An Introductionto BootstrapMethodsusingArc

lain Pardoe
Departmenbf Applied Statistics
Schoolof Statistics
University of Minnesota St. Paul, MN 55108
TechnicalReportNumber631
Work Supportedyy the NationalScience~oundation GrantDUE 96-52887

February24,2000

Abstract

This reportpresentg1) the basicideasof bootstrappingvhenappliedto mul-
tiple linearregressionasdescribedn [2, 3], and(2) how to implementtheseideas
usingArc, the computerpackagehataccompaniegl].

1 Intr oduction

Thisreportprovides(1) anintroductionto bootstrapmethodsn linearregressioranal-
ysesasdiscussedn [2, 3], and(2) computercodefor usewith the programArc, de-
scribedin [1], thatimplementgheseanalyses.The remainderof this sectionoutlines
the generalideasbehindlinear regression.In Section2, | summarizehe basicboot-
strapapproachto statisticalinference,and presenttwo ways of applyingit to linear
regression.Next, | describesomeof the issuesinvolved with estimatingandtesting
meanfunctioncoeficientsin Sections3 and4 respectiely. Finally, | presensomeex-

amplesin Section5, andoutline someof the otherareasn regressiorwherebootstrap
methodscould be usedto goodeffectin Section6.

The most recentversion of Arc can be obtainedon the Internetfrom the link
http://www.stat.umn.edu/arc. The Xlisp-Statcodeto performall the analysesn thisre-
portaregivenin thefile http://www.stat.umn.edu/arc/boot.Isp. The commandseeded
to runthis codearescatteredhroughouthis reportitself.

To useboot.Isp , downloadit from the Internet,andputit in the folder Extras
in your Arc directory

1.1 Who shouldreadthis report

In thisreportl describeadditionsto Arc thatcanbeusedto performbootstrapsampling
for the specificproblemsdiscussed As thesemay have interestin varioussituations,
mary readerswill find the additionsuseful. The additionscanalsoprovide a starting



pointfor implementatiorof thebootstrapn othersituationsputfor thisthereademust
be ableto readandwrite computemprogramsin the languagdisp. Thereareseveral
waysof gettingstarted.Tierney in [4] providesa very readabléntroduction. Several
on-linereferencesanbeobtainedrom http://www.visualstats.org/. ThebookCommon
Lispby GuyL. Steeles acomprehensie sourcefor thelisp languageandis available
on-lineat

http://www-cgi.cs.cmu.edu/afs/cs.cmu.edu/project/ai-repository/ai/html/cltl/clm/clm.html
A companiorreporton “SimulationsusingArc” maybe helpful, andis availablefrom

http://www.stat.umn.edu/arc/simulate.pdf.

1.2 Linear regression

Following the notationanddevelopmentin [1], regressionconcernsa responsey and
p predictors, x = (z1,...,z,)T. Thegeneralgoalin regressionis to studyhow the
conditionaldistribution of y|x changessthe valueof x changespften concentrating
onthemearfunction,E(y|x). In mary regressiorproblemstheresponse|x is written

ylx = E(y[x) + e/vw

wheree is calledthe statisticalerror andtheweightsw > 0 areknown,positivenum-
bers. Anotherfeatureof the conditionaldistribution of y|x thatis often studiedin
regressionis thevariancefunction Var(y|x) = Var(e) /w.

Letu beak x 1 vectorof termsderived from x. Typically, u will consistof a
constantl for aninterceptand(k — 1) additionalfunctionsof x, like polynomialsor
othertransformationsThelinear regressiormodelhasmeanfunction

E(y|x) = E(y|u) =no + muy + - - np—1up—1 =n'1 1)
wheren® = (no, . ..,nx_1) isakx 1 vectorof mearfunctioncoeficients,andvariance
function

Var(y|x) = o /w 2

Theseassumedorms of the meanand variancefunctionsimply thatE(e) = 0 and
Var(e) = o2. This reflectsan alternatve way of specifyingthe generalform of the
linear regressionmodel—thelinear meanfunction (1) togetherwith the assumption
thatthedistribution of the errorsis independenof x.

For a full parametricanalysis,the distribution of y|x, or alternatvely of e, must
be specified. For normally distributed errors, the leastsquaregsheory of regression
estimationandinferenceprovidesstraightforvard,exactmethodsor analysis.But for
non-normalerrors,thesemethodshave the potentialto be inaccurateor misleading.
Resamplingmethodssuchasthe bootstrapprovide an alternatve methodologywith
thepotentialto both

e reinforceconclusionsarrivedat usingnormaltheory and



¢ to provide estimatiorandinferenceechniquesn situationsvherenormaltheory
doesnot seento bejustified.

The examplesin this reportfocusmainly on thefirst of thesegoals,althoughSec-
tion 6 mentionssomeareashat couldinvolve morein the way of the secondof these
goals.

