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Abstract

Label ranking is the task of ordering labels with
respect to their relevance to an input instance.
We describe a uni ed approach for the online la-
bel ranking task. We do so by casting the online
learning problem as a game against a competi-
tor who receives all the examples in advance and
sets its label ranker to be the optimal solution of
a constrained optimization problem. This opti-
mization problem consists of two terms: the em-
pirical label-ranking loss of the competitor and a
complexity measure of the competitor's ranking
function. We then describe and analyze a frame-
work for online label ranking thahcrementally
ascends the dual problem corresponding to the
competitor's optimization problem. The gener-
ality of our framework enables us to derive new
online update schemes. In particular, we use the
relative entropy as a complexity measure to de-
rive ef cient multiplicative algorithms for the la-
bel ranking task. Depending on the speci ¢ form
of the instances, the multiplicative updates either
have a closed form or can be calculated very ef-
ciently by tailoring an interior point procedure
to the label ranking task. We demonstrate the po-
tential of our approach in a few experiments with
email categorization tasks.

Introduction and Problem Setting

ent labels. The bene t of this approach is the exibility it
gives users categorizing emails, since an email may be as-
sociated with multiple labels. The approach stands in con-
trast to traditional systems in which an email is associated
with asinglephysical folder. Users may browse all emails
associated with a particular label and can also use theslabel
for searching through their emails. However, manually at-
taching the relevant labels to each incoming email message
can be an all-out effort. An online label ranking algorithm
automatically learns how to rank-order labels in accordanc
with their relevance to each of the incoming email mes-
sages. Quite a few learning algorithms have been devised
for the category ranking problem such as a multiclass ver-
sion of AdaBoost called AdaBoost.MH [10], a generaliza-
tion of Vapnik's Support Vector Machines to the multilabel
setting by Elisseeff and Weston [5], and generalizations of
the Perceptron algorithm to category ranking [3, 2].

The category ranking hypotheses this work employs are
closely related to the ones presented and used in [5, 3, 4].
However, we depart from the standard paradigm which is
con ned to a speci ¢ form of regularization and give a uni-
ed account for online learning for label ranking problems.
Our starting point is the primal-dual perspective we itiiia
presented in [12] and further developed in [13]. Follow-
ing [12, 13], we cast the problem as an optimization prob-
lem which is solved incrementally as the online learning
progresses. We then switch to the dual representation of
the problem and show that by modifying only the set of
variables corresponding to the example received on a given
trial of the online algorithm we are able to obtain two goals.

Label ranking is concerned with the task of ordering labelgFirst, we devise a general procedure and derive speci ¢ on-
which are associated with a given instance in accordance tine update schemes. Second, we use the primal-dual view
their relevance to the input instance. In this paper we dein conjunction with the weak-duality theorem to obtain a
scribe an algorithmic framework famline label ranking.  general mistake bound for the label ranking problem. We
As an illustrative example consider an email categoriratio demonstrate the power of our approach by deriving new
task in which the instances are email messages. Most emaipdates for the label ranking task. In particular, we devise
applications allow users to organize email massages intoew multiplicative updates which outperform additive up-
user-de ned folders. For example, Google's Gmail usersdates in the experiments reported in this paper.

can tag each of their gmall messages with one or more IaBefore proceeding with a formal description of the prob-
bels. The set of labels is also user de ned yet itis nite and

. : _ i lem setting we would like to underscore the contribution
typically constitutes of a few tens if not hundreds of difer 9



of this work in the light of our previous theoretical work. h ';x'i h ! L;x'i  Oand thus (! ;(x';Y"))

The work presented here provides new updates for the larhus, thecumulative hinge-lossuffered over a sequence

bel ranking problem. While our mistake bound analysis isof examples upper bounds! .

based on previous work [12, 13], the former was mostly . . . .
; . S To obtain a concrete online learning algorithm we must de-

con ned either to binary classi cation or to regret analy-

. . : o termine the initial value of each weight vector and an up-
sis for general functions. More importantly, we describe ; .
; . . S date rule used to modify the weight vectors at the end of
new speci c algorithms for entropic regularization. Inter . ) ) . .
: L . . each trial. Recall that our goal is to derive online learning
estingly, our formal analysis is on par with the experimen-

. . A algorithms which make small number of prediction mis-
tal results which give further validation to the formal résu . .
) oo takes. Naturally, without further assumptions on the se-
presented in [12, 13] and in this paper.

guence of examples, any online learning algorithm can be
We start by formally describing the online label ranking forced to make a large number of mistakes. To state a
problem. LetX R" be an instance domain and let more realistic goal, we follow the relative mistake bound

