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ABSTRACT
It is well known that for certain log-linear interaction models for contin-
gency tables, i.e. those that are decomposable, the maximum likelihood esti-
mator can be found explicitly. In this note we will show that in such cases this
estimator is admissible. The proof is based on a stepwise Bayes argument and
is a generalization of a proof of the admissibility of the maximum likelihood
estimator for the usual unconstrained multinomial model. It is then shown

that this result is a special case of a result for discrete exponential families.

1. INTRODUCTION
In log-linear models for contingency tables maximum likelihood is the stan-
dard method of estimation. For certain hierarchical models, called decompos-
able models, (see Goodman (1970, 1971) and Andersen (1974)) it was shown
in Haberman (1974) that the maximum likelihood estimator could be found
explicitly. Darroch, Lauritzen and Speed (1980) considered a certain class
of graphical models which contains the family of hierarchical models. They

showed how the conditional independence of such decomposable hierarchical
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models was easily interpretable using graphical models. We will follow their
notation.

In this note we will show that for these models the maximum likelihood
estimator is admissible. We will use a stepwise Bayes argument to prove the
result. The stepwise Bayes method was introduced in Johnson (1971), see also
Wald and Wolfowitz (1951). It was named in Hsuan (1979). Using this method
Alam (1979) proved the admissibility of the maximum likelihood estimator
when estimating the standard unconstrained multinomial probabilities. Brown
(1981) gave a complete class theorem for this problem using the stepwise Bayes
idea. In section 2 we will briefly describe the stepwise Bayes method and show
how it will be applied to the present problem. In section 3 we will introduce the
necessary notation and then prove the admissibility of the maximum likelihood
estimator for decomposable hierarchical models. In section 4 we will prove a

more general result for discrete exponential families.

2. THE STEPWISE BAYES METHOD

The stepwise Bayes method is a simple, but powerful technique for proving
admissibility. It is particularly useful for problems where the sample space
contains a finite number of points. In these arguments a finite sequence of
disjoint subsets of the parameter space is selected, where the order of the
specified subsets is important. Associated with each subset of the parameter
space there is a corresponding subset of the sample space. These subsets of
the sample space are also disjoint and their union is the entire sample space.
At each stage the subset of the sample space is the collection of sample points
which are assigned positive probability by at least one parameter point in the
subset of the parameter space for this stage and which have not appeared in
any of the subsets of the sample space for the previous stages. For each pair

of subsets the probability function can be normalized so that for each point



in the subset of the parameter space the renormalized probability function
sums to one over the corresponding subset of the sample space. This leads
to a sequence of restricted problems. For each restricted problem a prior
distribution is defined on the corresponding subset of the parameter space
with the property that it assigns positive marginal probability to every point
in the corresponding subset of the sample space. Then the Bayes procedure is
found for each sample point in the corresponding subset of the sample space.
This process yields a well defined procedure which must be admissible. To
prove the admissibility of a given procedure one must select the sequence of
subsets, their order, and the sequence of priors appropriately.

In what follows we will prove the admissibility of the maximum likelihood
estimator for certain models. We will now show how the the sequence of subsets
of the parameter space should be selected to facilitate this argument. We begin
by introducing some notation. Consider a random variable X, which takes on
a finite number of values, say m, where m > 2. Let 6§ € © be the parameter
indexing a family of probability functions for X. Let x denote a typical value
of X and let P(x;60) denote a typical probability function. To avoid trivialities
we assume for each x, there exists a § € O such that P(x;60) > 0. Furthermore
we assume a random sample of size n is to be used to estimate 6. Let X denote
the sample space for this experiment, x a possible vector of observations and
Pr(x;0) the joint probability function.

We begin by showing how the argument works for estimating the proba-
bilities in the standard multinomial model where the loss function is just the
sum of the squared errors of the individual components. It will be sufficient
to just consider the trinomial model.

To this end suppose X takes on three values, say 0, 1 and 2, with corre-
sponding probabilities 1 — 61 — 65, 61, 0. The parameter space is the two-

dimensional simplex for 6 = (6,60) where 6; > 0, 6, > 0 and 6; + 0, < 1.