2 Two alternative paradigmsfor usingbootstrap meth-
odsin linear regression

The bootstrapis a data-basedimulationmethodfor statisticalinference. The basic
ideais asfollows. | wishto make aninferenceabouta (population)quantity sayé, for
which| have adata-basedstimated. | thenwantto getsomeideaof thedistribution of
my estimatewithout having to make assumptionsboutmy data(for example,thatit
comedrom a multivariatenormaldistribution). Oneway to do this is to resamplewith
replacemenfrom my datato geta bootstrapsample(of the samesizeasmy original
sample,andmadeup of casedrom my original sample,someappearingonce,some
twice, and so on, and somenot appearingat all). | then createa large number B,
of suchbootstrapsamplesand calculated for eachsample. (For notation,| denote
bootstrapestimateswith a star and henced for a bootstrapsampleis denotedé*.)
TheseB 6#* 's containinformationthat canbe usedto malke inferencesrom the data;
essentiallyd* is to § asé is to . Someof thetypesof inferencepossiblein thelinear
regressiorcontext will be exploredin moredetailin Sections3 and4.

For ary particularapplicationof the bootstrap,l needto decideon an appropri-
ateway to resamplewith replacemenfrom my datato get a bootstrapsample. For
regression] presentwo suchways, “resamplingresiduals”and“resamplingcases.

2.1 Resamplingresiduals

The “resamplingresiduals”paradigmtakesthe point of view thatresponseg|x, are
sampledrom a univariatedistribution F'(y|x) whosemeanandvariancearegivenby
themeanfunction(1) andvariancefunction(2). Trying to estimateF’(y|x) usingboot-
strapmethodsdoesnt work directly, becaus®f the conditioningonx. But, sincex is
assumedo befixedunderthis paradigm] caninsteadry to estimatehedistribution of
e by resamplingesidualsdefinedto betheweighteddifferencedbetweertheobsened
valuesof theresponsandthefitted valuesunderthelinearregressionrmodel

é = vu(y — E(yx) = vw(y — §) 3)

Thelinearregressiommodelis implicit underthis paradigm—usindpootstrapmethods
in regressionby resamplingresidualsessentiallyassumeghat the linear regression
modelholds.



2.2 Resamplingcases

The “resamplingcases”paradigmtakesthe point of view thatcases(y, x), aresam-
pledfrom a multivariatedistribution F'(y, x). Application of the bootstraps straight-
forward,and| cantry to estimatethe distribution of (y,x) by resamplingcasesde-
fined to be the multivariatevectors(y,x). The linear regressionmodel lies outside
this paradigm—usindpootstrapmethodsn regressiorby resamplingcasesessentially
makesno assumptioraboutwhetheror notthelinearregressiormodelholds. Thelin-
earregressiormodelonly arisesin this settingby going on to specifythe conditional
meanandvarianceof y|x asthe meanfunction (1) andvariancefunction(2). Then,it
is alsonecessaryo include eachcase$ weight whenresamplingandthe casedo be
resampleadtannow bewritten (y, x, w).

3 Estimating regressioncoefficients

3.1 Resamplingresiduals

As describedabove, | wantto try to estimatethedistribution of e by resamplingesid-
uals. However, sincethe distribution of e is assumedo be independentf x, | re-
ally wantto be resamplingsomethingwhosedistribution doesnot dependon x. As-
sumingl have n casesn my dataset,the i-th residualasdefinedin (3) hasvariance
Var(é;|x;) = o?(1 — h;), whereh; is thei-th leverage, i = 1,...,n. Theleverage
depend®n x;, andsoif ary leveragesare particularlyhigh, resamplingthe residuals
will notdo a goodjob of estimatingthe distribution of e. So, sincethe leveragesare
known, | considerinsteadthe modifiedresiduals

L Vwi(yi — §i) (@)
’ (1—hy)

whichhave constantiariance . Themodifiedresidualdiffer from the Studentizedesid-
ualsdescribedn Section15.3.10f [1] by division by anestimateof o2, andthusthe
two areequialent.

Onefinal adjustments neededsincee is assumedo have mean0. Thus,| actually
samplefrom the mean-correctechodifiedresidualdo getbootstraperrors

e; randomlysampledwith replacementrom #; — 7

wherer is the sampleaverageof themodifiedresidualg4).

I aminterestedn estimatingregressiorncoeficients,sol now needto derive boot-
strapresponseandpredictorvaluesfrom my bootstraperrors. Since,| amassuming
thatthelinearregressiormodelholds,| fix my bootstrappredictorvaluesattheoriginal
samplex; values(andl alsofix my bootstrapnveightsattheoriginal samplew; values).
| thenusethe usualweightedleastsquare®stimateof n from the original sample say
1}, to derive bootstrapresponses

i =0 + e} //w;



I cannow computethe usualweightedleastsquaresestimateof 7 from this boot-
strapsample say7*, andrepeatB times.