Y = f1;:::;kgbe a prede ned set of labels. Online learn- model, and measure the performance of an online learn-

ing is performed in a sequence of trials. On ttighe al-  ing algorithm relatively to the performance afiy xed
gorithm rst receives an instance' 2 X and is required  set of weight vector$ * = f! 7;:::;1 7g 2 ¥, where
to rank the labels iry according to their relevance to the R" is a set of admissible vectors. The competitor

instancex!. For simplicity, we assume that the predicted! ? can be chosen in hindsight after observing the entire se-
ranking is given in the form of a vectort 2 RK, where  quence of examples. In particular, if for a given sequence
t'> ! meansthatlabelis ranked ahead of labsl After  of examples(x?; Ylp_-; Din(x™;Y™M), there exists a com-
the online learning algorithm has predicted the rankihg  petitor! ? for which = {1, * (! %;(x!;Y!) = 0, then we
it receives as feedback a subset of lab€ls Y ,whichare  would like M, the number of prediction mistakes of the
mostly relevant tox'. We say that the ranking predicted by online algorithm, to be independentmf The requirement
the algorithm is correct if all the labels W' are at the top  we cast is thaM is upper bounded b (! ?). We make
of the list. Thatis, ifforalr 2 Y! ands 2 Y! we havethat the assumption thdk, which operates on set of vectdrs
t' > L. Otherwise, if there exist 2 Y' ands 2 Y! for is obtained by applying the same convex function to each

which ! L, we say that the algorithm made a prediction of the constituents of . Formally, givenF : I R,
mistake on triat. The ultimate goal of the algorithm is to which assesses the “complexity” of a siggle vedtorand
minimize the total number of prediction mistakes it makes! = f! ;:::;! g, we de neF(! ) to be ‘r‘:l F( o).

along its run. Throughout this paper, we ideto denote

the number of prediction mistakes made by an online algoln the general case, we provide analysis in whighis

upper-bounded by a sum of two terms: the rst is the com-
plexity of | ? as de ned byF (! ?) and the second is the
We assume that the prediction of the algorithm at each triatumulative hinge-loss suffered bby’. Formally, let and
is determined by a linear function which is parameterizedC be two positive scalars. We say that an online algorithm
by k weight vectorsf! §;:::;! | g. Namely, forallr 2Y, s (;C )-competitive with the set of vectors in, with re-
the value of | is the inner product between; andx',  spect to a complexity functioR and the hinge-loss , if
thatis, | = h [;x'i. We use the notatioh' as an ab-  the following bound holds forany? 2 ¥,
formance of ! on the exampléx';Y!) we check whether M F(l?)+ C X 7YY (@)
I t made a prediction mistake, by determining whether for - o
alr 2 Yt ands 2 Y! we haveh [;x'i > H L;x'i.

Ehe paramete€ controls the trade-off between the com-
plexity of ! ? (throughF ) and the cumulative hinge-loss of
I ?. The main goal of this paper is to develop ef cient on-
line learning algorithms which achieve mistake bounds of
the form given in Eq. (2).

evaluation scheme of the performance éf This scheme
is based on a generalization of thimge-lossfunction, de-
noted” (! ;(x';Y")), for ranking problems, de ned as,

maxiayeseye [ (M Ext h Egxti)l, 5 (D)
2 Online Learning by Dual Ascent
where[a], = maxfa;0gand where > 0is a prede ned
parameter. The above de nition of loss extends the hingewe now describe our approach for designing and analyzing
loss used in binary classi cation problems [14] to the prob-online learning algorithms for label ranking. To motivate
lem of label-ranking. The terl {;x'i h ! {;x'i inthe  our construction, we would like to note rst that the bound
de nition of the hinge-loss is a generalization of the natio in Eq. (2) can be rewritten as,
of marginfrom binary classi cation. The hinge-loss penal-
izes! ! for any margin less than. Additionally, if ! t errs : X tovtyy -
z€s: ~ 10T any margin less A M inf F(l)+C (xhYD) o (B)
12 k

on(x'; YY) then there exist 2 Y! ands 2 Y! such that -



Denote byP (! ) the objective function of the minimization (r;s) 2 E'. A fairly tedious yet routine usage of Lagrange
problem given on the right-hand side of Eq. (3). We would muItipIierslyieIds that the dual domain S, = f 0:
like to emphasize th& (! ) depends on the entire sequence8i 2 [m]; (rs)2Ei @S Cg. Our expression for the
of examplesf (x*; Y1);:::;(x™; Y™)g and therefore the dual objective function is based on a functi@g ) which
minimization problem can only be solved in hindsight, thatjs the Fenchel conjugate of the complexity function

is, after observing the entire sequence of examples. Eq. (3)

requires thatM lower bounds the optimum of the mini- G()=sup i F(): 4
mization problenmin, P(! ). L2

