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SS SSUTT TT�VV VVXWW WWTT TTDYY YYZZ ZZ&[[ [[\\ \\^]] ]] TT TT�VV VV�__ __`[[ [[!aa aabb bb
cc cc;dd dd [[ [[ee eegff ff aa aaWW WWhh hhii iiLjj jj

1Dk;1�l	6�-�.���6�
	��
C

m
d
>
 data <

- read("","exm
pl8.6")

exm
pl8.6        12     3

) A
 data set from

 O
ehlert (2000) \em

ph{A
 F

irst C
ourse in D

esign
) and A

nalysis of E
xperim

ents}, N
ew

 Y
ork: W

. H
. F

reem
an.

)) D
ata originally from

 P
eggy S

w
earigen (personal com

m
unication).

)) T
able 8.6, p. 179

) T
otal free am

ino acids in cheddar cheese aged 56 days.
) T

reatm
ents are factor/level com

binations of strain r50 
) not added (1) or added (2), and strain r21 not added (1)
) or added (2).  C

olum
ns are levels of r50, levels of r21,

) and am
ino acid response.

R
ead from

 file "T
P

1:S
tat5303:D

ata:O
eC

h08.dat"

C
m

d
>
 data

 (1,1)           1           1       1.697
 (2,1)           2           1       2.032
 (3,1)           1           2       2.211
 (4,1)           2           2       2.091
 (5,1)           1           1       1.601
 (6,1)           2           1       2.017
 (7,1)           1           2       1.673
 (8,1)           2           2       2.255
 (9,1)           1           1        1.83
(10,1)           2           1       2.409
(11,1)           1           2       1.973
(12,1)           2           2       2.987

C
m

d
>
 m

akecols(data,r50, r21, y) # split up m
atrix

C
m

d
>
 r50 <

- factor(r50); r21 <
- factor(r21)

C
m

d
>
 tabs(y,r50,r21,m

ean:T
,stddev:T

,count:T
)

com
ponent: m

ean
(1,1)      1.7093      1.9523
(2,1)      2.1527      2.4443
com

ponent: count
(1,1)           3           3
(2,1)           3           3
com

ponent: stddev
(1,1)       0.115     0.26959
(2,1)     0.22212     0.47706
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�4������$^���9:�8������ �� [[ [[Daa aa[[ [[YY YY\\ \\ WW WW�� ��/&$&�'	G(��X$��4&$
��	-<���$�����$^�8��
		��$��4&$��	-<R$�����$��%$���
���G</���8�	������8�^��l	6�-�.����$��X$5���&H7-	��
	G8��$
�
��$^���:�8��4�	��%$�X�G<R$	�����	G8)��	�:�$^�&H
� �
���������	
�:�M��$�	���<R$�8)�$����&$��6�`<R$�8)���

C
m

d
>
 treat <

- m
akefactor(r50+

10*r21);print(treat,form
at:"1.0f")

treat:
(1) 1 2 3 4 1 2 3 4 1 2 3 4

F
a

cto
r fo

r 4
 tre

a
tm

e
n

ts

C
m

d
>
 anova("y =

 treat",fstat:T
)

M
odel used is y =

 treat
              D

F
          S

S
          M

S
           F

     P
-value

C
O

N
S

T
A

N
T

       1      51.154      51.154   563.94447  1.0526e-08
treat          3     0.87231     0.29077     3.20558    0.083373
E

R
R

O
R

1         8     0.72566    0.090708

C
m

d
>
 ss <

- S
S

; df <
- D

F
 # save for later

��l	6�-�.���6�
	������,�� �$�����������L���
�(��X$̂���4&$
�l	6�-�.�����&H

C
m

d
>
 anova("y =

 r50 +
 r21 +

 r50.r21",fstat:T
)

M
odel used is y =

 r50 +
 r21 +

 r50.r21
              D

F
          S

S
          M

S
           F

     P
-value

C
O

N
S

T
A

N
T

       1      51.154      51.154   563.94447  1.0526e-08
r50            1     0.65614     0.65614     7.23351    0.027517
r21            1      0.2144      0.2144     2.36365     0.16275
r50.r21        1   0.0017763   0.0017763     0.01958     0.89217
E