As anexample,considerdataon brainweight BrainWtin gramsandbody weight
BodyWitin kilogramsfor sixty-two speciesof mammal. Thesedataare describedn
Section5.1of [1] andcanbeanalyzedn Arc by loadingthefile brains.Isp

After transformingthe predictorsBrainWtandBodyWtto their naturallogarithms
to gettheterms,alinearregressiormodelfor log(BrainWi) onlog(BodyWj with con-
stantvariancefunctionseemgeasonableandis easilyfit usingArc. Standardanalysis
suggestshat errorsare approximatelynormal, and so the usualinferencetechniques
for theinterceptyg, andtheslope ;, shouldbeappropriate This exampleis therefore
idealfor investigatingwhetherbootstrapmethodscanreinforceconclusionsarrived at
usingnormaltheory

Whenthis modelis fit using Arc, a regressionobjectis createdthat hasthe same

nameasits menu,asdescribedn [1]. A typical namefor the objectwill belL1.

To begin a bootstrapanalysis(assuminghat boot.Isp  hasbeenloaded)of the
distribution of the coeficient estimatesusing B = 1000 simulationsby resampling
(centeredmodified)residualstype the following in the text window’s commandine
following the > prompt:

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))

This createsa bootstiap objectr thatwill usethe “resamplingresiduals”paradigm,
andhasB=1000.To changeB to anothemumberjustreplacethe 1000, andto usethe
“resamplingcases’paradigmjustchangehe:r-boot  to:c-boot .| cannow sendr

variousmessageto produceplotsor calculatequantities. . _
Like otherobjectin Arc, typedcommandsanbeusedto getinformationaboutthe
bootstrapbject. For example typing

> (send r :histograms)

producesa histogranof thebootstragnterceptestimatessg . Theslidebarin thelower
left cornerof the plot controlswhich coeficient estimateto display—clickonceto the
right of the sliderto changethe histogranto onefor the bootstrapslopeestimatey; .
Thetwo histogramsareshowvn in Figurel1 with superimpose@&aussiarkerneldensity
smoothsndicatingnearnormality.

Similarly, typing
> (send r :probability-plots)

producesa probability plot (also known as a QQ-plot) of the studentizecdootstrap
interceptestimatesyith at distribution onn — p degreesof freedom(df) asthe ref-

erencdlistribution. (Recallthatwhensamplingnormaldata,estimatesisingthe usual
varianceestimateratherthanthe true variancearet distributed ratherthannormally
distributed.) The studentizedootstrapslopeestimatesaredefinedto be

Mo — "o

se(75)
wherer is thebootstrapestimateof 7o, 7jo is theusualestimateof 7 from theoriginal
sample,and s€(7j3) is the bootstrapestimateof the standarderror of 7, thatis the
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Figurel: Histogramsof bootstrapcoeficientestimatedor thebrains.Isp  dataset.

standardleviation of the7}’s in thebootstrapsamplesNotethatthis definitioncomes
fromthe“7* isto 7 asyj iston” ideamentionedn Section2.

The slidebarin the lower left cornerof the plot againcontrolswhich coeficient
estimateto display—clickonceto the right of the sliderto changethe probability plot
to one for the studentizedbootstrapslope estimates. The two probability plots are
shavn in Figure2 with superimposeg = z linesindicatingnearnormality (although

thereis a hint of non-normalityfor the studentizedootstrapslopeestimates).
To display bootstrapestimatesof the standarderrorsof the interceptand slope
estimatestype

> (send r :bootstrap-standard-error)
Residual  bootstrap

Coefficient Std.  Error
Intercept 0.094485
log[BodyWt] 0.026757

Thesestandarcerrorestimatesompareawith theusual(linearregressiormodeltheory)
estimatesof 0.0960and 0.0285respectiely. And note that the usual estimatesare
alsothe ideal bootstrapestimatef standarderror, thatis the bootstrapestimatesas
B — oo (adjusteddy [n/(n — k)]'/?).

To displaybootstrapestimatesf thebiasfor theinterceptandslopeestimatestype

> (send r :bootstrap-bias)
Residual  bootstrap

Coefficient Bias
Intercept 0.005359
log[BodyWt] -0.000514
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Figure 2: Probability plots of studentizedbootstrapcoeficient estimatesfor the
brains.Isp dataset.

