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Abstract

We shav how to visualizea setof pairwisesim-
ilarities betweenobjectsby using several differ-
ent two-dimensionalmaps,eachof which cap-
turesdifferentaspect®f the similarity structure.
Whenthe objectsare ambiguouswords, for ex-
ample, different sensef a word occurin dif-
ferentmaps,so “river” and“loan” canboth be
closeto “bank” without beingatall closeto each
other Aspectmapsresembleclusteringbecause
they model pair-wise similarities as a mixture
of differenttypesof similarity, but they alsore-
semblelocal multi-dimensionalscalingbecause
they model eachtype of similarity by a two-
dimensionalmap. We demonstrateur method
on a toy example, a databaseof humanword-
associatiordata,a large set of imagesof hand-
written digits, and a set of featurevectorsthat
representvords.

1 Intr oduction

Given a large set of objectsand the pairwise similarities
betweenthem, it is often usefulto visualize the similar
ity structureby arrangingthe objectsin a two-dimensional
spacein sucha way that similar pairslie closetogether
Methodslik e principalcomponentanalysigPCA) or met-
ric multi-dimensionalscaling (MDS) [2] are simple and
fast, but they minimize a cost function that is far more
concernedvith modelingthe large dissimilaritiesthanthe
small ones. Consequentlythey do not provide good vi-
sualizationof datathatlies on a curved low-dimensional
manifoldin a high dimensionakpacebecausehey do not
re ect the distancesalongthe manifold [9]. Local MDS
[8] and some more recentmethodssuch as local linear
embeddingLLE) [7], maximumvarianceunfolding[10],
or stochasticneighbourembedding(SNE) [3] attemptto
modellocal distancegstrongsimilarities)accuratelyin the
two-dimensionalisualizationat the expenseof modeling

largerdistancegsmallsimilarities)inaccurately

The SNE objectie function is dif cult to optimize ef -
ciently, but it leadsto muchbettersolutionsthanmethods
suchasLLE. In LLE, the only thing that stopsall the ob-
jectscollapsingto a singlepointis a constraintontheir co-
variance andthis constrainttansometimese satis ed by
a‘“curdled” solutionin which thereareseveralwidely sep-
aratedcollapsedsubsets.SNE is basedon a probabilistic
modelwhich suggesta new approacho producingbetter
visualizations:Insteadof usingjust one two-dimensional
map as a model of the similarities betweenobjects, use
mary differenttwo-dimensionaimapsand combinethem
into a singlemodelof the similarity databy treatingthem
asa mixture model. This is not at all the sameas nd-
ing, say a four-dimensionaimapandthendisplayingtwo
orthogonaltwo-dimensionaprojections[7]. In thatcase,
the four-dimensionalmapis the product of the two two-
dimensionamapsanda projectioncanbe very misleading
becausét canput pointsthatarefar apartin 4-D closeto-
getherin 2-D. In a mixture of maps,beingclosetogether
in any mapmeanghattwo objectsreally aresimilarin the
mixture model.

2 StochasticNeighbor Embedding

SNEstartsby convertinghigh-dimensionadlistanceor sim-
ilarity datainto a setof conditionalprobabilitiesof theform

p;ji» eachof which is the probability that one object, i,

would stochasticallypick anotherobjectj asits neighbor
if it wasonly allowedto pick oneneighbor Thesecondi-
tional probabilitiescanbe producedn mary ways. In the
word associatiordatawe describdater, subjectsareasled
to pick an associatedvord, so p;;; is simply the fraction
of the subjectswho pick word j whengivenword i. If

the dataconsistsof the coordinatesof objectsin a high-
dimensionaEuclidearspacejt canbecorvertedinto aset
of conditionalprobabilitiesof theform p;;; for eachobject
i by usinga sphericalGaussiardistribution centeredatthe
high-dimensionapositionof i, x;, asshovn in gure 1.



High-D space

Figurel: A sphericalGaussiardistribution centeredht x;
de nes a probability density at eachof the other points.
Whenthesedensitiesarenormalized we geta probability
distribution, P;, over all of the otherpointsthatrepresents
their similarity toi.