R
R

O
R

1         8     0.72566    0.090708

�4&$<R�
��$5�90
"y =

 r5
0
 +

 r2
1
 +

 r5
0
.r2

1
"

0
������$̂���&��8�����.���4&$�F	��-�.���6�@	��?<R�
��$5�

� �
	���! �
	"�$#%��
	"��& #(')�*#+,	-#('.+,�
	-#%��
	��
3

Statistics 5303                                                        Lecture 17                                                  O
ctober 11, 2002

�4&$�.�,�� ���	�/��$4�	
�	����8%$�����$�	6�'4
���$&��$�^���4&$<R�
��$5�H
�$���<

3���$^��A���!�$�8)�)�
/�0

C
O

N
S

T
A

N
T

 
 �"

r5
0

1 ')�32
��� ')��"

r2
1

1 +� 2
���� +	-�"

r5
0
.r2

1
1 '4+5�6	72

��� '4+5�
	�"
E

R
R

O
R

%��
	"�
�4&$ %��
		��$8%������$^��A���!�$�8����/G()���4&$��<	98&$
(����4&$$�������.$���<gH
Q4$�8�4$��$����9:�8���:�;=<>;�?A@�B
C60$�	6�'4� C
����	������������.$^���)���4&$��8A���'	��$��/0 H
Q4$�8�4$��$����9:�8���D?9EGF/�	��
	G8��$
��0J�L�IH��
<����$���G<�������'	��.$
��H �4&$�!�	G8��� C�����	��)C
������������$��&$�8A���8��4&$���J��$���^�R�4$�.$���<=�&H
� <	��8%���.$^���&K4�	���&��(��4��98J8�@������$^�&H
�4�������	�����	�����	G8)��	�:�$�^�g�
	6�L8�^�R/�	��
	G8��$GH

4
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�'�G<R$��4���8&:���.�
��?9E��028%���

�(����/&$	�/��$�.�
�����8(���H
Q�@��4���G<���$�.$�l	6�-�.���6�
	����E�	����l	6�-�.���
���G</���8�	������8���98�!�9(���$
��98���4&$$����&$���`<R$�8)�K�
• � ���	G8���l	6�-�.���!K�@��4	�$
�%$5���&0O�@�)�<	��98

$^���$;�-��!�4�	
�
�� �� ZZ ZZ

�� �� [[ [[
�� ��
�� �� H

•
Q4&$�8��KR��l	6�-�.���4�	��%$		G8��/�$��X$5���;0
�$^���&$�-����%$5�
�G0��4&$5�
�g��K�^CK	���98)�.$���C
	6�-�6���8�!�4�	
�

�� �� ZZ ZZ
�� ��
		 		 [[ [[

�� ��
�� ���

 

 		 		 �� ��

�� ��
�� ���

 



•
Q4&$�8��4��$�$�l	6�-�.�����4�	��%$	G0/	G8��=�
�$��%$5���;0P��4&$^�@�g��4��$�$K	���98)�.$��	6�-�����8�!�
4&	��

D
F

 =
 (a

 - 1
)(b

 - 1
)(c - 1

)

•
	G8���X���8

�4&$<	���8$̂���$&�-�!��$
:)�$�$̂�=�̂��l�$�$
���G<
	��$

���$����(�8���%$�����	��H
Q�@��4�98���G<���$��$�����l�	6�-�����8�	���l	6�-�.���6�
	����
EF8%��	����2���G</
��8�	������8���98��4&$$��;�&$��6�<R$�8)�KF0
�98)�.$��	6�-�����8�� <	��/&$�<	
��$��)0/G(��8%$��%$��
�
	���:�$���H

5
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�!(����&�^�X$
• � 	6�'�����4�	G�	�$��%$5���
• � 	6�'�����74�	
�/�$��%$5���&H
�4&$�8��4&$��K��l	6�-�.���<R�
��$5������g��4&$	
k�/
<$�	G8��

 �
	�! #&'-�*#+5	-#�'.+,�
	
4�	
�<���$��4�	G8	�/��	��	-<R$�.$�����

I-	��	-<R$�.$����
�!(&</&$��

 
*

1 ')�32
	

1 +5	2
/

1 '4+5�6	72
	�/

����	��
	�/ #	 #/ #*


	�/
�4&$��$	��$<	G8���X$�)�=�^� ?01 '-�3201 +,�320	G8��
1 '4+,�
	72K�@��4 �
	�& #(')�*#+,	-#'4+,�
	H
�!(����	
���8��4&$��8%$�l	6�-�.����'	
�X$K�@��4<R�
��$5�
 ��& #(')�0�&��(8%$�$����$^�����6���-�����8���.�
$�8��;(��$(�8����;(%$��	��	-<$��$����	��9(%$^�&H
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�4&$<R�^�������<g<R��8�X$��^�R�$^�����6���-�����8��	��$
�� '�*�"!0J�X� '���C�E '��#('��#HH�H #('����	�K
�	+5	�"!0�X� +�
�C�E + �#+ �#HH�H #+�
 �
�K
��6'4+5�
	�"!0

��*-0�H�H�H0/
E����K

�;(&<=��K
�X� '4+��	-�C�E '4+��	 #('4+��	 #HH�H #('4+����
���	K

�	 '.+�
	-�"!0J��*-0H�HH0	
E���5�9(&<=8�;(&<=��K

�X� '4+5��
�C�E '4+5� �#('4+5� �#HH�H #('.+,� �
 �
�K
C

m
d
>

 m
u
h
a
t <

- co
e
fs(C

O
N

S
T

A
N

T
); m

u
h
a
t #

 e
stim

a
te

 o
f µ

(1)      2.0647

C
m

d
>
 alphahat <

- coefs(r50); alphahat # estim
ates of alphas

(1)    -0.23383     0.23383
A

d
d

s to
 ze

ro

C
m

d
>
 betahat <

- coefs(r21); betahat # estim
ates of betas

(1)    -0.13367     0.13367
A

d
d

s to
 ze

ro

C
m

d
>
 alphabetahat <

- coefs("r50.r21"); alphabetahat
(1,1)    0.012167   -0.012167

A
d

d
s to

 ze
ro

 a
cro

ss ro
w

s a
n

d
(2,1)   -0.012167    0.012167

d
o

w
n

 
co

lu
m

n
s

7
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�	6�'4����$^��A���!�$
8)������X$��^�����$^��A��!�$�8)�)�
����8)���6�
/G()�.$^���	������4&$<R$�	G8��&H �4&$
����8)���6�
/G()����
8���'	�8/&$��������
	��&$
�	
�1/��1
��	�/��$^�&H

C
m

d
>
 term

1 <
- m

atrix(rep(m
uhat,4),2); term

1 # from
 m

uhat
(1,1)      2.0647      2.0647

C
o

n
sta

n
t 

te
rm

(2,1)      2.0647      2.0647

C
m

d
>
 term

2 <
- hconcat(alphahat,alphahat); term

2 #from
 alphahats

(1,1)    -0.23383    -0.23383
r5

0
 te

rm
(2,1)     0.23383     0.23383

C
m

d
>
 term

3 <
- vconcat(betahat',betahat');term

3 #from
 betahats

(1,1)    -0.13367     0.13367
r2

1
 te

rm
(2,1)    -0.13367     0.13367

C
m

d
>
 term

4 <
- alphabetahat; term

4 # from
 interactions

(1,1)    0.012167   -0.012167
r5

0
 x r2

1
 te

rm
(2,1)   -0.012167    0.012167

te
rm

1
�����4$�%	-<R$�����$��X$������$�	��%<R$
8)�

te
rm

2
������
8����	G8��	6���̂�;��.��K=�	G8��	������

�.�"����K=8���5�9(&<8��&H
te

rm
3

������
8����	G8)�&����K8���5�9(&<8��	�8��	��9���
�.�"	6�'��̂������K�&H
te

rm
4

	�9����.�"�%��K8g���̂�9(&<8	G8��	6���̂�;�
���K�H

8
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�4$�$��%<=�����
r5

0
	�8��

r2
1

4�	��%$��4$����%<
�̂�<	��98$̂���$&�-�����8)���	
���)����4&$��	��$����8�C
����	G8)����%$��g���K=�=������5�9(&<=8��&H
�4&$�.$���<