Thesebias estimatesare reassuringlysmall since the usual coeficient estimatesare
unbiasedNotethatbootstrapestimate®f biasagaincomefrom the“7* isto 7 as7 is
to " ideamentionedn Section2. In particular the bootstrapestimateof biasfor the
interceptestimateis 7j; (-) — 7jo, wheresj; (-) is theaverageof thesj;’s. _

To calculatenormaltheory confidenceintervals for the coeficient estimatesto-

getherwith bootstrapconfidenceintervals using both the percentilemethodand the
BCamethod type

> (send r :display-confidence-intervals)
Residual  bootstrap

Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept

0.95 (1.94267 2.3269) (1.94677 2.32673) (1.93574  2.31693)
Coefficient: log[BodyWt]

0.95 (0.694751  0.808622) (0.698998  0.803802) (0.700898 0.804064)



Normaltheoryconfidencentervalsarejusttheusual‘estimate+ multiplier x stan-
darderror” Percentilebootstrapintervals usepercentilesof the empiricaldistribution
of the bootstrapestimatedo estimatepercentilesof the true distribution of the coef-
ficients. BCabootstrapintervals usean improved versionof the percentilebootstrap
methodwhich tendsto have bettercoverageproperties BCaintervalsarediscussedn

Sectionl14.3o0f [3].
The defaultlevel for the confidencenterval calculationds 0.95. Typethefollow-

ing (beforesendinghedisplay-confidence-intervals messageo changehe
levelto 0.9:
> (send r :levels .9)

or thefollowing to allow intervals for both 0.90and0.95 confidencdevelsto be dis-
playedtogether:

> (send r :levels ‘(9 .95))

To calculatebootstrapconfidencéntervalsusingthe percentilemethodfor the stu-
dentizedcoeficient estimatestype

> (send r :stud-percentile-boot-intervals)
Residual  bootstrap

Level Percentile Bootstrap
Coefficient: Intercept

0.9 (-1.55743  1.76993)
0.95 (-1.98995  2.03149)
Coefficient: log[BodyWt]

0.9 (-1.66905  1.59792)
0.95 (-1.96914  1.94774)

The corresponding quantilesonn — k£ = 60 df are1.67065and 2.0003respec-
tively. Thus,thepercentilebootstrapntervalsindicatethattheresamplingesultsagree
closelywith thoseobtainedfrom standardnethods.

3.2 Resamplingcases

As describedabove, | wantto try to estimatethe distribution of (y, x) by resampling
casesThus,l samplefrom theintegersrunningfrom 1 to n to getbootstragndices

ji randomlysampledwith replacementrom (1, 2, ...,n)

I now needto derive bootstrapresponseand predictorvaluesfrom my bootstrap
indices. Since,| amassuminghat(y, x) aresampledrom a multivariatedistribution
F(y,x), | derive bootstrapcases

(i, x7,w;) = (yjr, X5z, wjz )

I cannow computethe usualweightedleastsquaresestimateof ) from this boot-
strapsample andrepeatB times.Applying thisto thebrains.Isp  dataset,| obtain:

> (def c¢ (send L1 :bootstrap :nboots 1000 :method :c-boot))

> (send c :bootstrap-standard-error)
Case bootstrap



Coefficient Std.  Error
Intercept 0.093686
log[BodyWt] 0.023061

> (send c :bootstrap-bias)
Case bootstrap

Coefficient Bias
Intercept -0.001015
log[BodyW1] 0.000662

> (send c :display-confidence-intervals)
Case bootstrap

Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept

0.95 (1.94267 2.3269) (1.95774  2.31821) (1.96562 2.33279)
Coefficient: log[BodyW1]

0.95 (0.694751  0.808622) (0.706941  0.796554) (0.705292  0.793233)

> (send c :levels (9 .95))

> (send c :stud-percentile-boot-intervals)
Case bootstrap

Level Percentile Bootstrap
Coefficient: Intercept

0.9 (-1.59979  1.66336)
0.95 (-1.88978  1.95787)
Coefficient: log[BodyWt]

0.9 (-1.54205  1.64522)
0.95 (-1.94031  1.94564)

Theresultsarereassuringhsimilar to thoseobtainedby resamplingesiduals.

Notethatit is possiblefor caseresamplingo run into computationaproblems.In
particular giventhe numericaltolerancessomputersmustwork within, it is possible
(albeit unlikely) for a bootstrapsampleto producea modelwith lower rank thanthe
modelfor the original sample. The Arc bootstrapcodedoesnot currently checkfor
this, andif it doeshappen,an unhelpful error messages returnedandthe bootstrap
routine terminates. Futurework will hopefully addresghis issueso that arny lower
rankbootstrapsamplesareignored,allowing theroutineto becompleted.

