ��	�8
��6���810s�t� ~̂ �,�aWJ�V�M�]!-�%!-8M�D!+,!J�QfU!�!-8X1���	�
d1�� '
	�8CW ��2GH S̀ 6"!�8���6"!-�%! ���\��8g�G!��M	M�#���h��8X1Z��6��L�
:̀ 	�
a��	��M
bWQ!-�,!-80W#��8C9 ��8��̂ 6,!��[!��"!Z���t�P72H
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S`6"!�8���6"!���! ���\��8g�V!-�M	M�#���h��8X1Z��6,!�!2�M�]!C�4�<�2�
�[!��"!Z� ���t�U�q	��w�[!-�,!Z�%�R�t�P7 �L� rZltpsrcu�lnm H
i 6��L� WQ!��"!-8CWD�Y��8���6,!��	��,������$���	����[!��"!Z���t�P72H

Cmd> alpha + alphabeta # effects of A
(1,1)        13.3         4.3         7.5        -0.7
(2,1)          14        11.2        12.5        10.7
(3,1)         3.8         7.4         9.4           5
(4,1)       -21.1         -23       -25.2        -4.3
(5,1)         -10         0.1        -4.2       -10.73 	"��6 �D�2��$�:̀ 8���$�:̀ ���*�T���-�"!-�Y��6"! �[!-�,!Z���Y�t�

72H
��� :Y�*��	��C��
���6"!-�%! ���\��8g�G!��>	"�#���h��8X1Z��6"!a!2�M�]!C�#�
�t� �[!��"!Z�4�R�t�P7_	��w�[!��"!Z� ���t�U� ��� u m psrcu lnm H
i 6��L� WQ!��"!-8CWD�Y��8���6,!��	��,������$���	����[!��"!Z���t�P72H

Cmd> beta' + alphabeta # effects of B
(1,1)         1.9         2.3        -0.9        -3.3
(2,1)        -3.4         3.2        -1.9         2.1
(3,1)        -7.9         5.1         0.7         2.1
(4,1)          -8        -0.5        -9.1        17.6
(5,1)        -9.1        10.4        -0.3          -1

8
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7J$��Yf`6"!�8���6"!���! ���a8,� ��8g�V!-�M	M�#���h��8X1�
Q��$ ��	�8
���,!-	 0Y�t� ~^�,� !2�M��!��#��� � r l�� �2� �q+"!���	�$��"!
��6"!a!2�M��!��#���s�2�U� 	���!F��6"!��	X:U!	g�<!-�"!��>

�[!��"!Z�4�2�P72H

Cmd> alpha + 0*alphabeta # effects of B when no interaction
(1,1)         6.1         6.1         6.1         6.1
(2,1)        12.1        12.1        12.1        12.1
(3,1)         6.4         6.4         6.4         6.4
(4,1)       -18.4       -18.4       -18.4       -18.4
(5,1)        -6.2        -6.2        -6.2        -6.2EGO�$������ ����
�� 8C9

alphabeta
+�
b� �M!J���b	��*�

��8g�G!��>	"�#���h��8����*�T�#K H
��� :Y�*��	��C��
X1�fY�]��6a8,� �L8��V!-�M	M�#���h�-8d1 � u m�� 	���!
~̂ �,� !2�M��!��#���s�2�P7�f 6�����6a	��%!_��6"!\��	�: !\	��
!-�,!-�M
\�[!��"!Z���t�U�

Cmd> beta' + 0*alphabeta # effects of B when no interaction
(1,1)        -5.3         4.1        -2.3         3.5
(2,1)        -5.3         4.1        -2.3         3.5
(3,1)        -5.3         4.1        -2.3         3.5
(4,1)        -5.3         4.1        -2.3         3.5
(5,1)        -5.3         4.1        -2.3         3.5
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	 			����� � ����  � �������� � ��� 	 			 � ��� � ����
����   � ��� � ��� � ��� � ��� � ��� � ��� � ��� � ��� � �������� � ��� � ��� � ��������
3��C3 ��	"�#�*������	��25����2H���	M�#�*���M�zf !���!\���]��	X:Y��8
7 ' 2P�]!XWT�V��XfY��8,!	�� �_	�80W.��: 9.	�8CW.	�8����V@
+�� ���������\��!�W.	�� �_	�80W.N���: 9XH

Antibiotics 0 40 mg
B12 0 5 mg 0 5 mg

Average
daily gain
of swine

1.30 1.26 1.05 1.52
1.19 1.21 1.00 1.56
1.08 1.19 1.05 1.55

Cmd> gain <- vector(1.30, 1.19, 1.08,  1.26, 1.21, 1.19,\
1.05, 1.00, 1.05,  1.52, 1.56, 1.55)

Cmd> antibiotic <- factor(rep(rep(run(2),rep(3,2)),2))