����
r5

0
.r2

1
E�98��.$��	��'�����8=���

r5
0

	G8��
r2

1 K������8&$	G8��8��.$��	6�'�����8���
8)���	
�����
/&���4���K

	G8��=���5�9(&<8�&(&<�	��$"�H
���(�'	G8�G()���4&$�.$���<��.�
:�$��4&$���98�$��%$��	��
K	;�
��.�:��%$������$��$�8)���A�@�)��.���4&$�

�� �
	H
C

m
d
>
 tabs(y,r50,r21,m

ean:T
) # sam

ple treatm
ent m

eans
(1,1)      1.7093      1.9523
(2,1)      2.1527      2.4443

C
m

d
>
 fit_A

 <
- term

1 +
 term

2; fit_A
 # F

it w
ith just r50

(1,1)      1.8308      1.8308
(2,1)      2.2985      2.2985

�4�������	�A�@��̂�R��4&$<R�
��$5�� �
	�& #(')��98
K4
��'4�l	6�-�.���7���
	��
�8%���5�$
H

C
m

d
>
 fit_B

 <
- term

1 +
 term

2; fit_B
 # fit w

ith just r21
(1,1)      1.8308      1.8308
(2,1)      2.2985      2.2985

�4�������	�A�@��̂�R��4&$<R�
��$5�� �
	�& #+,	�98
K4
��'4�l	6�-�.�������
	��
�8%���5�$GH

9
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C
m

d
>
 fit_A

plusB
 <

- term
1 +

 term
2 +

 term
3; fit_A

plusB
(1,1)      1.6972      1.9645
(2,1)      2.1648      2.4322

�4�������	�A�@��̂�R��4&$<R�
��$5�� �
	�& #(')�*#+,	
�98K4����'4��4&$$̂��$�-�)��̂��	G8��7	��$
;�C9C�

�F����BH �4&$��$���8%��98)�.$��	6�-�����8�.$���<H
� �98�	����@�G0��4&$���G</��98�	������8�̂�	����.$���<=����	
�A�L��̂�R��4&$��(����<R�
��$5�

 �6	�& #(')�*#+5	-#('4+5�
	
K4
��'4�A�@�)���4&$<R$�	G8��=$���	6�-���
��H

C
m

d
>
 fit_full <

- term
1 +

 term
2 +

 term
3 +

 term
4; fit_full

(1,1)      1.7093      1.9523
(2,1)      2.1527      2.4443

�4&$$̂���$&�-�)�=�̂��	G8��7	;��$8%�����G</��98%$
�
	��9��@����X$5�@��H �4&$��$����98)�.$��	6�-�����8;H

10
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cc ccbb bb&]] ]] __ __ee ee [[ [[]] ]] WW WWbb bb TT TT��� ��ff ff [[ [[VV VV [[ [[ee ee WW WW]] ]] WW WWVV VVbb bb __ __YY YY [[ [[�� �� [[ [[!aa aa[[ [[YY YY\\ \\ WW WW�� ��
�� �� WW WWbb bb __ __�� �� YY YYii ii
� �

��
••• 0

�'-��
�� �•• C

� �
�� �•• C

��
•••

�+	�
��

• 	• C
� �

��
• 	• C

��
•••

�'.+,�
	�
�� �
	• C

� C
�'-�C

�+,	
�
���
	• C

���•• C
��

• 	• #
��

•••

C
m

d
>
 y_dotdotdot <

- tabs(y,m
ean:T

); y_dotdotdot
(1)      2.0647

C
m

d
>
 y_idotdot <

- tabs(y,r50,m
ean:T

); y_idotdot - y_dotdotdot
(1)    -0.23383     0.23383

a
lp

h
a

h
a

t's

C
m

d
>
 y_dotjdot <

- tabs(y,r21,m
ean:T

);y_dotjdot - y_dotdotdot
(1)    -0.13367     0.13367

b
e

ta
h

a
t's

C
m

d
>
 y_ijdot <

- tabs(y,r50,r21,m
ean:T

)

C
m

d
>
 y_ijdot - term

1 - term
2 - term

3
a

lp
h

a
b

e
ta

h
a

t's
(1,1)    0.012167   -0.012167
(2,1)   -0.012167    0.012167

11
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ZZ ZZTT TTGVV VVee ee��� �� aa aa[[ [[bb bb
�� ��TT TTGVV VV