We setp;;; = 0, andforj 6 i,

= P exp(jj Xi ijj2:2 |2) .
e T = D

The sameequationcan be usedif we are only given the
pairwisedistancedetweerobjects jjx;  X;jj. Thevari-
anceof the Gaussian, 2, canbe adjustedto vary the en-
tropy of thedistribution P; whichhasp;;; asatypicalterm.
If 2 isverysmalltheentropy will becloseto 0 andif it is
verylargetheentrogy will beclosetolog,(N 1), where
N is the numberof objects. We typically pick a number
M N andadjust ? by binary searchuntil the entrogy
of P; is within somesmalltoleranceof log, M .

The goal of SNEis to modelthe p;j; by usingconditional
probabilities,q i, thatare determinedby the locationsy;
of pointsin alow-dimensionakpaceasshavnin gure 2:
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For eachobject, i, we canassociatea costwith a setof

low-dimensional locationsby usingtheKullback-Liebler

divergenceo measurdiow well thedistribution Q; models

thedistribution P;

X .. Bji

C=  KL(RijQ)= pjilog—  (3)
i i jsi Yji

To improve the model,we canmove eachy; in thedirec-
tion of steepestlescenbf C. It is shavn in [3] thatthis
gradientoptimizationhasa very simple physicalinterpre-
tation (see gure 3). y; is attachedo eachy; by aspring
which exertsa forcein thedirectiony; y;. Themagni-
tudeof thisforceis proportionako thelengthof thespring,
iiyi yjii, andit is alsoproportionalto the spring stiff-
nesswhichequalghemismatch(p;ji ;i) + (Pij;  Gjj)-

Low-D space

Figure 2: A circular Gaussiardistribution centeredat y;

de nes a probability density at eachof the other points.
When thesedensitiesare normalized,we get a probabil-
ity distribution over all of the otherpointsthatis our low-
dimensionamodel,Q; of thehigh-dimensionaP; .

Steepestiescentn thecostfunctioncorrespondso follow-
ing the dynamicsde ned by thesesprings,but noticethat
the spring stiffnesseskeepchanging. Startingfrom small
randomy values,steepestiescentnds a local minimum
of C. Betterlocal minima canbe found by addingGaus-
siannoiseto they valuesafter eachupdate.Startingwith
ahigh noiselevel, we decaythe noisefairly rapidly to nd
theapproximatenoiselevel atwhichstructurestartsto form
in thelow-dimensionamap.A goodindicatorof theemer
genceof structures thata smalldecreasén thenoiselevel
leadsto alarge decreasén the costfunction. Thenwe re-
peattheprocessstartingthe noiselevel justabovethelevel
atwhich structureemegesandanealingt muchmoregen-
tly. Thisallows nding low-dimensionamapsthataresig-
ni cantly betterminimaof C.

Figure 3: The gradientof the cost function in Eq. 3
with respecty; hasa physicalinterpretationasthe resul-
tantforce producedby springsattachingy; to eachof the
other points. The spring betweeni andj exertsa force
thatis proportionalto its lengthandis alsoproportionalto

i 95i) *+ Py Gjj)-

2.1 Symmetric SNE

Theversionof SNEintroducedby [3] is basedbn minimiz-
ing the divergencedetweenconditionaldistributions. An
alternatve is to de ne a singlejoint distribution over all



non-identicalorderedpairs:
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This leadsto simpler derivatives, but if one of the high-
dimensionapoints,j , isfarfromall theothersall of thep
will bevery small. To overcomethis problemit is possible
to replaceEq. 4 by pj = 0:5(p;ji + pij;) wherep;;; and
pijj arede nedusingEq. 1. Whenj isfarfromall theother
points,all of thep;;; will beverysmall,butthep;; will sum
to 1. Evenwhenp; is de ned by averagingthe conditional
probabilitieswe still getgoodlow-dimensionamapsusing
thederivativesgivenby Eqs.5 and6. SymmetricSNE will
notbe usedagainuntil section6.