4 Hypothesistestsfor regressioncoefficients

Considera hypothesidestwith null hypothesisNH, andteststatistic,7’. The p-value
for this hypothesigestcanbedefinedastheprobabilitythata randomvariablewith the
samedistribution asthatof T whenNH is trueis aslarge or larger (in absolutevalue)
thanthe obsenedvalueof T

This suggestshefollowing methodfor estimatinga p-valueusingbootstragdeas:
figure out a null distribution for the dataunderNH andgenerateB bootstrapvalues
of T" underthis distribution. The p-value estimateis thenthe proportionof timesthat
thebootstrapl™’s areaslarge or larger (in absolutevalue)thanthe (original sample)
obsenedvalueof T'. To applythisin practicehowever, | needto choosebothasuitable
T andanull distribution for thedataunderNH.



An alternatve strategy usesa pivotstatisticfor T'. Pivot statisticshave distributions
thatdo not dependon coeficient values,sothereis no needto figure outa null distri-
bution for thedataunderNH—I canjust carry out my simulationunderthe alternatve
hypothesisAH. Again, the p-valueestimateis the proportionof timesthatthe boot-
strapT™’s areaslargeor larger(in absolutevalue)thanthe (original sample)obsened
valueof T

4.1 Testinga singleregressioncoefficient

Theusualnormaltheorymethodfor testinga singleregressiorcoeficientis a ¢-testof
the studentizeaoeficientestimate.

As an alternatve, one way to testa single regressioncoeficient using the pivot
methodoutlinedaboreis to usethe pivot

M — Mk
T= -
sk
to testthe k-th coeficient (k = 0,...,p — 1). Usingthe“s* isto 7} as7 iston” idea
mentionedn Section2,

* _ 77; - ﬁk
P s
The (two-tailed) p-value estimatefor n;, = 0 is thenthe proportionof timesthatthe
bootstrapl™’s areaslarge or larger (in absolutevalue)thanthe (original sample)ob-
senedvalueof T, .
Tk
1= S
This procedurecanbe performedin Arc usingeitherresidualresamplingor case
resampling. As an example,considerdatafrom 1973 on accidentrate, Rate access
pointspermile, Acpt truck volumepercentagelrks, averagedaily traffic count,ADT,
lengthof seggment,Len signalizedinterchangeger mile, Sigs andspeedimit, Slim,
for thirty-nine sggmentsof Minnesotahighways. Thesedataaredescribedn Section
11.30f [1] andcanbeanalyzedn Arc by loadingthefile highway.lsp
A reasonablyoodlinearregressiormodelhasthe following meanfunction

E(log,(Ratd|x) = mno + n1log, (Acpl) + n2log,(Trks) + n3log, (ADT)
+n4log, (Len) + 75SigsT ' + 76 Slim (5)

where Sigsl= Sigs+ 1, and constantvariancefunction. (Sigshad mary zeroval-
ues,andsowasre-centeredo allow the possibility of subsequentransformation.)To
separatelyesteachmeanfunctioncoeficientagainstzero,typethefollowing:

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))
> (send r :stud-boot-pvalues)
Residual  bootstrap

Coefficient p-value
Intercept 0.0000
log2[Acpt] 0.2210
log2[Trks] 0.2550
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Tablel: Usual(two-tailed)¢-testp-valuesfor the highway accidentata.

Coeficient  p-value
Intercept 0.0003
loga[Acpt] 0.2200
loga[Trks] 0.2530
log2[ADT]  0.3686
logz[Len] 0.0053
SigsT! 0.1458
Slim 0.0484

log2[ADT] 0.3590
log2[Len] 0.0020
Sigs1™-1 0.1280
Slim 0.0400

> (def ¢ (send L1 :bootstrap :nboots 1000 :method :c-boot))
> (send c¢ :stud-boot-pvalues)
Case bootstrap

Coefficient p-value

Intercept 0.0010
log2[Acpt] 0.1960
log2[Trks] 0.2130
log2[ADT] 0.3260
log2[Len] 0.0110
Sigs1™-1 0.1270
Slim 0.0450

whereL1 is the nameof the linear regressiommodelwith meanfunction (5) andcon-
stantvariancefunction. For comparisonthe usual(two-tailed)¢-testp-valuesaregiven
in Tablel.

4.2 Testinga subsetof meanfunction coefficients

Considetthefollowing two modelsstatedashypotheses:

NH:  E(y|x) = nTu; with Var(y|x) = 02 /w
AH:  E(y|x) = nfu; + nfu, with Var(y|x) = 02 /w

wherethevectorsof predictorsandmeanfunctioncoeficientshave beensimilarly par
titionedinto u” = (uy,u)” andn® = (n,,n,)T. Let U; bethe matrix consistingof
then samplerow vectorsu? staclkedontop of eachother Let U, bedefinedsimilarly.

Testingthesehypothesess equivalentto testingn, = 0 andthe usualnormal
theorymethodfor thisis an F'-testof theratio

(RS®H — RSQH)/ (dfyy — dfan)

F= 52

whereRSSndicatesresidualsumof squaregrom the modelfit and? is the estimate
of o2 from thefit of the AH model.