. L L o The dual objective function is
Duality, which is a central notion in optimization theory,

plays an important role in obtaining lower bounds for the XX XK
minimal value of a minimization problem (see for exam- D( ) = irs G(y): (9
ple [1]). Formally, if the dual problem afin, P(! ) is i=1 (rs)2E! y=1

to maximize a dual objective functiod( ) over a dual
domain 2 S then the weak duality theorem states that
forany 2 S we have,D( ) inf, , « P(!). Be-
fore we derive the dual functioB( ) and its domairs,

let us rst underscore the implications of the weak dual-
ity theorem for online learning. Lé¥l be the set of tri-
als on which the online algorithm makes a prediction mis-
take. Assume that we can associate a feasible dual SOllf!?'ecall that we would like to associate a dual solutidn

. ¢ . .
?0”” . W'Eh each t.“all tt' . [Tl']h+ 1 .ih?tdsat;s ES tr;_e with each online trial and we required that ') = 0
ollowing two requirements: (i) The initial dual objective and thatD( *1) D ( 1) whenevert 2 M . To

o2 N - .
funct|on' is zeroD( ) - O (i) For alt2 M, the in satisfy the rst requirement we show that a natural choice
crease in the dual objective value is bounded from beIOW'for 1 is the zero vector. The zero vector: = 0. is

t+1 t i i : T
D( . ) B () L and foft 62 Mthe increase in th_e indeed a feasible dual solution and the value of the dual
dual is non-negative. Assuming that these two cond|t|on§unc,[ion at0is, D(0) = KkG(0) = kinf,, F(1)

are met we obtain that,

where for ally 2 [K],

X - X X - X

X' iy:s X' iry - (6)
iy2Yi s2Yi ily2yi r2vi

To conclude this section, we would like to underscore a few
important properties of the dual problem given by Eq. (5).

SinceF serves as a measure of “complexity” of vectors
in  we enforce the requirement that the minimumFof

M D (YHY+ D( ") D (9 over the vectors in is zero. From this requirement we
t=1 get thatD(0) = 0, and therefore, by setting* = 0, we
= D( ™) |i2nfk P(); satisfy the requiremer®( ') = 0. The second impor-

tant property of the dual function given by Eq. (5) is that if
where the last inequality follows from the weak duality the- for all triplets (i;r; s ) such thai >t we have s =0
orem. Therefore, Eq. (3) holds and our online algorithm isthen D( ) does not depend oyet to be seemxamples
(; C )—competitive. (x¥Laytly o (x™; Y™). This fact is true since the
(ﬁ:lependence dd on examples is expressed solely through
e vectors y (see Eq. (6)) andy is a linear combina-
c}ion of the examples with coef cients..s . Therefore, if

We have thus shown that any sequence of feasible dual s
lutions 1;:::; M*1 can be used for analyzing an online
learning algorithm so long as the two conditions describe ) o ~
above rgljoldg.J As we showi%the sequel, the rst requirement iilr;s' =0 forhgll | > tl then y is |||’;dependentdoi<'_ ford'f
is easily satis ed. For the second requirement to hold, We?erén? otniinz LIIS dsgép ?Ozgjﬁgg va\:h?c\:,;llsinucs;etgsees:/lﬁe' r|1tl
must relate the sequence of dual solutions to the prediz:tionh dual obi P f Pro o
of the algorithm. Recall that an online learning algorithmt e dual objective function.
constructs a sequence of primal solutidns;:::;! m*!
where on trialt it employs! ! for predicting '. One way

to connect between the sequence of dual solutions to thﬁ this section we present three different online update

predictions of the algorithm can be achieved by construct- o
: . Co . i : schemes that are based on the same principle of ascend-
ing each primal solutioh ! from its dual variable '. To

explain this construction we rst need to derive the dual op-Ing the dual by modifying solely the dual variables corre-

timization problem of the minimization problem given on sponding to theth trial. We start by setting* = 0 which
P P g results in a zero value fdd( !). Fort = 1 we have that

the right-hand side of Eq. (3). i‘;r;s =0 foralli t. We keep ensuring that the prop-
To simplify our notation, we denote Hyn] the set of inte-  erty holds for allt 2 [m]. At the beginning of triak, we
gersf1;:::;mg. We also use the notatid' as a short- construct a primal solutior, ¢, based on ! as follows.
hand for the se¥' (Y nY'"). The dual problem asso- For simplicity, let us assume that the functiGnis differ-

ciates a variable;.s with each examplé 2 [m] and pair  entiable and denote its gradient gy We rst use ! for

3 Derived Online Updates



then dene! |, = g( y) forally 2 [k]. Note that since

ts =0foralli twe have that} and!} are in-

ing the label ranking t. Finally, after receiving the feed-
backY!, we nd a new dual solution '*1 by setting {*?

trs
where for alli  t +1 the variables ,‘,*_;f are kept at zero.