Note that there are three distinct vectors which each get assigned probability
one by a point in the parameter space. They are the vectors consisting of all
0’s, all 1’s and all 2’s. The corresponding subsets of the parameter space are
just the three vertices of the simplex. The vector of all 0’s corresponds to the
vertex (0,0) and so on. Note that for each restricted problem there is no need
to renormalize the probability functions. These three points of © are the three
subsets © which define the restricted problems in the first three steps of the
argument. The particular order among the three does not matter however.
For each restricted problem there is only one possible prior, the one which
puts mass one on the given vertex and the Bayes estimator under this prior is
just the maximum likelihood estimator.

In the next stage of the stepwise Bayes argument there are again three
similar subsets of the parameter space which yield three restricted problems
which can be considered in any order. They are the three edges of the simplex
without their vertices. For example consider the subset of the parameter space
O* = {(01,02) : 0 < 0y <1 and 0, = 0}, the edge joining (0,0) and (1,0).
For this restriction of the parameter space the set of data vectors which get
positive probability under ©* and which were not taken care in the first stage
are all those vectors which consist of just 0’s and 1’s and where both 0 and
1 appear at least once. Let A denote this collection of data points. For the

restricted problem, with sample space A and parameter space ©*
Pr*(x;60,,0) = Pr(x;60,,0)/(1 — (1 —6,)" — 07) (1)
is the renormalized probability function. The prior we take on ©* will be
m(01,0) o« {1—-(1—-6,)"=67}/{0(1 -6y}
. (Z) 65 (1 — 6, (2)

k=1

which is a bounded function of #; and so m can made into a density function by
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the proper choice of a normalizing constant. Now for this restricted problem,
it is easy to see, that the posterior mean, for a given x € A, of #; under
this prior is just the proportion of 1’s in x, which is the maximum likelihood
estimate of #;. In a similar way we see that the posterior mean of 65 is just
its maximum likelihood estimate. The other two edges are handled in exactly
the same way.

The next stage is the final step of the argument and there is just one subset
of the parameter space to consider. We take the subset of the parameter space
©* to be the interior of the simplex. For this step the sample space for the
restricted problem is just the set of all the remaining vectors in sample space,
i.e. those where 0, 1 and 2 all appear at least once. Denote this set by A.
Then for (6,,0;) € ©* we see that A(01,02|A) = > o Pr(x;(61,02)) is the
normalizing constant for the probability function for our restricted problem.
Then 7(61,02) o< A(61,02|A)/{ (1 —6,—02)0,165 } is a bounded function over ©*
and it is easy to check that its posterior mean is just the maximum likelihood
estimate for 6 = (0, 60,) for x € A.

This is a brief outline of the proof of admissibility of the maximum likeli-
hood estimator for the trinomial problem. It should be emphasized again that
both the order in which the subsets of the parameter space are selected and
the prior distribution used at each step are important. Suppose for example in
the trinomial problem after the first three subsets had been chosen we omitted
the next three and then selected the last subset, the interior of the simplex
and selected some proper prior distribution for the restricted problem. The
resulting estimator would still be admissible but it would not be the maximum
likelihood estimator. For proving the admissibility of the maximum likelihood
estimator the generalization to an arbitrary multinomial problem is straight-
forward. Note that the proper sequence of subsets of the parameter space

is first the vertices, next the relative interiors of the 1-dimensional faces and



then the relative interiors of the 2-dimensional faces and so on, until at the
last step we consider the interior of the entire simplex. After the first stage
the prior is proportional to the ratio of two factors. In the numerator there is
the function which is the renormalizing constant for the probability function
for the restricted problem. In the denominator there is the product of the all
nonzero 6;’s for the restricted problem. Note that this result is well known
and the correct order is clear from the structure of the simplex.

In the two problems to be considered in the next two sections the correct
order will be determined by the parameterization and is similar to the order
for the multinomial problem described above. Before we begin we need one
more bit of notation. Let A be a nonempty subset of X. Let

@(A)z{@é@:ZPr(x;@)zl} (3)
XeA

and
Ot (A)={0€O(\) : Pr(x;0) >0for everyx € A } (4)

Note that for a given A, O(A) may be empty and ©7(A) may be empty even
when O(A) is not.

3. DECOMPOSABLE LOG-LINEAR MODELS

We will briefly review decomposable log-linear models for contingency ta-
bles. Our notation, for the most part, will follow that of Darroch, Lauritzen
and Speed (1980). See them for additional details.