11



As analternatve, oneway to testn, = 0 usingthe pivot methodoutlinedabove is
to choosehe pivot

T (Mg — 772)T(U£1U2.1)(ﬁ2 — 1)

6.2
whereU, ; = (I - U, (UTU,)1UT)U,, thepartof U, with thelineareffect of U,
subtractedut. Note thatthe numeratorof T' is just anothemway of writing RS{y —
RS&u.
Usingthe“7* isto 7j asyj iston” ideamentionedn Section?2,

(15 — 15)"(U3,U2.1) (3 — 15)

&*2

T =

The p-valueestimatds thenthe proportionof timesthatthebootstragl™’s areaslarge
or largerthanthe (original sample)obsenedvalueof T,

75 (UL U2.1) 7,

T, =
To actuallycomputel™ andT,, notethat
My = (U3,U21)" U3,y
My = (U3,U21) 'U3,y"
s =Ty = (U§1U2.1)_1U§1(y* -y)

wherey is thevectorof responsesThus

(y* —y)"U2.1(U3,U21) 'UZ,(y* —y)

&*2

yIU,, (UL Uy, ) ULy
6-2

T =

T, =

T* andT, canthereforebe computedwith full model(AH) simulationonly, andwith-
outtheneedto actuallycalculatethe bootstrapcoeficient estimates.

This procedurecanbe performedin Arc only usingresidualresampling;casere-
samplingis inappropriatehere. As an example,considerthe highway accidentdata
again.

First, | cantestthe meanfunction coeficientssingly (asl did in Section4.1). To
testn; = 0 in meanfunction (5), typethefollowing:

> (send L1 :sigtest-boot-pvalue L2 :nboots 1000 :method :r-boot)

Residual  bootstrap
p-value: 0.2290

whereL1 is the nameof the linearregressiormodelwith meanfunction (5) andL2 is
thenameof the linearregressiormodelwith meanfunction

E(log,(Ratd|x) = no + n2log,(Trks) + nslog, (ADT)
+nalog,(Len) + 75SigsT' + 76Slim
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Table2: Bootstrapsubsetestp-valuesfor the highway accidentdata.

Coeficient  p-value
loga[Acpt] 0.2290
loga[Trks] 0.2220
log2[ADT] 0.3720
logz[Len] 0.0050
Sigs1t! 0.1380
Slim 0.0450

Notethatthesyntaxusedhereis differentto thatusedn previousexamplesthemethod
:sigtest-boot-pvalue is sentdirectly to the full model (AH) with the submodel
(NH) asanamgument. Thereis no preliminarystepof settingup a bootstrapobjectr
for this method.

I cantestthe othermeanfunctioncoeficientssingly in a similarway. The p-value
estimates obtainedaregivenin Table2.

| cantestasubsebf morethanonemeanfunctioncoeficientsin asimilarway. For
exampleto testns = ne = 0 in meanfunction (5), typethefollowing:

> (send L1 :sigtest-boot-pvalue L3 :nboots 1000 :method :r-boot)
Residual  bootstrap
p-value: 0.0260

whereL1 is the nameof thelinearregressiormodelwith meanfunction (5) andL3 is
thenameof the linearregressiormodelwith meanfunction

E(logy(Ratg|x) = o + nilogy(Acpl) + n2log, (Trks)
+n3log, (ADT) + n4log, (Len)

For comparisonthe usual F-testp-valuefor thisis 0.027.

5 Further Examples

| provide examplesof the proceduresliscussedbove for two further datasets. Sec-

tion 5.1 considersa modelthat includesweightsto demonstraténow the procedures
copewith non-constantveights. Section5.2 considersa datasetwith missingvalues

onsomevariableso demonstratdow the proceduregopewith missingdata.

5.1 Particle PhysicsExample

Considerdataon anexperimentin particlephysics,wherez is the inverseof thetotal
input enegy, y measureshe total outputof particles,and S is the known population
standardleviationsof y|z for eachvalueof z. Thesedataaredescribedn Section9.2
of [1] andcanbeanalyzedn Arc by loadingthefile physics.lsp

A reasonablyoodlinearregressiormodelhasa quadratigpolynomialmeanfunc-
tion, fit with weightsequalto S—2; call thismodelL1. | thencarry out the following
bootstrapprocedures.
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> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))
> (send r :bootstrap-standard-error)
Residual  bootstrap

Coefficient Std. Error
Intercept 6.428289
X 85.642674
X2 253.673145

> (def ¢ (send L1 :bootstrap :nboots 1000 :method :c-boot))
> (send c :bootstrap-standard-error)
Case bootstrap

Coefficient Std.  Error
Intercept 15.753806
X 164.532466
X2 438.831268

Thesestandarderror estimatescomparewith the usual (linear regressionmodel
theory) estimatesof 6.46, 85.37,and 250.59respectiely. The differencesbetween
residualandcaseresamplingprobablyreflecttherelatively smallsamplesizeof tenfor
this example. An assumptiorof independencéetweenthe errorsandthe predictors
become®asietrto justify (if it is true)thelargerthe samplesize.In this casethesmall
samplesizemakesit quite hardto justify this assumptionandthis “extra uncertainty”
is reflectedin the largerbootstrapstandarderrorsfor caseresamplingwhich doesnot
malke this assumption).

