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1 Exponential Families

An exponential family of distributions is a parametric statistical model
having densities with respect to some positive measure λ of the form

fα(ω) = a(ω) exp

(
d∑
i=1

Yi(ω)θi(α)− b(α)

)
(1)

where a, b, Yi, and θi are real-valued functions and a must be nonnegative.
If the densities of a statistical model can be put in the form (1), then there
are many ways to do so. Each is called a representation of the family. A
representation is minimal if d is as small as possible.

It simplifies notation if we consider Y = (Y1, . . . , Yd) and θ = (θ1, . . . , θd)
as vectors, and write

〈y, θ〉 =
d∑
i=1

yiθi.

If we define

c(θ) = log

∫
a(ω)e〈Y (ω),θ〉 λ(dω). (2)

then we can rewrite the densities (1) as

fθ(ω) = a(ω)e〈Y (ω),θ〉−c(θ). (3)

The log likelihood is

l(θ) = 〈y, θ〉 − c(θ) (4)

if we use the convention that additive terms that do not contain the pa-
rameter may be dropped from log likelihoods (because they do not affect
any likelihood-based statistical inferences). Thus we have another definition
of exponential families: a statistical model is an exponential family of dis-
tributions if there exists a statistic Y and a parameter θ such that the log
likelihood has the form (4).
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The statistic and parameter that put the log likelihood in the exponen-
tial family form (4) or the densities in the exponential family form (3) are
called the natural statistic and natural parameter (alternative terminology
is canonical statistic and canonical parameter). The function c is called the
cumulant function of the family.

The probability measures in the family are given by

Pθ(B) =

∫
B
fθ dλ, B ∈ B,

where B is the sigma-algebra that is the domain of λ.

2 Minimality

A hyperplane in Rd is a set

H = { y ∈ Rd : 〈y, ϕ〉 = b }

for some nonzero vector ϕ and some real number b.

Theorem 1. Every exponential family has a minimal representation, and a
representation is minimal if and only if neither of the following conditions
hold.

(i) There exists a hyperplane that contains the natural statistic vector with
probability one.

(ii) There exists a hyperplane that contains the natural parameter space.

It will take some set-up before we can prove the theorem.
We may choose the measure λ to be one of the probability measures in

the family, say Pψ. The density of Pθ with respect to Pψ is given by the
ratio of the corresponding densities (3), that is,

gθ(ω) = e〈Y (ω),θ−ψ〉−c(θ)+c(ψ) (5)

(it does no harm to take a(ω)/a(ω) = 1 even when a(ω) = 0 because the
set of such ω has Pψ measure zero, and we may redefine densities on sets of
measure zero without changing the distribution).

The fact that the densities (5) of one distribution in the family with
respect to another are strictly positive means that all distributions in the
family have the same null sets: Pθ(A) = 0 if and only if Pψ(A) = 0. Thus
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when we say “almost surely” it does not matter which distribution in the
family we refer to.

The densities (5) have logarithms

hθ(ω) = 〈Y (ω), θ − ψ〉 − c(θ) + c(ψ) (6)

Let H denote the set of measurable real-valued functions on the sample
space. For any h ∈ H, define

[h] = { k ∈ H : h− k is constant almost surely }.

When hθ is given by (6), we say that [hθ] is an equivalence class of log
unnormalized densities and say that h is a representative of the equivalence
class [h].

There is a one-to-one correspondence between between probability distri-
butions in the model and equivalence classes of log unnormalized densities.
Each representative h of an equivalence class [hθ] corresponds to the distri-
bution having density eh/Eψ(eh). Conversely, all densities with respect to
Pψ of one distribution have logarithms in the same equivalence class.

We can consider equivalence classes of log unnormalized densities as
vectors by defining vector addition and scalar multiplication in the obvious
way

[h] + [k] = [h+ k]

r · [h] = [rh]

where h and k are elements of H and r is a scalar.

Proof of Theorem 1. To say that a statistical model is an exponential family
is the same thing as saying that the vector space V spanned by the equiva-
lence classes of log unnormalized densities of distributions in the exponential
family is also spanned by the equivalence classes [Y1], . . ., [Yd] containing the
components of the natural statistic. Clearly, the representation is minimal
when the dimension of V is equal to d, so the vectors [Y1], . . ., [Yd] form a
basis for V .