�� ���� ��__ __YY YY]] ]]��� �� WW WW�� �� [[ [[!aa aa[[ [[YY YY\\ \\ WW WW�� ��\\ \\ [[ [[bb bb WW WW
�4&$<	���8$^���$&�-��!�	��$�$G<��8����A��$�8)��^�
��4&$����8;:��$�l	6�-�.���g���$�	��%<$
8)��!�

���
	��
	� ��8 �E�� �• C
��

•• K �
�8 ��E�� �• C

��
•• K �K4&$�88 ��H�H�H�8���8

Q4$�8�4$��$	��$��KR��l	6�-�.�����
������8�/ ��E�� �•• C

��
••• K ��8�/ �� �'-� �

������8�/ ��E�� �•• C
��

••• K ��8�	 �	 �+5	 �
	G8�������� �8 �� �	E���	• C

���•• C
��

• 	• #
��

••• K �
�8 �� �	 �'4+,�
	 �

>
8$�	6�4�'	G�X$�0P��4&$<=(��L���
�����$�������4&$8�(&</&$��
�̂���	���(%$���98��4&$�A�@�����<R$�	G8��8��4&$�;(&<=C
<	�8���0

�� �•• 0
��

• 	• ���
�� �
	• H

C
m

d
>
 n <

- 3; a <
- b <

- 2

C
m

d
>
 vector(n*b*sum

((y_idotdot - y_dotdotdot)^2), S
S

[2])
(1)     0.65614     0.65614

C
m

d
>
 vector(n*b*sum

((y_dotjdot-y_dotdotdot)^2), S
S

[3])
(1)      0.2144      0.2144

C
m

d
>
 vector(n*sum

(vector(alphabetahat^2)), S
S

[4])
(1)   0.0017763   0.0017763

12
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>$�8)�.$��$
�=����$^��A���!�$�8)�)��������4&$�.$���<=���8	
�/��M�F	��-�.���6�@	��?<R�
��$5�H

C
m

d
>
 print(m

u,alpha,beta,alphabeta)
m

u:
(1)        75.3
alpha:
(1)         6.1        12.1         6.4       -18.4        -6.2
beta:
(1)        -5.3         4.1        -2.3         3.5
alphabeta:
(1,1)         7.2        -1.8         1.4        -6.8
(2,1)         1.9        -0.9         0.4        -1.4
(3,1)        -2.6           1           3        -1.4
(4,1)        -2.7        -4.6        -6.8        14.1
(5,1)        -3.8         6.3           2        -4.5

C
m

d
>
 sum

(alphabeta) # interaction sum
s are 0 dow

n colum
ns

(1,1)          0           0           0 -1.7764e-15

C
m

d
>
 sum

(alphabeta') # interaction sum
s are 0 across row

s
(1,1)          0           0           0           0           0

C
m

d
>
 m

u_add <
- m

u +
 alpha +

 beta'; m
u_add

(1,1)        76.1        85.5        79.1        84.9
(2,1)        82.1        91.5        85.1        90.9
(3,1)        76.4        85.8        79.4        85.2
(4,1)        51.6          61        54.6        60.4
(5,1)        63.8        73.2        66.8        72.6

NP	6��8%����	���G<<$�8��)�&H
a
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a
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h
a
b
e
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K�@��4���K=��K	����&$
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u
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h
a
 +

 b
e
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'
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Em
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h
a K	�8A�	�.��K

�%$�'�.���Eb
e
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b
e
ta K�.�
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C
m

d
>
 colplot(m

uij_add, title:"P
lot of m

eans in colum
ns vs row

num
ber")

C
m

d
>

 ro
w

p
lo

t(m
u
ij_

a
d
d
,

\
title:"P

lot of m
eans in row

s vs colum
n num

ber")
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C
m

d
>
 m

uij_nonadd <
- m

uij +
 alphabeta # full m

odel

C
m

d
>
 colplot(m

uij_nonadd, title:"P
lot of m

eans in colum
ns vs

row
 num

ber")

C
m

d
>
 row

plot(m
uij_nonadd, title:"P

lot of m
eans in row

s vs
colum

n num
ber")
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