3 AspectMaps

Insteadof using a single two-dimensionaimapto de ne
g ;i for theasymmetrioversionof SNE,we canallow i and
j tooccurin severaldifferenttwo-dimensionamaps.Each
object,i, hasamixing proportion ™ in eachmap,m, and
the mixi{,lg proportionsareconstrainedo addto 1 for each

object: M = 1. Thedifferentmapscombineto de ne
g i asfollows:
P m
B m Im jme di:j
Gi = — % (7)
where
m m m 2 X X m mg dif
o= kyit Yk zi= i he
h m

Providedthereis at leastonemapin whichi is closeto j
andprovidedtheversionsof i andj in thatmaphave high
mixing proportions,it is possiblefor g;;; to be quite large
evenif i andj arefar apartin all the othermaps. In this
respectusinga mixture modelis very differentfrom sim-
ply usingasinglespacehathasextra dimensionshecause
pointsthat are far aparton one dimensioncannothave a
highg ;i nomatterhow closetogethetthey areontheother
dimensions.

To optimize the aspect maps model, we used Carl
Rasmusses' “minimize” function which is available at
www.kyb.tuebingen.mg.de/bs/peofe/carl/caeminimize/.
Thegradientsarederivedbelow.
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Ratherthanusingthemixing proportions " themselesas
parameter®f the model, we de ned parametersv™, and
de ned
e W
m — .
e
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Thisavoidstheneedto constrairthemixing proportionsto
lie betweerD and1, andit alsopreventsthemgoingall the
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The distancebetweernpointsi andj in mapm appearsas
bothd anddf} . If yit denoteghecth coordinateofy[",
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4 Reconstructingtwo mapsfrom onesetof
similarities

As a simpleillustration of aspectmaps,we constructeca
toy problemin which the assumptionsinderlyingthe use
of aspectmapsarecorrect. For this toy problem,the low-

dimensionalspacehas as mary dimensionsas the high-
dimensionalspace. Considerthe two mapsshown in the
top row of gure 4. We gave eachobjecta mixing propor

tion of 0:5 in eachmapandthenusedEq. 7 to de ne a set
of conditionalprobabilitiesp; ;; whichcanbemodeledper

fectly by thetwo maps.In otherwords,eachof thetop two

mapscontribute a matrix of conditionalprobabilitiesp i ,

andthetwo matricesareaveraged This singleaveragema-
trix containeenoughinformationto specifybothmaps.The
guestionis whetherour optimizationprocedurecanrecon-
structboth mapsfrom one setof conditionalprobabilities
if the objectsstartwith randomcoordinatesn eachmap.
Figure4 shaws that both mapscanbe recoveredup to re-
ection, translationandrotation.

5 Modeling human word associationdata

The University of SouthFlorida hasmadea databasef
humanword associationsvailable on the weh Partici-
pantswerepresentedvith alist of Englishwordsascues,
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Figure4: Thetwo mapsin thetop row canbereconstructed
correctlyfrom a single setof pairwisesimilarities. Using
a randomlychosemne-to-onemappingbetweernpointsin
the top two maps,the similaritiesarede ned usingEq. 7
with all mixing proportionsx edat0:5.

and asled to respondto eachword with a word which
was“meaningfullyrelatedor stronglyassociated[6]. The
databaseontains5018cuewords,with an averageof 122
responseto each. This datalendsitself naturallyto SNE:
simply de ne the probability p;;; asthe fraction of times
wordj waspickedin responsé¢o wordi.

Ambiguouswordsin the datasetausea problem. For ex-
ample, SNE might wantto put “re” closeto the words
“wood” and“job”, eventhough“wood” and“job” should
notbe put closeto oneanother A solutionis to usethe as-
pectmapsversion,AMSNE, andconsiderthe word “ re”
asa mixture of two differentmeanings.In onemap* re”
is a sourceof heatandshouldbe put near“wood”, andin
theother“ re” is somethingloneto employeesandshould
be closeto “job”. Ambiguity is notthe only reasoraword
might belongin two differentplaces:asanotherexample,
“death” might be similar to wordslike “sad” and“cancer”
but alsoto “destruction”and“military”, eventhough“can-
cer”is not usuallyseenasbeingsimilar to “military”.