Let C' denote a finite set of classification criteria or factors. For each v € C'
let I, be the set of levels of the criterion or factor v. I = HWGC L, is the set
of cells in our table and a particular cell will be denoted i = (i,,7 € C). Let
P(i) denote a probability function defined on /. Our sample space X is just

the product space I™. Given a random sample of size n from this distribution
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we let the counts n(i) be the number of observations that fall in cell i. Under
this model the distribution of the counts becomes a multinomial distribution

given by

Pr{N@{) =n(i),icl} = " I1 PG)® (5)

n(i),iel | i

For a C C', we consider the marginal counts n(i,), where n(i,) is the number
of observations in the marginal cell i, = (¢, v € a). That is n(i,) is the count
in the marginal table, where observations are only classified according to the
criteria in a. Similarly we let P(i,) denote the probability that any given
observation belongs to the marginal cell i,.

It remains to describe how P(i) is to be parameterized. One of the advan-
tages of decomposable hierarchical models is that they can be parametrized
in a very convenient fashion. Let C = {ay,...,ax } be the generating class
for some decomposable hierarchical model. We assume that C' = U,cca and
without loss of generality that the model is connected. We may assume that

the elements are ordered so that for t =2,... k
a;N(aU---Uayq) =a;Nay, (6)
for some r, € {1,... ,t —1}. It follows that
bp=a;\ (a1 U---Uay_1)=a;\ a, #0
fort =2,... k. Letting
¢ =a;\by=a;Nay,

which is also nonempty since the model is assumed to be connected, it follows

that
k

P(i) = P(is,) [ | P(ulic,) (7)

t=2



which expresses the conditional independence of the model. There are, gener-
ally, many orderings satisfying (6). Hence the parameterization of P(i) given
in (7) is not unique. Often the terminology “log-linear” indicates that the cell
probabilities are all positive. We however are considering the completion of
the parameter space. Note that the above parameterization still makes sense
for the completed parameter space.

In what follows we will assume that for the model given by C the probability
function P(i) is parameterized as in equation (7). In terms of our earlier
notation P(i;f) = P(i) where 6 just represents all the marginal and conditional
probability functions on the right hand side of (7). This is some subset of the
simplex which is the parameter space for the usual unconstrained multinomial
problem.

Darroch, Lauritzen and Speed gave an explicit formula for the maximum
likelihood estimate (mle) P(i) of P(i) based on n observations which did not
depend on the parameterization of equation (7). However for the given pa-

rameterization it is easy to see that

P(i) = (n(ia,)/n) [ [ n(ibsoe) /n(ic,) (8)

when n(i,) > 0 for t = 2,...,k and is 0 otherwise. We will now prove the

admissibility of this estimator.

Theorem 1 Consider the problem of using a random sample of n observations
to estimate the cell probabilities of a decomposable hierarchical log-linear model,
defined by the generating class C = { ay,...,a; }, with C = Ugeca. If the loss
function is the sum of the component squared error losses, then the maximum

likelthood estimator of the cell probabilities is admissible.

Proof. Let the model be defined by the generating class C = { ay, ..., ax }.

It suffices to consider only connected models since various connected compo-



nents correspond to independent sets of factors and their probabilities as well
as their estimates multiply. Then the parameter space, ©, is defined by the
right hand side of (7) and the maximum likelihood estimate is given in (8).
We will use a stepwise Bayes argument with the correct ordering of re-
stricted problems. The argument is by induction and is similar to the one for
the standard multinomial problem given earlier. That is, we first consider the
vertices, next the 1-dimensional edges or faces, then the 2-dimensional faces
and so on until all possible sample points have been considered. To help un-
derstand the general argument it will useful to keep in mind a special case.
Suppose the model C' contains four factors and each factor has three levels.
Let «y, B;, v and A; for i = 1,2, 3 denote the possible levels of each of the four
factors. Let C = {{1,2},{2,3},{1,4} } be the generating class for the model.