Saying these vectors are linearly independent is the same as saying there
do not exist scalars t1, . . ., td not all zero such that

d∑
i=1

ti[Yi] = [0],
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and this is the same as saying there do not exist scalars t1, . . ., td not all
zero and another scalar k such that

d∑
i=1

tiYi = k, almost surely, (7)

and (7) is the same thing as condition (i) of the theorem. Hence if the
representation is minimal, then condition (i) does not hold.

Saying that the dimension of V is d the same as saying there are equiv-
alence classes [hθ1 ], . . . , [hθd ] where θ1, . . . , θd are points in the natural
parameter space and hθ is given by (6) and these equivalence classes are lin-
early independent, and this is the same as saying there do not exist scalars
t1, . . ., td not all zero such that

d∑
i=1

ti[hθi ] = [0].

Now

d∑
i=1

ti[hθi ] =

[
d∑
i=1

tihθi

]

=

[
d∑
i=1

ti〈Y, θi − ψ〉

]

=

[〈
Y,

d∑
i=1

ti(θi − ψ)

〉]
and to say this is not equal to [0] is to say that〈

Y,
d∑
i=1

ti(θi − ψ)

〉
is not constant almost surely. We have already shown that if the represen-
tation is minimal 〈Y, s〉 being constant almost surely implies s = 0. Hence
the representation being minimal implies

d∑
i=1

tiθi =

d∑
i=1

tiψ, (8)

and (8) is the same thing as condition (ii) of the theorem. Hence if the
representation is minimal, then condition (ii) does not hold.
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Conversely, if condition (i) holds, then (7) holds with some ti not equal
to zero, say tj 6= 0. Then

Yj =
1

tj

k −∑
i 6=j

tiYi

 , almost surely,

and (4) can be rewritten as

l(θ) =
1

tj

k −∑
i 6=j

tiYi

 θj +
∑
i 6=j

Yiθi − c(θ)

=
∑
i 6=j

Yi

[
θi −

ti
tj
θj

]
− c(θ) +

k

tj
θj

which has the exponential family form (4) with different natural parameter
vector and cumulant function. Thus condition (i) implies the representation
cannot be minimal.

For the other part of the proof of the converse, if condition (ii) holds,
then (8) holds with some ti not equal to zero, say tj 6= 0, and let k denote
the right-hand side of (8). Then

θj =
1

tj

k −∑
i 6=j

tiθi

 ,
and (4) can be rewritten as

l(θ) =
1

tj

k −∑
i 6=j

tiθi

Yj +
∑
i 6=j

Yiθi − c(θ)

=
∑
i 6=j

[
Yi −

ti
tj
Yj

]
θi − c(θ) +

k

tj
Yj

which has the exponential family form (4) with different natural statistic
vector if we drop the term kYj/tj that does not contain the parameter (which
we are allowed to do with log likelihoods). Thus condition (ii) implies the
representation cannot be minimal.
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3 Convex Functions

The extended real number system consists of the real numbers and two
additional “numbers” −∞ and +∞. As sets, the real numbers are denoted
R and the extended real numbers are denoted R.

It turns out to be very useful to define convex functions taking values in
R. These are called extended-real-valued convex functions. Of course we are
mostly interested in their behavior where they are real-valued, but allowing
the values +∞ and −∞ turns out to be a great convenience.

For any function f : S → R, where S is any set,

dom f = {x ∈ S : f(x) < +∞}

is called the effective domain of f . Such a function is said to be proper if its
effective domain is nonempty and it is real-valued on its effective domain,
or, what is equivalent, f is proper if −∞ < f(x) for all x and f(x) < +∞
for at least one x.

Note that these two definitions (of “effective domain” and “proper”)
treat plus and minus infinity very differently. The reason is that the theory
of convex functions finds most of its applications in minimization problems
(that is, the object is to minimize a convex function) and minimization too
treats plus and minus infinity very differently.

A subset S of a vector space is convex if

sx+ (1− s)y ∈ S, x, y ∈ S and 0 < s < 1.

Note that it would make no difference if the definition were changed by
replacing 0 < s < 1 with 0 ≤ s ≤ 1.