Cmd> b12 <- factor(rep(run(2), rep(6,2)))

Cmd> anova("gain = antibiotic + b12 + antibiotic.b12",fstat:T)
Model used is gain = antibiotic + b12 + antibiotic.b12
              DF          SS          MS           F     P-value
CONSTANT       1       18.65       18.65  5086.40000  1.6639e-12
antibiotic     1      0.2187      0.2187    59.64545  5.6224e-05
b12            1    0.020833    0.020833     5.68182    0.044292
antibiotic.b12 1      0.1728      0.1728    47.12727  0.00012902
ERROR1         8    0.029333   0.0036667
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Cmd> resvsyhat(title:"Residuals from gain=antibiotic*b12 vs
fitted")

Cmd> resvsrankits(title:"Residuals from gain=antibiotic*b12 vs
fitted")

i 6"!���!\	��%!\8,���-+���� ��$��a���h�Z��	����h��8Y�t� 	�����$X:s@
�����h�-8��dH"/���$ ��	�8bWJ���"�D��$�8�� ��6"!	�����	���!�8�����

��	��>9,!-� ��	��C��	�8M��! �����

yhat
8,!-	��a&gHh3_+"!C��	�$��"!

��6"!\��	X:̀ ���[!-��������!���	��%!\�,��X:̀ 	��*� H
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Cmd> tabs(gain,b12,antibiotic,mean:T) # two way table of means

(1,1)        1.19        1.22
(2,1)      1.0333      1.5433

Cmd> interactplot(gain,antibiotic,b12)

Cmd> interactplot(gain,b12,antibiotic)

� ��� � ��� ����   � ��� � ��� � ���   � ��� � ��� � ��� � ��� � ��� � ���
�<�

b12
��!-�"!Z�P&�1

antibiotic
6�	��b�-���,�̂ $�	-�*� 


��� !2�M�]!C�#�,H
�<�

b12
�[!��"!Z� 321

antibiotic
6C	��b	��C$�+��D�̂ 	�8-@

����	��"! � !�}�~�}V� �Y!Z�>�]!C�4�"H
�<�

antibiotic
�[!-�"!2� &�1

b12
W,!C����!-	C�"!-� 9�	-��8

�<�
antibiotic

�[!-�M!Z� 321
b12

� 8M����!�	��"!-� 9�	���8
Cmd> coefs()[-1] # all coefficients except muhat
antibiotic
(1)      -0.135       0.135
b12
(1)   -0.041667    0.041667
antibiotic.b12
(1,1)        0.12       -0.12
(2,1)       -0.12        0.12�U�"!-�M	C9"!XW ���"!-��+,���̂ 6\�[!-�"!Z� �s�t�

b12
1
anti-

biotic
6�	��b	��,�����]�����"!b!2�M��!C�#�"H

12
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Cmd> alpha <- coefs(antibiotic) # estimated effects

Cmd> beta <- coefs(b12) # estimated effects

Cmd> alphabeta <- coefs("antibiotic.b12") # estimated effects

Cmd> alpha + alphabeta
(1,1)      -0.015      -0.255
(2,1)       0.015       0.255

i 6"!��"!\	��%!��rZltp �rcu�lnm 1 ��6"!�!������ :̀ 	��V!XW !2�M��!��#���
�t�

antibiotic
	D� +,���̂ 6\��!-�M!Z��� ���

b12
H

Cmd> beta' + alphabeta
(1,1)    0.078333   -0.078333
(2,1)    -0.16167     0.16167i 6"!��"!\	��%!��u m p �rcu lnm 1 �̂ 6,!�!������ :̀ 	��V!XWY!Z�>�]!��#���

�t�
b12

	�� +"���̂ 6�[!��"!Z� � �t�
antibiotic

H
Cmd> alpha + beta' + alphabeta
(1,1)   -0.056667    -0.21333
(2,1)   -0.026667     0.29667i 6"!��"!\	��%!��r l p �u m p �rcu lnm 1 ��6"!a�-�"!-�M	����

!-�g��� : 	g�G!�W ���%!-	��Q:U!-8g� !Z�M��!��#���dH
�c8�	���
���!\	��a����8C9J�[! �%	M�4�V�-� !����,!-��� :U!-8��YfY�]��6
N ���%!-	��Q:U!-8g�̂ �XH

Cmd> treat <- makefactor(antibiotic + 10*b12)

Cmd> print(treat,format:"2.0f")
treat:
(1)  1  1  1  2  2  2  3  3  3  4  4  4

Cmd> anova("gain=treat",silent:T)

Cmd> coefs(treat) # same treatment effects
(1)   -0.056667   -0.026667    -0.21333     0.29667
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��Qfc�
�[!��"!Z���X1Z��6"!���! ���a��!�	��*��
Y��8��L
s��8,! :`	���8
!2�M�]!C�4�c����8����M	��g�sfY�]��6Tf 2 o @Cf '