Then for a typical cell (o, Biy, Cis, Aiy) the parameterization of (7) becomes

P, By, Giss Aia) = Play, Biy) P(Cis | Biy) P( iy vy )

We need to introduce some additional notation. Let x denote a fixed vector
of observations of length n. Let I(x) denote the set of cells that appear at
least once in the vector x. Let C be the generating class which leads to the

parameterization given in (7). For any a € C' let
Lo(x) ={i, : i€ I(x)}
Let A be a specified set of vectors x then
I(A) ={I(x) : xe A}
Let b C C be some subset of factors. We now let
Zp(i) =1

be just the coordinate projection of the whole table onto the factors of b. More

generally if b C a C C then Z,(i,) = i is well defined as well.
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For ¢y it follows that

102(X) = {ZC2(ia1) : ia1 € Iy, (X)}

since as Na; = ¢3 € a;. Now assuming I, (x) is nonempty we let i7, be a fixed

member of this set and let
Ibz|i22 (X) = {sz (ia2) : ia1Ua2 S ]a1Ua2 (X) and ZC2 (ia1> = 122 }

For a fixed i*

ca> Tbaliz, (x) is the set of levels which appear for the set of factors

belonging to by for some observation belonging to x whose levels for the factors
¢y are just the levels i7,. In the same way we can define I, (x) and Iy,i: (x)
for t = 3,...,k. Finally we let |I,,(x)| be the number of marginal cells
belonging to I, (x). We define |I.,(x)| and [, iz (x)| similarly. Let m(x) =
(ay (%), [ Ley(X)], - [Le,(x)]) and for ¢ = 2,... &k let my(x) be the vector of
length |1, (x)| consisting of the values [I,,;: (x)|, corresponding to the distinct
values i}, belong to I.,(x), arranged in increasing order.

We now begin the admissibility proof. In the first stage we take care of all
those samples where all the observations fall into one cell. For such samples
m(x) is just a vector of ones and the mle is the Bayes estimator of a prior
which puts mass one on the appropriate point of the sample space. The proof
will be completed by induction.

Let v be a vector of positive integers of length k£ where at least one value

is greater than or equal to two. Consider all such v’s where the set
A(v) = {x:m(x) = v}

is not empty. A typical stage of the stepwise Bayes argument will consider all
the sample points in such a A(v) where the order of the stages is determined
by the usual lexicographical order of the v’s. Now within each stage there

will usually be many different restricted problems and we must still determine
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the proper order for them. For a given vector v let vy, ... ,vi be vectors of
nondecreasing positive integers where the length of v, is v[t], the tth coordinate
of v. Let A(v, {v¢}) be the subset of A(v) for which my(x) = vy fort =2,... | k.
Let {v;} and {v;} be two collection of vectors which are consistent with wv.
Then A(v, {v;}) will precede A(v,{v;}) in the argument if vy precedes v} in the
lexicographical ordering, or if vo = v} and vz precedes vj in the lexicographical
ordering or if the first two vectors are identical and v, precedes v} in the
lexicographical ordering and so on. In summary the lexicographical ordering
of the vector v gives the main stages of the argument while the ordering defined
by {v;} gives the ordering within a stage. Hence for the inductive step we will
assume that we are considering some A(v, {v;}).

Recall that in the argument for admissibility of the mle for the general
multinomial problem at each stage there were several restricted problems which
could be considered in any particular order, i. e. all the faces of the same
dimensional could be considered in any particular order. The same thing is
happening here. To see this assume for a moment that v[2] = 1 and v,[1] <
[1,es, |11 1. e. the number of marginal cells we are considering for 4y, is strictly
less then maximum number of such cells. Let A; # A be two sets each of
which contain exactly vy[1] of the marginal cells 7;,. Now the set of probability
distributions which assign marginal probability one to the cells in A; is a
face which is disjoint from the face of probability distributions which assign
marginal probability one to the cells in A,. This is just the earlier multinomial
argument applied to the distribution P(-if,), where i} is the one cell that
appears in the marginal table of ¢y, but keeping in mind that it is multiplied
by the other conditional distributions in the definition of P(i) in equation
(7). Note that these remarks remain true if more than one cell appears in the
marginal table of ¢y for the sample points we are considering. Furthermore

the conditional distributions for the cells that appear in ¢, for t = 3,... , k are
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handled in exactly the same manner.

We now introduce some more notation that will allow us to identify the
faces that will define a particular subset of the sample space which we will
want to consider at a particular step in the argument. For each a C C' and
every positive integer j < |I,| =[], |1;| let I(a, j) denote a set of j elements
of I, =[] ¢, Iy, the marginal cells for the factors a. Let v and {v;} be as
above and fixed such that A(v, {v;}) is nonempty. We now use [ to define a

particular subset of this set.