The proof is given in Appendix A. In summary, we have
shown thaD( %) =0,D( **') D (') Oforallt,
andD( 1) D (Y fort 2M where C

%CZ. Therefore, the resulting online learning algorithm is
(; C )—competitive.

Update II: optimal dual ascent w.r.t. a single constraint
The previous update scheme modi esonly on trials for
which there was a prediction mistakeA M ). The update

While the th_ree update schemes Qescr?bed in the. sequel aie performed by setting;, o.s0 to C and keeping the rest
based on this approach they vary in their complexity. As Weyf the variables intact. We now enhance this update in two

have shown before, an online learning algorithrj€ )—
competitive, if on all trialst 2 M we ensure a minimal
increase in the dudd( %) D ( Y while on the

ways. First, note that while setting;%..o to C guarantees

a suf cient increase in the dual, there might be other values

of *%. . which might lead to larger increases of the dual

rest of the trials we ensure that the dual is non-decreasingpjective. Furthermore, we can also updaten trials on

Despite the varying complexity of the updates, all the threqynich the prediction was correct so long as the dual does
of them satisfy these conditions and achieve the same Misyot decrease. Our second update sEitb, . to be the value
take bound. However, the added complexity does result igyhjch results in the largest increase in the dual objective.

improved empirical performance (see Sec. 5).

Update I: xed-size dual ascent w.r.t. a single constraint

The rst update we consider makes a simple prede ned

change to one variable of at the end of each erroneous
trial. Formally, if on trialt the algorithm did not make
a prediction mistake we do not changeat all and set
1 = ' |fthere was a prediction error we let,
(r%s9 = argmin K L, 1 Lxti
(ns)2Et

()

That is, the paifr® s% designates the labels which mostly

violate the required preference constraints. Since thase w competitive with again being equal toC

a prediction mistake, we get thdt{, ! {;x'i 0. We

now set the(t;r % s% element of to C and leave the rest
of the elements intact. Formally, for2 M the new vector
t*1 is set as follows,

if (i;rs)=(tr%s9
otherwise

t+1
irs

C
t

irs

(8)

This form of update implies that the components odire
either zero oC. Using the de nition of y given in Eq. (6)
we get that the corresponding update ¢fis,

e Lo+ Cxt

8y2Y f r%s%y:

-t

o Cx';

— t+1
= 0 =

t+1 -t

y y

By construction, ift 2 M thenD( '**) D ( ') = 0.
The lemma below gives suf cient conditions for which the
increase in the dual objective on erroneous trials is §trict
positive.

Lemmal Let '2 S be adual solution such thaf,.
0 for all i t. Assume that 2 M and let '*! be as
de ned in Eq. (8). Assume in addition thétis twice dif-
ferentiable with a Hessiall which satis es the condition
thathx!; H( )xt!i 1=2forall . Thenthe increase inthe
dual,D( "**) D ( '),fort2M isatleast, C C?2.

Formally, we set the dual variables on the next trial to be
the solution of the following,
"1 = argmax D( )
2s

9)
st 8(i;r;s) 6 (t;r%sYy; s = it;r;s ;

where(r%s% are as de ned in Eq. (7). By construction,
the increase in the dual due to the update given in Eq. (9)
is guaranteed to be at least as large as the increase due
to the previous update from Eq. (8). Thus, this update
scheme results in an online algorithm which is dls€ )—

lc?,

Update IlI: optimal dual ascent w.r.t multiple con-
straints The two updates above were restricted to modi-
fying a singleelement of and were thus been based on
a single constraint of the primal problem. the third update
scheme potentially modi es all the dual variables of the
current example. Formally, we de ne'*! to be the solu-
tion of the following optimization problem,

1 = argmax D( )
2S (10)
= it;r;s

s.t. 8i 6 t; 8(r;s) 2 E'; irs

The increase in the dual due to this update is no smaller
than the increase due to the update from Eq. (8). Thus, this
update scheme results in an online algorithm which is also
(; C )—competitive with again being equal taC % C2.