An extended-real-valued function f on a vector space is convex if

f
(
sx+ (1− s)y

)
≤ sf(x) + (1− s)f(y), x, y ∈ dom f and 0 < s < 1

The inequality in this formula is also known as the convexity inequality.
Note that on the right-hand side of the convexity inequality neither term
can be +∞ because of the requirement x, y ∈ dom f . Thus there is no need
to define what we mean by ∞−∞ in order to use this definition. Similarly
since we are requiring 0 < s < 1 there is no need to define what we mean
by 0 · ∞. All we need are the obvious rules of arithmetic s · (−∞) = −∞
when 0 < s < ∞ and −∞+ x = −∞ when x < +∞. Together they imply
that the right-hand side of the convexity inequality is −∞ whenever either
f(x) or f(y) is −∞.
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4 Concave Functions

An extended-real-valued function f is said to be concave if −f is convex.
For concave functions we change the definitions of “effective domain” and
“proper.” Instead of applying the original definitions to f , we say that the
effective domain of a concave function f is the same as the effective domain
of the convex function −f and, similarly, that a concave function f is proper
if and only if the convex function −f is proper. The reason is that the theory
of concave functions finds most of its applications in maximization problems
(that is, the object is to maximize a concave function).

In fact, we only need one theory. If interested in maximizing a concave
function, stand on your head and you are minimizing a convex function. The
difference in the two situations is entirely trivial, a mere change in terminol-
ogy and notation. Nothing of mathematical significance changes, which is
why we want our definitions of “effective domain” and “proper” to match.
Why take convex functions as the main notion and treat concave functions
as the secondary notion that cannot be properly understood without ref-
erence to the other? Tradition and the way most optimization books are
written.

5 Cumulant Functions

In order that the densities (5) integrate to one

c(θ) = c(ψ) + logEψ
{
e〈Y,θ−ψ〉

}
(9)

must hold. We can use (9) to define the cumulant function as an extended-
real-valued function defined on all of Rd. At points where the expectation
in (9) does not exist in the conventional sense, we define c(θ) = ∞. This
makes sense because log x → ∞ as x → ∞. Since the integrand in (9) is
strictly positive, the integral is also strictly positive.1 Thus we never have

1Define
Aε = {ω ∈ Ω : e〈Y (ω),θ−ψ〉 ≥ ε }

then
Aε ↑ Ω, as ε ↓ 0

hence by continuity of probability

Pψ(Aε) ↑ 1, as ε ↓ 0

Hence there exists an ε > 0 such that Pψ(Aε) is strictly positive. Now observe

Eψ
{
e〈Y,θ−ψ〉

}
≥ Eψ

{
εIAε

}
= εPψ(Aε)
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c(θ) = −∞.
A function f on a metric space is lower semicontinuous (LSC) at x if

lim inf
n→∞

f(xn) ≥ f(x), for all sequences xn → x.

A function f is LSC if it is LSC at all points of its domain. A function f on
a metric space is upper semicontinuous (USC) at x if

lim sup
n→∞

f(xn) ≤ f(x), for all sequences xn → x.

A function f is USC if it is USC at all points of its domain.

Theorem 2. The cumulant function of an exponential family is a lower
semicontinuous proper convex function.

Proof. That c(θ) is never −∞ was established in the preceding discussion
(footnote 1). Since c(θ) is finite for all θ in the natural parameter space
(which is nonempty), c is proper. LSC follows from Fatou’s lemma, and
convexity from Hölder’s inequality.

The effective domain of the cumulant function is

Θ = { θ ∈ Rd : c(θ) <∞}. (10)

The actual natural parameter space must be a subset of Θ. Conversely, for
every θ ∈ Θ, there exists a distribution having density (5) with respect to
Pψ, and the collection of all such distributions is an exponential family with
natural statistic y, natural parameter θ, cumulant function c, and natural
parameter space Θ. This largest possible family having this natural statistic,
natural parameter, and cumulant function is called the full family, that is,
an exponential family is full if its natural parameter space is (10).

Corollary 3. The natural parameter space of a full exponential family is a
convex set.

Corollary 4. The log likelihood for the natural parameter of an exponential
family is an upper semicontinuous concave function.

which is strictly positive.
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A full exponential family is regular if its natural parameter space (10)
is an open set. Most exponential families that occur in applications are
regular.2

An exponential family is convex (also called flat) if its natural parameter
space is a convex subset of the full natural parameter space (dom c, where c
is the cumulant function). It is closed convex if its log likelihood is an upper
semicontinuous convex function, which happens when its natural parameter
space is the intersection of a closed convex set and the full natural parameter
space (dom c).3

An exponential family is curved if it is a smooth submodel of a full ex-
ponential family that is not itself a flat exponential family, where smooth
means the natural parameter space is specified as the image of a twice con-
tinuously differentiable function from Rp for some p into the full natural
parameter space.4

6 Identifiability

A parametric family of probability distributions is identifiable if there do
not exist distinct parameter values corresponding to the same distribution.