A, {ve}, 1) ={x € A, {vi}) : Loy (2) = Uar, v]1]),
I.,(x) =l(c,v]t]) for t =2,... ,k and

]btﬁ%j (x) =1(be,»e[j]) t=2,... ,kand j=1,... 0[]}

Note that [ does not need to be defined for every a C C just the subsets that
appear in the definition. If [ and [* are two such functions which differ for some
a and j in the definition then A(v,{v:},l) and A(v, {v:},*) will be disjoint
subsets of A(v, {v;}). Moreover A(v,{v;}) can be partitioned by considering
sufficiently many such [. This partition will consistent of all the faces which
make up the set A(v,{v;}) and they can be considered in any order at this
stage of the argument. We are now ready to complete the inductive argument
where we are considering the face A(v, {v:},1) for some fixed v, {v;} and .
I, (A(v, {v}, 1) must contain at least one cell in the marginal table defined
by a;. Let x be a fixed sample vector of cells which belongs to A(v,{v:},1).
For i € I,,(A(v,{v:},1) we have that ny(i; ), the number of times the cell 7}
appears in the cells making up x, must be greater than or equal to 1. If not
this x would have been taken care of at an earlier stage of the stepwise Bayes
argument. If I, (A(v,{v:},1) contains only one cell we take as our prior over
P(i,,) the distribution which assigns mass one to the parameter point which

assigns mass one to this cell. If it contains more than one cell then this is just
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some multinomial model and we proceed just as we did in the last section for
the multinomial problem. That is our prior is just proportional to the ratio
of the renormalizing constant for the restricted problem to the product of the
probabilities for each of the cells.

For ¢y it follows that

Ley(A(v, {vi}, 1) = { Ze, (ay) = day € Loy (Av, {0}, 1) }

since ag Na; = ¢ € ay. Now I, (A(v, {v,},1)) is nonempty so we let i, be
a fixed member of this set. For each x € A(v,{v:},l) we must have that
nx(i;,) > 1 because if not it would have been taken care of in an earlier stage

of the argument. Let

Ib2|i§2 (A(U7 {Ut}7 l)) :{ sz (ia2> : ia1Ua2 € Ia1Ua2 (A(U7 {%}, l))
and Z,(i,,) = i, }

For a fixed i,

To,jiz, (A(v, {vi}, 1)) is the set of levels which appear for the set
of factors belonging to b, for some x € A(v, {v;},1)) whose levels for the factors
c2 are just the levels i7 . Note that for each x € A and 43, € I,z (A(v, {ve}, 1))
we have ny(7},,.,) > 1 because if not it would have been taken care of in an
carlier stage of the argument. For each 7, the set ly,i: (A(v, {v;},1)) must
contain at least one member. If it contains just one member our prior puts
mass one on the parameter point which assigns probability one to this one cell.
If it contains more than one cell then this is just some multinomial problem
and we proceed exactly as before. Now we must repeat this process for each

it, € Io,(A(v,{v;},1)) and get a collection of priors one for each member of

Loy (A(v, {v1},1)).

If £ = 2 then we would be done with this stage of the stepwise Bayes
argument, since we assume that all these priors are independent and indepen-
dent of the prior defined over P(i,,). Then by multiplying all these priors
together we have defined the appropriate prior over P(i) = P(is, ) P(ip,|ic,) for
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this stage of the argument. It is now an easy calculation to check that under
this prior the Bayes estimate of P(i) is just the maximum likelihood estimate
given in (8). In fact this is just the same posterior mean calculation done for
the multinomial model in the previous section.

If & > 2 then for each t = 3,..., k we consider the sets I.,(A(v,{v;},1) and
Loy, (A(v,{v},1) and proceed as in the above. We then multiply all the priors
together and the same conclusion follows.

This concludes the proof for this stage and by induction completes the
proof of the theorem.

In the next section we will prove a more general result for exponential fam-
ilies which contains the admissibility results of both the multinomial problem
of section two and the result of this section. We have included this proof since
we find it to be instructive. The next proof just uses certain facts about expo-
nential families which in some sense makes it simplier and more transparent

at the “cost” of being more abstract.