4 Ef cient Implementations

Update Il and Ill described above are given in an implicit
form as a solution for reduced optimization problems as de-
scribed by Eq. (9) and Eqg. (10). In this section we describe
ef cient implementations of the two updates. For update Il
we derive analytic solutions for two popular choiceg-of
while for update Il we describe a general solver based on



an interior point (IP) method which exploits the structure compact problem is

of the label ranking problem. The result is a specialized P P« ¢ N
algorithm which is more ef cient than general IP methods. m‘;”;‘xt;k yaye ty y=1 Gy + X))
An ef cientimplementation of Update Il WhenF (! ) = X X

(F(' ) whereF(! ;) = 1kl /K2, standard use of La- S.t. ty =0 ty C; (11)
grange multipliers yields that;%.¢, is the minimum be- y=t y2y!
tweenC and( + h L 1 1 xti)=(2kxk?). We would 8y2Y': y 0;82Y': y O

like to note that this form of update was suggested and angg, Appendix B we prove that the problem given in Eq. (11)
lyzed by several authors for the simple case of binary clas;g equivalent to the problem given in Eq. (10). A rather
si cation [7] and multiclass problems [2]. In the following complex algorithm for solving the compact problem in the
we show that the update cap Ee utilized with the less StUdépeciaI case where the complexity functionFig! ;) =

led case in whictE (! ) = = j; Wy log(wry =(1=n)). 111 2 was presented in [11]. Here we present an ef -
To devise an analytic solution, we further assume that eaclient primal-dual interior point algorithm (PDIP) for selv
instancex is a binary vector irf0;1g". While this as-  jng the compact optimization problem which is applica-
sumption seems restrictive, many text processing applicas|e 1 a larger family of complexity functions. We de-
tions use term appearances as features which distill 0 biseripe the PDIP algorithm for a slightly more general op-
nary yectors. In this case the conjugateFois G( ) = timization problem which still exploits the structure ofth
log jn:1 exp( ) log(n). Upon selecting the label problem and leads to a very ef cient PDIP algorithm. Let

pair(r; ), the change in the dual due to update Il is ascalaf frifr : R ! Rgl_; be a set ofd twice differentiable
function in (‘X which we simply abbreviate by. Omit-  functions from and denote by °g andf f °Y their rst and
ting terms which do not depend off'? this change in the second derivatives. Let andq be two vectors iRY, A be
dual amounts to, = G( $+ ”x‘) G( ; x1). a2 dmatrix, andb a two dimensional vector ove. In-

Since the original dual objective is concave in its duaIStead of the original problem de ned by Eq. (11), we work

variables, the change in the dual is also a concave fuch—VIth the following minimization problem,

tion in . Furthermore, resides in the compact inter- xd

val [0; C] and thus there exists a unique value ofvhich min fr( ()StA =b;8p + g : (12
maximizes the increase in the dual. To nd this opti- r=1

mal vaIuerve introduce the following auxiliary functions, It is easy to verify that the problem de ned by Eq. (11) can
% 5 % jixj=1 €" i:,Zr = ,-n:1 e’ andg = be reformatted and described as an instance of the problem

7+ jx-1 €% i Zs= [, es . Equipped with these de ned by Eq. (12).

de nitions we now take the derivative of; with respect to

. To motivate the derivation of the PDIP algorithm, let
and equate it to zero to get that,

us rst note that the dual of Eq. (12) is the problem
max ,ge; or2 D( ;) whereD( ; )is

Ge . G&e 0o X x .
ge +(1 &) ae +(1 ) LR A A N
r= r=
(13)
Denote byP( ) the objective function of the problem in

Dening = e we get the quadratic equation?q (1 Eg. (12). As the name implies, the PDIP algorithm main-
)1 ) (6+(1 g)l o) ol g)1+ tains strictly feasible primal () and dual( ; ) solutions
) = 0; Since must be non-negative, the minimum at all times. (To remind the reader, a strictly feasible solu

between the positive root of the above equation@rmives  tion of a given problem satis es all the constraints of the
the optimal value for . From we obtain by setting problem, where each inequality constraint holds with stric
=log( ). inequality.) Assume that we have on hand a strictly fea-
sible primal-dual solutior{ ; ; P) We now de ne the
following function, ( ; ) = ?:1 (o pror)
We next show that( ; ) is a lower bound on the duality
gap of our primal-dual solution. The de nition & ( ; )
implies that,

An Ef cient Implementation of Update Il While the

rst two update schemes use onlysanglevariable to form
the update, the third update scheme employstitee set

of variables associated with the example. Recall that eac
example is associated wijE'j dual variables. Thus, the
optimization problem given in Eq. (10) is ov§E'j dual xd

variables which can be on the orderi&f. To obtain an D( ; ) fr( D)+ (prr g))+ h ;A bi
ef cient update we derive an equivalent, more compact, r=1

optimization problem which has exactkyvariables. The = P()+ () (14)



where the second equality is due to the fact thas a fea-  Solving Eq. (18) helps us in tightening the lower bound on
sible dual solution, thuss = b. Therefore, the duality the duality gap given in Eq. (14). Last, we need to make

gap is bounded below by sure that the new set of parameters is indeed a feasible pri-
] ) ] mal solution by requiring the equalit( + )=Db
PCYDC) () (15) {0 hold. The triple{ ; : ) is thus found by nd-
Moreover, if ing the solution of all the sets of linear equations desckibe