When modelling the free associatiordata, we found that
AMSNE would putmary unrelated:lustersof wordsin the
samemapfarapart.To make theindividual mapsmoreco-
herent,we addeda penaltythatkepteachmapsmall, thus
discouragingary one map from cwtq;ningse/eral unre-
latedclusters.The penaltyterm 5, ky[" k? is sim-
ply addedo the costfunctionin Eq. 3.
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Figure5: Two of the 50 aspectmapsfor the word associ-
ation data. Eachmap modelsa differentsenseof “can”.
Eachword is representedly a circle whoseareais propor
tionalto its mixing proportion. Thesetwo mapsalsoreveal
therespectablandthelessrespectabl@erception®f beer

After someexperimentationye tted thefree association
datawith theaspecimapsmodelusing50 mapswith  set
to 0:48. Using a differentnumberof mapsor a different
valueof givesvisualisationawhich arealmostasgood.
In orderto speedhe optimization,we only usedthe 1000
cuewordsthatweremostoftengivenasresponses-our of
theresultingmapsareshovnin gures 5and6. In gure 5
thetwo differentmapsmodelthevery differentsimilarities
inducedby two differentmeaningsof the word “can”. In
gure 6 we seetwo differentcontets in which the word
“eld” is used. Whethertheseshouldbe called different
meaningof theword “ eld” is anopenquestionthatcan
be answeredby linguistic intuitions of lexicographersor
by looking at whethertwo “meanings’modelthe obsened
similarity judgementdbetterthanone.
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Figure6: Two of the 50 aspectmapsfor theword associa-
tion data.Eachmapmodelsa differentsenseof “ eld”.

6 UNI-SNE: A degenerateversion of aspect
maps

Onsomedatasetsye foundthat tting two aspectnapded
to solutionsthat seemedstrange. One of the aspectmaps
would keepall of the objectsvery closetogetherwhile the
otheraspectmapwould createwidely separatedlustersof
objects. This behaiour can be understoodas a sensible
way of dealingwith a problemthatariseswhenusinga 2-
D spaceto modela setof high-dimensionadlistanceghat
have anintrinsic dimensionalitygreaterthan2. In the best
2-D modelof thehigh-dimensionadlistancestheobjectsn
themiddlewill becrushedogethertoo closelyandtheob-
jectsaroundthe peripherywill be muchtoo far from other
peripheralobjects. Using the physicalanalogyof gure
3, therewill be mary weakbut very stretchedspringsbe-
tweenobjectson oppositesidesof the 2-D spaceandthe
neteffect of all thesespringswill beto force objectsin the

To atten a hemisphericathellinto a disk, for example,we
needto compresghe centerof the hemispherandstretchor tear
its periphery



Figure7: Theresultof applyingthe symmetricversionof
SNEto 5000digit imagesfrom theMNIST datasetThe10
digit classesarenotwell separated.

middletogether

A “background”mapin which all of the objectsarevery
closetogethergives all of the g;; a small positive con-
tribution. This is sufcient to ensurethat ¢;; is at least
as greatas p;;; for objectsthat are signi cantly further
apartthanthe averageseparation.Wheng;; > pjji, the
very stretchedspringsactually repel distant objectsand
this causeghe “foreground” mapto expand,thus provid-
ing enoughspaceto allow clustersof similar objectsto be
separatedrom eachother

If we simply constrainall of the objectsin the background
mapto haveidenticallocationsandmixing proportionswe
get a degenerateversionof aspectmapsthatis equivalent
to combiningSNE with a uniform backgroundmodel. We
choseto implementthis idea for the simpler symmetric
versionof SNEsoEQ. 5 becomes:

o = b )exeli v
] k< €XP(J Yk

y;jii?) 2
vip TN @

We call this robust version“UNI-SNE” andit often gives
muchbettervisualizationghan SNE. We testedUNI-SNE
on the MNIST datasetof handwrittendigit images. It is
very dif cult to embedthis datainto a 2-D mapin sucha
way thatvery similar imagesare closeto oneanotherand
the classstructureof the datais apparent.Using the rst

two principalcomponentsfor example,producesa mapin

which the classesrehopelesslyscrambled4]. A nonlin-

Figure 8: If 0:2 of the total probability massis usedto
provide a uniform backgroundorobability distribution, the
slight attractionbetweendissimilar objectsis replacedby
slightrepulsion.This causegxpansiorandrearrangement
of the mapwhich makesthe classboundariegar moreap-
parent.

earversionof PCA [4] doesmuch betterbut still fails to
separat¢heindividual classesvithin the clusters4,7,9and
3,5,8.