Theorem 5. A full exponential family is identifiable if and only if condition
(i) of Theorem 1 does not hold. Moreover, if θ and ψ are distinct parameter
values corresponding to the same distribution then sθ+(1−s)ψ is contained
in the full natural parameter space and corresponds to the same distribution
for all real s.

So, if one uses a minimal representation, then the family is identifiable.

Proof. The distributions Pθ and Pψ are the same if and only if the density
(5) of Pθ with respect to Pψ is equal almost surely to the density of Pψ with

2A rare example of a non-regular exponential family that occurs in an actual application
is the Strauss process, a spatial point process. Geyer and Møller (1994) show that the
natural parameter space for this exponential family is { θ ∈ R2 : θ2 ≤ 0 } (their Example 2
of Section 3) and also show that this necessitates using constrained maximum likelihood
(fifth paragraph of their Section 5) so this model does not follow the theory presented in
this handout: constrained maximum likelihood is necessary to deal with the possibility
that the MLE is on the boundary of the natural parameter space.

3Closed convex exponential families require constrained maximum likelihood.
4Curved exponential families behave better in some respects than arbitrary statistical

models, but do not behave as well as full exponential families or even as well as closed
convex exponential families. Thus the theory of curved exponential families is also deferred
to another handout.
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respect to itself, which is equal to one. That is,

e〈Y,θ−ψ〉−c(θ)+c(ψ) = 1, almost surely,

or, because the log function is one-to-one,

〈Y, θ − ψ〉 = c(θ)− c(ψ), almost surely, (11)

and this says Y is concentrated on a hyperplane.
The “moreover” also follows from (5). Suppose (11) holds. Then, for

any bounded random variable X,

Esθ+(1−s)ψ(X) = Eψ{Xe〈Y,sθ+(1−s)ψ−ψ〉−c
(
sθ+(1−s)ψ

)
+c(ψ)}

= e−c
(
sθ+(1−s)ψ

)
+c(ψ)Eψ{Xes〈Y,θ−ψ〉}

= e−c
(
sθ+(1−s)ψ

)
+c(ψ)+s[c(θ)−c(ψ)]Eψ(X)

Taking X to be the constant random variable everywhere equal to one, we
get

c
(
sθ + (1− s)ψ

)
= sc(θ) + (1− s)c(ψ), s ∈ R (12)

and plugging this back into the above gives

Esθ+(1−s)ψ(X) = Eψ(X)

for all bounded random variables X, which says sθ + (1 − s)ψ and ψ cor-
respond to the same probability distribution. Equation (12) also implies
sθ + (1− s)ψ ∈ dom c for all real s.

7 Affine Change of Parameter

A function g : Rp → Rd is affine if it has the form

g(ϕ) = Mϕ+ a

for some linear transformation M : Rp → Rd and some a ∈ Rd. We now want
to consider such an affine change of natural parameter for an exponential
family. Writing θ = g(ϕ) we have

〈y, θ〉 = 〈y,Mϕ〉+ 〈y, a〉 = 〈MT y, ϕ〉+ 〈y, a〉
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where MT : Rd → Rp is the adjoint of M , which the linear operator repre-
sented by the the transpose of the matrix that represents M . This is obvious
from

〈y,Aϕ〉 = yTAϕ = (AT y)Tϕ = 〈AT y, ϕ〉 (13)

switching back and forth between the notation of bilinear forms and linear
transformations and matrix notation. There is a abuse of notation in the
right-hand side of (13) in that the bilinear forms 〈MT y, ϕ〉 and 〈y, a〉 have
different dimensions, p and d, respectively, but the meaning is clear.

The log likelihood in the new parameterization is

l(ϕ) = 〈MT y, ϕ〉 − c(Mϕ+ a)

(we have dropped the term 〈y, a〉, which does not contain the parameter).
Thus we have a new exponential family with natural statistic MTY , natural
parameter ϕ, and cumulant function ϕ 7→ c(Mϕ+a), where c is the original
cumulant function.

In short, an affine change of natural parameter gives another exponen-
tial family. This is the reason why natural affine submodels (also called
canonical affine submodels) are important in exponential family theory. In
the terminology of the R function glm the matrix M is called the model
matrix and the vector a is called the offset vector. Others call the model
matrix the “design matrix” whether or not the model arises from a designed
experiment. We will use “model matrix.”