4. EXPONENTIAL FAMILIES WITH FINITE SAMPLE SPACE
Let X be a finite subset of d-dimensional Euclidean space, R%. Let v be a

positive measure on X. Define
AO) = /X exp(0 - z) dv(z) ()
and note that \ is finite for all § € R? because the integral is a finite sum. Let
M(0) =log \(0)
and define
P(x;0) = exp(f - x — M(0))

for # € R This family of probability functions is called a d-dimensional

standard exponential family and will be denoted by P. P can be thought
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of as a subset of the usual m-dimensional multinomial simplex because each
P(-;0) is associated with the unique vector (P(x';6),...,P(z™;0)) where
xl, ..., 2™ are the distinct points making up X.

Let X be a random variable taking values in X with P, the family of

possible probability functions for X. Then
Ey(X) = VM(0) = 7(0)

where V denotes the gradient. We consider the problem of using X to estimate
7(0) with the sum of the squared errors as the loss function. Because of the
convexity of the loss function we can reduce to a sufficient statistic (Lehmann
(1983)) and assume that we have just one observation, X, rather than a ran-
dom sample. Our goal is to prove the admissibility of the maximum likelihood
estimator for this problem. We need to recall various facts about exponen-
tial families. Barndorff-Nielsen (1978) and Brown (1986) are good references.
In particular the facts about maximum likelihood estimation can be found in
section 3 of chapter 9 of Barndorff-Nielsen (1978).

Let ‘H be the convex hull of X. We assume that the dimension of H is d
so that the family P is minimal. By (9) the family P is regular and hence
steep. It follows that the range of 7(-) is the interior of H. Moreover if X = x
is observed and z is in the interior of H then zx is the maximum likelihood
estimate of 7(f). When =z is in the boundary of H the situation is a bit
more complicated since the maximum likelihood estimate is not well defined.
However P can be enlarged in a natural way so that the maximum likelihood
estimator becomes well defined. We now briefly outline how this can be done.
It will be this extended estimator whose admissibility will be demonstrated.

Recall that @ is called the natural parameter for the exponential family
P. Since 7(-) defines a homeomorphism between R? and the interior of H, P

can also be parameterized by 7(6), the mean value parameterization. In what
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follows it will be convenient to use both of these parameterizations.

Let F be the family of non-empty faces of H. Recall that H is a face of
itself, hence an element of F. Any F' € F is the convex hull of the set A of
points of X belonging to F. For any F' € F and P € P let P(-|F) denote
the conditional distribution obtained by conditioning on the event F', which
assigns probability zero to the complement of F' and is proportional to P(-)

on F. For F € F let
PE={P(|F):PcP},
and define

B P (10)

rer

Each PI is a regular exponential family and can be parametrized by the mean

values. Let

®(P) = Ep(X), PeP.

Then ® is a homeomorphism from P to H where P has its usual topology (since
the state space is finite the topology of convergence in distribution is the same
as the topology of pointwise convergence of the multinomial probabilities). As
the notation suggests, P is the completion of P = P*. The point of (10) is
that the completion is a union of standard exponential families, one for each
face of the convex support.

For an observation z € H, the maximum likelihood estimate in P of the
mean value parameter is just x. To see this, note that by Theorem 18.2, on
page 164, of Rockafellar (1970) the collection of all relative interiors of the non-
empty faces of H is a partition of H. So there is exactly one face F' containing
x in its relative interior. The mean value mapping for P! maps onto the

relative interior of F' so there is a unique P € P that satisfies Ep(X) = .
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As we noted before this must maximize the likelihood over this face F' and
we denote this estimate by P(z|F). Let G be any other face which strictly
contains F. Then for any P € P

P(z|G) < P(z|F) < P(z|F).

On the other hand if G is a face which which does not contain F' then P(x|G) =
0 and so P(z|F) maximizes the likelihood function over P.

These facts makes it easy to identify the correct order for the stepwise Bayes
argument. Before starting the argument we need one more bit of notation. If
F is a face of H let A} be those members of A which also belong to the
relative interior of F. Note that A" may be empty.