0 above. The step sizeis found by a backtracking search
8r2[d fr( )+ rpr+ 1A1r+ 2A2r =0 ; (16)  (see forinstance pp. 612-613 in [1]).

then attains the minimum of Eq. (13). Therefore, both There exists both theoretical and empirical evidence that a
Eqg. (14) and Eq. (15) hold with equality. In this case, PDIP algorithm reachegg the optimal solution (within com-
( ; ) amounts to be the duality gap of the primal-dual puter accuracy) afte®( d) iterations [1, 6, 9]. On each
solution( ; ; ). iteration we need to solve a set2d + 2 linear equations.
. . . ! 3 .
The PDIP algorithm is an iterative procedure where onA direct |_mple_mentat|on would req‘ﬂ”@(d ) operations
. 2 . i . for each iteration of the PDIP algorithm. However, as we
each iteration it nds a new strictly feasible primal-dual -
now show, we can utilize the structure of the problem to

solution. The primary goal of the update is to decrease olve the set of linear equations in linear time. Thus. the
the duality gap. To do so, we use the fact that Eq. (15)S v ' quatipns in inegr ime. - 1hus,

establishes ( ; ) as a lower bound on the duality gap. complgxﬂy of update I '@(q .d) = O(k k?' To obtain
Thus, the main goal of the update is to decreage; ) an ef cient solver, we rst eliminate the variables by
on each iteration while ensuring that the actual duality, gaprewrltlng Eq. (17)as

P() D (; ), stayscloseto( ; ) as much as pos-
sible. Additionally, we need to make sure that the new
primal-dual solution is also strictly feasible. We are now ituting th . Eq. (18). Wi

ready to describe the core update of the PDIP algorithmgnd_su?imuung toje(at;ao)ve mtoA a- ( 8')& © :S;N 96 ne
Letus denote by ; ; ) the current primal-dual solution u[) = o) _ dape) 2R andzy =

of the algorithm. The new primal-dual solution is obtainedf ™t )+ =G pr o), and rewrite Eq. (18)

from the current solution by nding a step-size parameter,

. _ r Pr 0:1 ; .
8 ( v+ )= gH ot d(qr‘(pf r)) ; (19)

s 2 (0;1) foratriplet( ; ; ) and the update it- Br2fdh iz =utAy a1+ Ay 2 (20)

self takes the form *s o, +s ,and Finally, we rewrite the set of two equalitidq + )=

i ts o To compute the triplet _)We b asA = 0. Substituing ; with the right hand side

linearize each summan_d 0(. - o ) using a of Eq. (20) in the linear set of equalities = 0, we

rst order Taylor approximation and get, obtain a system a2 linear equations ir2 variables which
(+ DG pe( r+ ) can be solved in constant time. From the solution we ob-

(,+ g proy) D : tain and then compute as described in Eqg. (20).

' ' rr e From  we now compute using Eq. (19). The over-
We require that the value of for the new solution is ap- all complexity of the procedure of assigning new values to
proximately a fraction of the value at the current solu-the primal-dual feasible solution is th@{d).
tion. This is achieved by solving the following set of linear
equalitiesin , and .,

8r2[d];( rt r)(q pr r) r Pr r:0:1%1 ) ) .
(17)  Inthis section we present experimental results that demon-
The choice of the contraction constdnt was set empiri-  Strate different aspects of our proposed algorithms. Our

cally. Assuming that the above set of equations hold, the§xperiments compare the three updates given in Sec. 2
( + — ) 01 ( ; ). Torecap, solving using two complexity functions. The rst is the squared

the system of linear equations given by Eq. (17) serves aBOrm as a complexity functioR (! ) = 3k! k? with the

a proxy for achieving a substantial decrease.iflext, we ~ domain = R" and the second is the entropy function
need to make sure thatat the new parameters provides F(! ) = [, !j#0g(!;) + log(n) with the domain

a rather tight lower bound. We do so by making sure that = f! :!j =0; ;!; =1g. We would like to note
the linearization of the left hand side of Eq. (16) is approxi that using update | with the rst complexity function yields
mately zero by casting the following set of linear equatjons @n algorithm which was previously proposed and studied

5 Experiments

to Eq. (16), in [3] while using update Il with the same complexity
function yields the PA algorithm described in [2]. We
gr2fd; f( )+ 1 ) +( +  pet experimented with the Enron email dataset (available from
(1+ DA +( 2+ 2)A2 =0: http://www.cs.umass.edufonb/datasets/enroat.tar.gz).

(18)  The task is to automatically classify email messages into



Table 1:The average number of online mistakes for different algorithms oersesers from the Enron datasets.