We rst usedprincipal componentsnalysison all 60,000
MNIST trainingimagego reduceesach28 28pixelimage
to a 30-dimensionaVector Thenwe appliedthe symmet-
ric versionof SNEto 50000f these30-dimensionavectors
with an equalnumberfrom eachclass. To getthep; we
averagedy;;; andp;;; eachof whichwascomputedisinga
perpleity of 30 (seg[3] for details).We ran SNE with ex-
ponentiallydecayingjitter, stoppingafter 1100 parameter
updatesvhenthe KL divergencebetweenthe p; andthe
g; waschangingoy lessthan:0001periteration. Figure7
shavsthatSNEis alsounableto separat¢heclusters4,7,9
and 3,5,8andit doesnot cleanly separatehe clustersfor
0, 1, 2, and6 from the restof the data. Startingwith the
solution producedby symmetricSNE, we ran UNI-SNE
for afurther 1500parameteupdateswvith nojitter but with
0:2 of the total probability massuniformly distributed be-
tweenall pairs. Figure8 shaws that this produceda dra-
matic improvementin revealing the true structureof the
data. It alsoreducedthe KL divergencein Eq. 6 from
2:47t0 1:48. UNI-SNE is betterthanary othervisualiza-
tion methodwe know of for separatinghe classesn this
datasetthoughwe have not comparedt with the recently



developedmethodcalled “maximum varianceunfolding”
[10] which, like UNI-SNE, triesto pushdissimilarobjects
farapart.

We have also tried applying UNI-SNE to a set of 100-
dimensionateal-valuedfeaturevectorseachof whichrep-
resentsoneof the 500 mostcommonwordsor symbolsin
a datasebf AP newswire stories[]. The corpuscontains
16,000,000words and a featurevector was extractedfor
eachof the 18,000commonestwordsor symbolsby tting
a model (to be describedelsavhere)that tries to predict
the featuresof the currentword from the featuresof the
two previouswords. We usedUNI-SNE to seewhetherthe
learningprocedurevasextractingsensiblerepresentations
of the words. Figure9 shaws thatthe featurevectorscap-
turethe strongsimilaritiesquite well. Many sensibleclus-
tersandclustersof clustersare preseredin the 2-D map.
The smallintegers,for example,form a clusterthatis next
to the small ordinalsand closeto the approximateguanti-
ties. The durations‘day” “week” “month” and“year” are
besidetheir plural forms eventhoughthe plural forms are
treatedasunrelatedvords. An intriguing nding is thaton
mary differentruns,thequadrilateraformedby “is” “was”
“are” and“were” hasthesamehandedness hisallowsthe
2-D spacadn this vicinity to modelboththe singular/plural
andpresent/padlistinctions.

7 Discussion

The mainweaknes®f all thevariationsof SNE s thatthe
optimizationis a non-corvex problemthat requiresrela-
tively slow iterative techniques.Thesetechniquesanbe
improvedby usingbettersearctdirections[3, butit is hard
to combinethis improvementwith the jittering neededo

nd the bestsolutions. For very large datasetsthe opti-

mization can be mademuch fasterby estimatingthe full

gradientfrom mini-batchesachcontaininga few hundred
objects.Theinteractiondetweerobjectsin differentmini-

batchesareignored,but this effect is not too seriousif the
full dataseis frequentlyre-partitionedinto randommini-

batches.Thenoisein the gradient-estimatesausecby the
mini-batchess not a problemwhenijittering is beingused
to escapepoor local optima. Unfortunately the solutions
found using mini-batchesare poorerthan the onesfound
usingthefull gradient.

SNE is basedon a probabilisticformulationof the taskof
using a low-dimensionalmap to representlose similari-
ties. The factthatthis formulationlendsitself to mixture
modelingwas pointedout in [3], but wasonly usedfor a
trivial examplein which the mixing proportionswere all
x edin advance.Onemaincontribution of this paperis to
demonstrat¢hefeasibility of aspectmapson arealdataset.
Another contritution is to shav that the mapsfound by
SNE canbeconsiderablymprovedby usinga mixtureof a
mapanda uniform backgroundistribution. In particular

UNI-SNE is muchbetterthan SNE at shaving the bound-
ariesbetweerclasses.
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Figure9: A mapproducedy applyingUNI-SNE to 100-dimensionaleaturevectorsthatwerelearnedfor the 500 com-
monestwordsin the AP news dataset.