> (send r :bootstrap-bias)
Residual  bootstrap

Coefficient Bias
Intercept -0.067248
X 1.841999
X2 -5.894250

> (send c :bootstrap-bias)
Case bootstrap

Coefficient Bias
Intercept -3.084323
X 20.723333
X2 -18.050084

Thesebias estimateshouldbe consideredelative to the usual(linear regression
modeltheory)coeficientestimate®f 183.83,0.97,and1597.50respectiely (andtak-
ing into accountthe standarderror estimatesalso). Again, the caseresamplingesti-
matesarelarger (in absolutevalue)thantheresidualresamplingestimates.

> (send r :display-confidence-intervals)
Residual  bootstrap

Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept

0.95 (168.557  199.104) (171.873  196.153) (174.422  200.135)
Coefficient: X

0.95 (-200.894  202.836) (-163.559  161.414) (-220.236  129.548)
Coefficient: X2

0.95 (1004.96  2190.05) (1130.02  2095.22) (1198.33  2218.94)

> (send c :display-confidence-intervals)
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Table3: Usual(two-tailed)¢-testp-valuesfor the physicsdata.

Coeficient  p-value
Intercept 0.0000

X 0.9915

x2 0.0004
Case bootstrap
Level Normal Theory Percentile Bootstrap BCa Bootstrap
Coefficient: Intercept
0.95 (168.557  199.104) (142.923  199.533) (164.268 203.067)
Coefficient: X
0.95 (-200.894  202.836) (-282.78  374.272) (-368.806  185.637)
Coefficient: X2
0.95 (1004.96  2190.05) (761.872  2639.3) (1167.75 2917.93)

The confidenceinterval estimatesalso reflectthe standarderror and bias issues
discussedbove.

> (send r :stud-boot-pvalues)
Residual  bootstrap

Coefficient p-value

Intercept 0.0000
X 0.9930
X2 0.0000

> (send c :stud-boot-pvalues)
Case bootstrap

Coefficient p-value

Intercept 0.0000
X 0.9780
X2 0.0010

For comparisonthe usual(two-tailed)¢-testp-valuesaregivenin Table3.
Finally, | testthe coeficientfor z equalto zeroanalternatve way, thatis with the
bootstrapsubsetest:

> (send L1 :sigtest-boot-pvalue L2 :nboots 1000 :method :r-boot)
Residual  bootstrap
p-value: 0.9320

whereL2 is the nameof the linear regressionmodel with meanfunction containing
only anintercepttermandz?.

5.2 SleepExample

Considerdataon sixty-two mammalspecieswhereTSis total sleepper day, BW is
bodyweight, BrW is brainweight, Life is maximumlife span,GP is gestatiorperiod,
and D, is adangerindex. Not all variablesaremeasurean eachspecies.Thesedata
are describedn Section10.4 of [1] and canbe analyzedin Arc by loading the file
sleep.Isp
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A reasonablyoodlinearregressiormodelhasthe following meanfunction

E(TSx) = o+ mlogy(BW) + nalog, (BrW) + nslog, (Life)
+n4logy (GP) + 5 D1 (6)

and constantvariancefunction. Let L1 be the nameof the linear regressionmodel
with meanfunction (6) and constantvariancefunction. | thencarry out the following
bootstrapprocedures.

> (def r (send L1 :bootstrap :nboots 1000 :method :r-boot))
> (send r :bootstrap-standard-error)
Residual  bootstrap

Coefficient Std. Error
Intercept 2.607657
log2[BW] 0.348886
log2[Brw] 0.526081
log2[Life] 0.527639
l0g2[GP] 0.490668
D1 0.950746

> (def ¢ (send L1 :bootstrap :nboots 1000 :method :c-boot))
> (send c :bootstrap-standard-error)
Case bootstrap

Coefficient Std. Error
Intercept 3.183498
log2[BW] 0.372109
log2[Brw] 0.625351
log2[Life] 0.779163
log2[GP] 0.585363
D1 0.967958

Thesestandarderror estimatescomparewith the usual (linear regressionmodel
theory)estimate®f 2.66,0.34,0.53,0.53,0.49,and0.91respectiely. Thedifferences
betweerresidualand caseresamplingagainpossiblyreflecta failure of the error dis-
tribution assumption.Thereare larger bootstrapstandarderrorsfor caseresampling
(whichdoesnot make this assumptionjhanfor residualresamplingwhich doesmake
thisassumption).