The terminology “generalized linear model” should really be “generalized
affine model” when the offset vector is not zero, but nobody says this. Most
applications have a = 0, so “generalized linear model” is appropriate most
of the time.

8 Independent, Identically Distributed Data

Another important application that does not take us out of exponential
families is independent and identically distributed data. If Y1, Y2, . . . are
IID exponential family natural statistics, then the log likelihood for sample
size n is

ln(θ) =

〈
n∑
i=1

yi, θ

〉
− nc(θ)

Thus we have a new exponential family with natural statistic
∑n

i=1 yi, nat-
ural parameter θ, and cumulant function θ 7→ nc(θ), where c is the original
cumulant function.
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9 Moment Generating Functions

The moment generating function of the natural statistic, if it exists, is
given by (5)

mθ(t) = Eθ{e〈Y,t〉}
= Eψ

{
e〈Y,t+θ−ψ〉−c(θ)+c(ψ)

}
= ec(t+θ)−c(θ)

The moment generating function exists if it is finite on a neighborhood of
zero, that is, if θ ∈ int(dom c). If θ /∈ int(dom c), then mθ is not a moment
generating function.

By the theory of moment generating functions (Fristedt and Gray, 1996,
Sections 13.5 and 13.6), if θ ∈ int(dom c), then moments of the natural
statistic of all orders exist and ordinary moments are given by the derivatives
of mθ evaluated at zero. In particular

Eθ(Y ) = ∇mθ(0) = ∇c(θ)
Eθ(Y Y

T ) = ∇2mθ(0) = ∇2c(θ) + [∇c(θ)] · [∇c(θ)]T

A log moment generating function is called a cumulant generating func-
tion and its derivatives evaluated at zero are called the cumulants of the
distribution. If θ ∈ int(dom c), then the cumulant generating function of
the natural statistic is

t 7→ c(t+ θ)− c(θ), (14)

where c is the cumulant function. Note that derivatives of the cumulant
generating function (14) evaluated at zero are the same as derivatives of the
cumulant function c evaluated at θ. Hence the name “cumulant function.”
Cumulants of order m are polynomial functions of moments of orders up to
m and vice versa (Cramér, 1951, Section 15.10). For an exponential family,
the first and second cumulants of the natural statistic are

∇c(θ) = Eθ(Y )

∇2c(θ) = Eθ(Y Y
T )− Eθ(Y )Eθ(Y )T

= varθ(Y )

In short, the mean and variance of the natural statistic always exist when
θ ∈ int(dom c) and are given by derivatives of the cumulant function.

For a regular full exponential family int(dom c) is the natural parameter
space. As we have said, most applications involve regular full exponential
families. In them every distribution has moments of all orders for the natural
statistic given by derivatives of the cumulant function.
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10 Maximum Likelihood

A point x is a global minimizer of an extended-real-valued function f on
Rd if

f(y) ≥ f(x), y ∈ Rd,

and x is a local minimizer if there exists a neighborhood U of x such that

f(y) ≥ f(x), y ∈ U.

Lemma 6. For an extended-real-valued proper convex function, every local
minimizer is a global minimizer.

The proof is left as a homework problem.

Corollary 7. For an extended-real-valued proper concave function, every
local maximizer is a global maximizer.

Lemma 8. In an identifiable convex exponential family, the maximum like-
lihood estimate is unique if it exists.

Proof. If θ1 and θ2 are distinct maximizers of the log likelihood, then con-
cavity of the log likelihood implies

l(sθ1 + (1− s)θ2) ≥ sl(θ1) + (1− s)l(θ2), 0 ≤ s ≤ 1. (15)

But since the value at a global maximizer cannot be exceeded, we must have
equality in (15), that is,

〈y, sθ1 + (1− s)θ2〉 − c(sθ1 + (1− s)θ2) = l(θ1), 0 ≤ s ≤ 1.

Hence
d2

dss
c(sθ1 + (1− s)θ2) = 0, 0 < s < 1.

The map s 7→ sθ1 + (1 − s)θ2 is an affine change of parameter, hence by
the theory of Section 7 it induces a one-parameter exponential family with
natural parameter s, natural statistic 〈Y, θ1 − θ2〉, and cumulant function
s 7→ c(sθ1 + (1− s)θ2). By the theory of moment generating functions, this
cumulant function having second derivative zero means that the natural
statistic 〈Y, θ1 − θ2〉 has variance zero, which means that Y itself is concen-
trated on a hyperplane and the original family is not identifiable, contrary to
hypothesis. Thus we have reached a contradiction and hence the assumption
that distinct maximizers exist is false.
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If the log likelihood of an identifiable full exponential family is maximized
in int(dom c) then its gradient is zero there. That is, the MLE is the unique
solution (unique by Lemma 8) of

∇l(θ) = y −∇c(θ) = 0,

that is, the θ such that
y = ∇c(θ).