Cmd> c_a <- vector(-1,1); c_b <- vector(-1,1)

Cmd> contrast(antibiotic, c_a)
component: estimate
(1)        0.27
component: ss
(1)      0.2187 Same as ANOVA SS for antibiotic
component: se
(1)     0.03496

Cmd> contrast(b12, c_b)
component: estimate
(1)    0.083333
component: ss
(1)    0.020833 Same as ANOVA SS for b2
component: se
(1)     0.03496i 6��L� �D��:̀ ��$��V!-����6"!��	���$,!-�s�2� �̂ 6,!b�D�-8����M	����

��8a	Tf̀ 6��]�V!\+,���zf 	�
dH
Cmd> vector(alpha[2]-alpha[1],beta[2]-beta[1])
(1)        0.27    0.083333 Same as contrast() estimates i 6"!���! ���Y��8���
Y��8,!���8g�G!��>	"�#���h��8 �D��8g�^�M	����,H
Cmd> c_ab <- matrix(vector(1,-1, -1, 1),2); c_ab
(1,1)           1          -1
(2,1)          -1           1

Cmd> contrast("antibiotic.b12", c_ab)
component: estimate
(1)        0.48 ybar_11 - ybar_12 - ybar_21 + ybar_22
component: ss
(1)      0.1728
component: se
(1)    0.069921
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c_ab

$C����8C9
outer()

Cmd> outer(c_a,c_b) # another way
(1,1)           1          -1
(2,1)          -1           1;=8b9,!-8"!-�M	�� 1R�V�

c_a
	�80W

c_b
	���! : 	���8 !2�M��!C�#�

�D��8D�̂ �>	����̂ �d1
outer(c_a,c_b)

� ���8��G!��>	M�#���[��8
�D�-8����M	����,H 3 	M��6 ! �[!�:U!-8g� �t�
outer(c_a,c_b)

��� 	b���%�gWD$M�J� �t�?��8M!
!Z�[!�:U!-8��<�t�

c_a
	�80W ��8"!�!Z��!t: !-8��<�t�

c_b
Cmd> c_lin <- vector(-1,0,1) # linear polynomial contrast

Cmd> c_quad <- vector(1,-2,1) # quadratic polynomial contrast

Cmd> outer(c_lin,c_lin) # linear by linear
(1,1)           1           0          -1
(2,1)           0           0           0
(3,1)          -1           0           1

Cmd> outer(c_lin,c_quad) # linear by quadratic
(1,1)          -1           2          -1
(2,1)           0           0           0
(3,1)           1          -2           1

Cmd> outer(c_quad,c_lin) # quadratic by linear
(1,1)          -1           0           1
(2,1)           2           0          -2
(3,1)          -1           0           1

Cmd> outer(c_quad,c_quad) # quadratic by quadratic
(1,1)           1          -2           1
(2,1)          -2           4          -2
(3,1)           1          -2           1
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� �������� � ���   � ��� � ��� � ��� � ��� � �������� � ��� � ��� � ��� � ��� � ��� � ��� � ��� � ���
�J$����,���,!
Q��$�6�	��,!zN'�%	M�4�V�-�>� �P1�721J5 	�80W.�
fY�]��6�	X1�+X1d� 	�80WaW_�[!��"! ���dH
/���$a6�	��,! :`	�8�
T:c���%!�Q��������+��*���]���[!�������
��8g�G!��>	"�#���h��8��

 lnm��	��
 o k pYr2l2pbuJm�p� �Up���� p
rcu�lnm�pYr��#l �cpsr��Cl��Pp�u��#m��cpbu��Cm��Pp���� ��� p
rcu��#lnm��UpYrUu��Clnm�� psr�����l ��� pbu�����m���� p
rcu����Clnm��	�Pp	�Clnm�����


i 6"!��, ) . �x��	�+��[!6�	��a	\�*��8,! ����� !-	"��6
�V!-��:�H i 6,!-�%!	���!N21�/214N_	�80W &T: 	���8
!2�M�]!C�4�"1�3�f`	�
X14��f`	�
a	�8CWaN�f`	�
��V!-��:`�dH
i 6"!j:`	���8a	�80WF��8��V!-�M	M�4���h��8 !Z�M��!��#����	���!
WQ!Z�"��8"!XW��,�_�^6�	�� ��$�: �Y���,!-� 	�8�
���$�+��M���������
	��%!�2H
�,�-� !���	�:`���[!41 �V� ��6"!\8�$X:`+"!�� �t� �[!-�,!Z���Y�t�U�P1
721J5 	�80W.�_	��%!\	d1t+d1X�\	�8CW�W���!����,!C�#�����"! ��
d1

� ' � l � ) rUu�� lnm�� o � ' � m ��� rUu�� lnm�� o � ' � � � ��rcu!� lnm�� o �
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