P

F(1)= 1kl K F(1)=" [ !jlog(n! )
username iYij m updateI update T update ] update update IT  update Tl
beck-s 101 1971 58.5 55.2 51.9 54.0 50.2 47.1
farmer-d 25 3672 295 23.3 22.7 27.6 22.6 22.0
kaminski-v 41 4477 50.2 445 41.9 46.7 42.9 40.0
kitchen-| 47  4015| 48.2 41.9 40.4 41.9 38.3 36.0
lokay-m 11 2489 24.9 19.1 18.4 24.0 18.7 18.2
sanders-r 30 1188 31.7 28.3 27.2 28.3 24.2 234
williams-w3 18 2769 5.0 4.5 4.4 4.2 34 3.1

user de ned folders. Thus, the instances in this dataset[6] A. Forsgren, P. E. Gill, and M. H. Wright. Interior methods
are email messages while the set of classes is the email  for nonlinear optimizationSIAM Review44(4), 2002.
folders. Note that our online setting naturally captures th 1 M. Herbster. Learning additive models online with fast eval-

. . . . uating kernels. I'COLT, pages 444-460, 2001.
essence of this email classi cation task. We represented[S] J. Kivinen and M. Warmuth. Exponentiated gradient ver-

each email message as a binary vesto2 f 0;1g" with sus gradient descent for linear predictohsformation and
a coordinate for each word, so that = 1 if the word Computation132(1):1-64, January 1997.
corresponding to the indéxappears in the email message [9] Y. Nesterov and A. Nemirovskilnterior-Point Polynomial
and zero otherwise. We ran the various algorithms on  Algorithms in Convex ProgrammingSIAM Studies in Ap-

- plied Mathematics, 1994.
sequences of email messages fr(?)’_mlsers._ For_ update [10] R. E. Schapire and Y. Singer. Improved boosting algo-
Il' we used the closed form solution derived in Sec. 4°  rithms using con dence-rated predictionslachine Learn-
and for update Ill we used the PDIP algorithm. We ing, 37(3):1-40, 1999.
found out in our experiments that the number of iterationd11] E- |Sha|EV-SEW8rtht and Y-t _Singef-t Ef ﬁier?t(;e;min% Off la-

H H el rankin SO rojectuons onto po earaournal o
required by the PDIP algorithm never exceedéd The Machine L%a%ing F?es!earplﬂ:lSG?—lggg, 006,
performanc_:e of_the different glgorlthms on the dataset 12] S. Shalev-Shwartz and Y. Singer. Online learning meets op-
is summarized in Table 1. It is apparent that regardless  timization in the dual. IrCOLT, 2006.
of the complexity function used, update Il consistently [13] S. Shalev-Shwartz and Y. Singer. Convex repeated games
outperforms update Il which in turn consistently outper- and fenchel duality. IINIPS 2006. _
forms update |. However, the improvement of update (1[14] V. N. Vapnik. Statistical Learning Theorywiley, 1998.
over update | is more signi cant than the improvement of
update Il over update II. Comparing the two complexity A Proof of Lemma 1
functions we note that regardless of the update used, the
complexity function based on the entropy consistentlyProof Denote = D( **) D ( ‘). Fromthe de nition
outperforms the complexity function based on the square@f 1 we have that,
norm. Note that when using update | with the squared ¢ = C  G( L+ CxY+ G( L)
norm as a complexity function we obtain an adaptation of G( L% CxY)+ G( Ly :
the Perceptron algorithm for the label ranking task while s st/ -
when using update | with the entropy complexity function Using Taylor expansion d& around !, we get that there
we obtain an adaptation of the EG algorithm [8]. Theexists for which,
superiority of the entropy-based complexity function over C2EH( )xi
the squared norm was underscored in [8] for regressioB( Lo+ Cx') G( t9+ Chxhg loi+ -

(21)

and classi cation problems. 1 2
G( g+ Ch;! Loi + 21c2 ;
References (22)
[1] S.Boyd and L. Vandenbergh€onvex OptimizationCam- where for the last inequality we used the fact thaBiis
bridge University Press, 2004. differentiable ther }o = f—o and our aSSUmptiOﬂ that

[2] K. Crammer, O. Dekel, J. Keshet, S. Shalev-Shwartz, andx'; H () x'i 1=2. Similarly, using Taylor expansion
Y. Singer. Online passive aggressive algorithdmurnal of  of G around tso we get that there exists® for which,

Machine Learning Researcfi, Mar 2006. t t t tepti. 1,2 ;

[3] K. Crammer ande. Singer. A new family of online algo- G.( s° CX.) G( ) Chx .’! sof +3C° PIL'Jgglng
rithms for category ranking.Jornal of Machine Learning this inequality and Eqg. (22) into Eq. (21) gives that
Research3:1025-1058, 2003. t C+Chi !l;x'i 3C? Recall that the

[4] K. Crammer and Y. Singer. Loss bounds for online categorychoice of(r%s® implies thath {, ! Lo;xti 0. We
ranking. INCOLT, 2005. therefore getthat, C 5 C2. [ |

[5] A. Elisseeff and J. Weston. A kernel method for multi-
labeled classi cation. IINIPS 2001.