A function f : U → V where U and V are open sets in Rd is a diffeomor-
phism if it is a continuously differentiable function and has a continuously
differentiable inverse.

Lemma 9. If c is the cumulant function of an identifiable full exponential
family then the function τ : int(dom c)→ Rd defined by

τ(θ) = ∇c(θ) = Eθ(Y )

is a diffeomorphism onto its range, which is an open set, and

∇τ(θ) = ∇2c(θ) = varθ(Y ) (16a)

and
∇τ−1(µ) = (∇τ(θ))−1 , when µ = τ(θ). (16b)

Proof. An argument very similar to the proof of Lemma 8 shows that τ is
one-to-one. Suppose µ = τ(θ1) = τ(θ2). Then both θ1 and θ2 are maximizers
of the function λ defined by

λ(θ) = 〈µ, θ〉 − c(θ)

(which is the same as the log likelihood except that µ is not necessarily a
possible value of the natural statistic, just a possible value of the expectation
of the natural statistic). Then the same argument as the proof of Lemma 8
with l replaced by λ shows that θ1 = θ2. This shows τ is an invertible
function from int(dom c) to its range. Also (16a) holds by the theory of
moment generating functions, so τ is differentiable, and the derivative is
nonsingular because Y is not concentrated on a hyperplane. Thus by the
inverse function theorem (Browder, 1996, Theorems 8.15 and 8.27) if µ =
τ(θ) then τ has an inverse defined on some neighborhood of µ such that
(16b) holds (we actually know that τ has an inverse defined on the entire
range of τ). Since µ was any point of the range of τ , this implies the range
of τ is open.
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Let W denote the range of τ . We would now like to define the MLE
to be τ−1(y), and that is fine for y ∈ W , but the MLE is undefined when
y /∈ W . Thus we extend the domain of definition by adding a point u
(for “undefined”) to the set of possible MLE values, which we consider an
isolated point of this set,5 and define

θ̂(y) =

{
τ−1(y), y ∈W
u, otherwise

Note that this function is measurable, because it is continuous on the open
set W = τ(int(dom c)) and constant (equal to u) on the complement of W .

Now we consider IID data Y1, Y2, . . . . As we saw in Section 8, the log
likelihood is

ln(θ) = n〈ȳn, θ〉 − nc(θ)

and the MLE is θ̂n = θ̂(ȳn).

Theorem 10. For a full exponential family with cumulant function c, if
the true parameter value θ0 is in int(dom c) and the family is identifiable,
then the maximum likelihood estimate θ̂n exists with probability converging
to one, is unique when it exists, and

√
n
(
θ̂n − θ0

) w−→ Normal
(
0, I(θ0)

−1)
where I(θ) = ∇2c(θ).

Proof. Since θ0 is in int(dom c), moments of the natural statistic of all orders
exist, in particular,

µ0 = Eθ0(Y ) = τ(θ0) = ∇c(θ0)
I(θ0) = varθ0(Y ) = ∇τ(θ0) = ∇2c(θ0)

where τ is the function defined above. Then the function θ̂ defined above is
differentiable at µ0 by Lemma 9 and has derivative

∇θ̂(µ0) = ∇τ−1(µ0) = I(θ0)
−1.

5One way to do this and still remain in a Euclidean space is to embed W in Rd+1 as
the set

W̃ = { (y1, . . . , yd, 0) : (y1, . . . , yd) ∈W }
and defining

u = (0, . . . , 0, 1).
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By the multivariate central limit theorem

√
n
(
Y n − µ0

) w−→ Normal (0, I(θ0))

Thus the multivariate delta method implies

√
n
[
θ̂(Y n)− θ̂(µ0)

]
w−→ I(θ0)

−1Z

where Z ∼ N (0, I(θ0)). Since

var{I(θ0)
−1Z} = I(θ0)

−1I(θ0)I(θ0)
−1 = I(θ0)

−1

we are done, the assertion about the probability of the MLE existing with
probability converging to one following from the portmanteau theorem and
the assertion about the uniqueness of the MLE following from Lemma 8.
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