> (send r :bootstrap-bias)
Residual  bootstrap

Coefficient Bias
Intercept -0.032786
log2[BW] -0.020547
log2[Brw] 0.032676
log2[Life] -0.019615
log2[GP] -0.000090
D1 0.060512

> (send c :bootstrap-bias)
Case bootstrap

Coefficient Bias
Intercept 0.100382
log2[BW] -0.047133
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log2[Brw]
log2[Life]
l0g2[GP]
D1

0.127983
-0.121676
-0.034941

0.051909

Thesebias estimateshouldbe consideredelative to the usual(linear regression
model theory) coeficient estimatesof 19.31,0.02, —0.55, 0.43, —0.97, and —3.82
respectiely (andtaking into accountthe standarderror estimatesalso). Again, the
caseresamplingestimatesare generallylarger (in absolutevalue) than the residual
resamplingestimates.

> (send r :display-confidence-intervals)

Residual  bootstrap

Level Normal Theory

Coefficient: Intercept
0.95 (13.9479  24.6703)
Coefficient: log2[BW]
0.95 (-0.669011  0.714042)
Coefficient: log2[Brw]
0.95 (-1.61161  0.51011)
Coefficient: log2[Life]
0.95 (-0.651064  1.50249)
Coefficient: 10g2[GP]

0.95 (-1.95049
Coefficient: D1
0.95 (-5.64703

0.00792257)

-1.99287)

Percentile Bootstrap BCa Bootstrap

(13.9825  24.4952) (14.4963 24.8782)
(-0.687735 0.691718) (-0.643718 0.705958)
(-1.5596  0.531056) (-1.66774  0.442263)
(-0.584592  1.43294) (-0.531056  1.51739)
(-1.92356  -0.0262216) (-1.9221  -0.0262216)

(-5.65607  -1.91845) (-5.77184  -2.04087)

> (send c :display-confidence-intervals)

Case bootstrap

Level Normal Theory

Coefficient: Intercept
0.95 (13.9479  24.6703)
Coefficient: log2[BW]
0.95 (-0.669011  0.714042)
Coefficient: log2[Brw]
0.95 (-1.61161  0.51011)
Coefficient: log2[Life]
0.95 (-0.651064  1.50249)
Coefficient: 10g2[GP]

0.95 (-1.95049
Coefficient: D1
0.95 (-5.64703

0.00792257)

-1.99287)

Percentile Bootstrap BCa Bootstrap
(12.4558  25.025) (12.1751 24.8137)

(-0.748034  0.727619) (-0.615866  0.802303)

(-1.52022  1.13081) (-1.73165  0.597859)
(-1.58862  1.62901) (-1.41923  1.69452)
(-2.10444  0.15314) (-2.00926  0.254512)
(-5.68968  -1.82073) (-5.81219  -2.1066)

The confidenceinterval estimatesalso reflect the standarderror and bias issues

discussedbove.

> (send r :stud-boot-pvalues)

Residual  bootstrap
Coefficient

Intercept

log2[BW]

log2[Brw]

log2[Life]

10g2[GP]

D1

p-value

0.0000
0.9450
0.2980
0.4480
0.0420
0.0000
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Table4: Usual(two-tailed)¢-testp-valuesfor the sleepdata.

Coeficient  p-value
Intercept 0.0000
log2 [BW] 0.9477
logz[Brw] 0.3011
logz[Life] 0.4302
log2[GP] 0.0518
D1 0.0001

> (send ¢ :stud-boot-pvalues)
Case bootstrap

Coefficient p-value

Intercept 0.0000
log2[BW] 0.9390
log2[Brw] 0.2540
log2[Life] 0.3730
l0g2[GP] 0.0410
D1 0.0000

For comparisonthe usual(two-tailed)¢-testp-valuesaregivenin Table4.
Finally, | testthe coeficientsfor log, (BW) andlog, (Brw) bothequalto zerowith
thebootstrapsubsetest:

> (send L1 :sigtest-boot-pvalue L2 :nboots 1000 :method :r-boot)

Residual  bootstrap

p-value: 0.1610

whereL 2 is thenameof thelinearregressiormodelwith meanfunction
E(TSx) = 1o + nslogy(Life) + n4logy (GP) + 75D4

For comparisonthe usual F'-testp-valuefor thisis 0.1055.

6 Generalizations

Someotherareasn linear regressionfor which bootstrapmethodshave potentialin-
cludepredictionandvariableselection.Also, the methodsdiscussedn this reportcan
be extendedto work with generalizedinear modelsandnonlinearmodels. The com-
puterroutinesin boot.Isp  canprovide a startingpoint for theseothermethods.
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