B The Reduced Dual Problem now de neh = (b + b)=2which immediately implies that
b b b. We therefore get that for any label2 Y'

In this section we derive a reduced dual problem which ishe following inequality hold,

equivalent to the dual problem given in Eqg. (5). Using the

de nition of the hinge-loss from Eq. (1) we can rewrite the Hoeoxti hotysxi b+ =2 =2
primal problem at the right-hand side of Eq. (3) as h+ =2 =2;
) X x and similarly for any labe$ 62Y' we get,
. ngf F(! )+ C i (23) _ _
20 r=1 i=1 Hogx'i hi!;;x'i b =2+ =2
st8i2[m] ; 8(ns)2E'; N, !X e h =2+ =2

The core idea for deriving the compact representation iye have thus established a feasible soluibnb; ) as
to introduce virtual variables, one for each example. Eac'?equired.

variable acts as a threshold for separating the predictions

for the labels inY ' from the predictions for the rest of the We next derive the dual of the more compact problem de-
labels. The complicating factor in proving the equivalence ned by Eq. (24). We now associate a Lagrange multi-
of the prima' prob'ems is due to the fact thatm|ght be plier with each constraint and then follow the same line of
Stricﬂy positive_ Letb 2 R™ denote the vector of virtual derivation used to obtain the dual of the Original prOblem.
thresholds, then the more compact optimization problem idVe brie y review this derivation. The Lagrangian of the

de ned as follows, gompact problgm de ned gy Eq. (24) is(! ;b; ; ) =
rF(!_r)"'Fp pi it i ravioir (b+ =2 ;=2
. x o x Hoexii)+ gy (M exi B+ =2 =2).
12 'kr?kf,; 0 Ft+C o Analogous to the original problem the dual is now de ned
' r=1 o= tobe,D( ) = inf,, «vp o L(!;b; 5 ) :We now
s.t.8i 2 [m] 8(r;s) 2 E': (24)  overload our notation and rede ne the following vector,
Hoex'i b+ =2 =2, X X i
i = iy X by X0 26
Hgx'i b =2+ =2 : y v iy ey iy (26)

Sincg the objective function of Eq. (2.4) gnd Eq. .(23) areTaking the derivative of the Lagrangian with respect to each
identical andb has no effect on the objective function, but b and equating it to zero gives the following constraint

rather on the constraints, it suf ces to show that for any X X
feasible solutior(! ; ) of Eq. (24) there exists a feasible 8i 2 [m]; ) =0 - 27)
solution(! ;b; ) of Eq. (23) and vice versa. ’ ‘ '

Let (! ;b; ) be a feasible solution of Eq. (24). Then, for
any pair of labels 2 Y' ands 62Y' we get that,

r2vi s2Yi

Analogous to the constraint thgt(r;s) s C, by tak-
ing the derivative of the Lagrangian with fespect to each
H, tgx'i =2+b ;=2 (b =2+ ;=2)= : and equating it to zero, we now obtain that , i ir

C. Let us now depart from the standard notation and rede-
Therefore(! ; ) is afeasible solution of Eq. (23). Proving ne s tobe ;s fopalls 2 Y' and for alli. Eq. (27)
that if (! ; ) is a feasible solution of Eq. (23) then there isills to the constraint |_; i, =0 and nally the dual

existsb such tha(! ;b; ) is a feasible solution of Eq. (24) of the compact form distills to the following constraint op-
is a bit more complex to show. We do so by rst de ning timization problem,

the following two variables for eadh2 [m],

. o XX b
b=minh . ;x'i =2+ ;=2; max iy G( y)
r2y! . ;
= Hoxi+ =2 =2 (25) 1=1oy2 v y=
by =maxh ¢x'i+ = i=2 . X X . (28)
s.t.8i 2 [m]; iy =0 iy C;
Letj andl denote the indices of the labels which attain, y=1 y2yi

respectively, the minimum and maximum of the problems i i i
de ned by Eq. (25). Then, by construction we get that, By2Y i iy 0;8yZY: gy 0
We denote the reduced dual objective functionby ).

Finally note that the optimization problem given in Eq. (10)

where the last inequality is due to feasibility of the sajuti ~ €an be rewritten as the problem of maximizidg ) over

(! ; ) with respect to the problem de ned by Eq. (23). We the variables 1;:::; gk .

h b=h; !;xi + 3 0,