In this argument, for the first stage we consider all the vertices of H, which
are its 0-dimensional faces. As before in each stage the particular order we
use within a stage is not important. That is the faces to be considered at
each stage can be handled in any order. At the next stage we consider all 1-
dimensional faces F' for which Af is not empty. At the next stage we consider
all 2-dimensional faces F' for which A} is not empty. We will continue in this
way, where at each step we consider faces with one more dimension than those
considered in the previous step, until all the points of X have been taken care
of.

The first stage is easy. Let x be a member of X which is a vertex of H.
Then in P there is a distribution, say P,, which assigns mass one to . We take
as our restricted problem the one whose sample space is x and parameter space
is P, and the prior which puts mass one on P,. For this restricted problem
the Bayes estimate of the mean is just x which is the maximum likelihood
estimate as well.

The proof will be completed by induction. Let F' be a face of dimension

d*, where 1 < d* < d, for which A} is not empty. For this step we consider the
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restricted problem with sample space AL and parameter space P¥ with the
probability function renormalized to be a probability function over AJ. Let
x be a member of Al if X = z is observed, then by an earlier argument we
know that x is the maximum likelihood estimator of the mean. It remains to
show that x is also the Bayes estimate for this problem for a suitably chosen
prior.

Now P¥ can be parameterized not only by its mean value parameter, but
by its natural parameter. By linear change of natural parameter and natural
statistic to obtain a minimal representation we may assume the natural pa-
rameter is ¥ € R? and that F is a set of full dimension in R%. We will use
the natural parameter to define the prior for this stage.

Let

AWIAF) = / exp(i ) dv(x)
A0

and

AO|AF) = /AF exp(V - ) dv(z)

Then for ¥ € R?" the prior is given by

m(J) % (11)

There remain two things to be checked. The first is to verify that m(«)
is indeed a proper prior over R%". The second is that it gives = as the Bayes
estimate of the mean. We begin by proving the first.

Since Af" contains only a finite number of points it is enough to show that
exp(i - 2)/AV]AF) (12)

is integrable over R?" | whenever x € Al". We also show that (12) is bounded,

a fact used later.
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In proving this, we may assume without loss of generality that x is the

origin. Hence we must show that
1/A]AT) (13)

is integrable when the interior of F' contains the origin.

Let € > 0 be chosen so that the closed e ball centered at the origin lies
in the interior of F'. Since this ball is equal to the the intersection of all the
half spaces containing it, for a fixed nonzero ¥ there is an x € F such that
V- x > €|d] where || is the norm of J. If not ' must lie in the closed € ball
centered at the origin which is a contradiction. From this it follows that

sup ¥ -y > e[|
yer

where € does not depend on 1. Then

AN = ([ exp(o-a) dv(o)}
< {exp(el]) mip v(r)}

< Kexp(—e|d|)

for some constant K. From this it follows that (13) is an integrable function
over R and hence the function in (11) is indeed a proper prior.

We will now verify for the restricted problem that the Bayes estimator of
the mean of X is just x when X = x is observed. To this end we need a result
that follows from Theorem 2 of Diaconis and Ylvisaker (1979). Fori =1, ...,
d let z; be the ith coordinate of z and

COM®W)  ONWIAF) /0w,
T AWIAD)

be the expected value of the ith coordinate. Then they show, their equation

(2.10), for any nyg > 0 and any zo in the interior of F' (in particular any
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zo € AY) that

A(GAF )t Moo + T
- (14)
/ exp([noxo + x| - V) 79 no + 1
A(Q|AF)noH

Note that we would be done if equation (14) were valid with ny = 0, which it is
since both sides of the equation are continuous functions of ny as it decreases
to zero. This is obvious for the right hand side.

For the left hand side, this follows from the Lebesgue dominated con-
vergence theorem. To see this rewrite the fractions in the numerator and

denominator of (14) as

(exp(wo : 19))"0 exp(z - )
A(D|AT) A(D|AT)

The first factor is bounded, the second integrable, as we showed in the argu-
ment about (12). Also 7;(¢) is bounded because it is the expectation of X,
which is bounded.

This concludes the proof of admissibility of the maximum likelihood esti-

mator. The result is stated formally in the following theorem.

Theorem 2 Consider the problem of estimating the mean vector in the com-
pletion of a full exponential family with finite sample space. If the loss function
1s the sum of the component squared error losses then the maximum likelihood

estimator s admaissible.
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