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1 Introduction

Graphicaldisplayshave always playeda key role in regressionstudies,particu-
larly whenthe numberof predictords small. For instancejn the caseof a simple
regessiorwith asinglepredictor a scatterplobf theresponse versushe predic-
tor z canprovide usefulinformationaboutcurvaturein the meanfunction, heter
scedasticityandplausiblemodels. Identifying the main patternin the plot while
simultaneouslyecognizinggrossdeviationsfrom thatpatternis ofteneasyandso
visuallyfinding outliers,influentialcasesandregressiormixturesis possiblewith-
outtheneedto pre-specifyaparametrianodel. Theseideasareeasilygeneralized
to problemswith two predictorsvhenviewedin arotatingthree-dimensiongdBD)
plot (CookandWeisbeg, 1999,Ch. 18). Useful graphicaldisplaysof datafrom
regessionwith threepredictorscanbe obtainedby first relacingthe responsey
with adiscreteversiong constructedy partitioningits range,andthenassigning

*Schoolof Statistics, 1994 Buford Ave., University of Minnesota,St. Paul, MN 55108. This
paperwassupportedn partby NationalScience~oundationgrantDMS-9703777.



the predictorsto the axes of a 3D and markingthe pointsto correspondo the
valuesof j (seefor example,Cook1996;1998,Ch. 5).

It is generallynot possibleto constructa singlecomprehensie displayof all
the datafor a regressionwith four or more predictors. Low dimensionalviews
of conveniencesuchasthoseavailablein a scatterplotmatrix can provide use-
ful informationaboutthe distribution of y|x but canalsobe quite misleading.A
commonprocedurdan regressionswith mary predictorsis to first fit a plausible
modelandthenview thedatain low dimensionaplotsdesignedo provide infor-
mationon specificaspectof thefit. Residualplots,addedvariableplots, CERES
plots and mary othertypesfall into this cateyory (see,Cook and Weiseg 1999
for areview). However, eventhesewell-establishedyraphicscanbe misleading.
Examplesof thiswerepresentedy Cook (1994;1998,Sectionl.2).

Informative low-dimensionaéxploratorydisplaysof thedataarepossiblewith-
out the needto pre-specifya parametricnodel. The basicideais to reducethe
dimensionof the predictorvectorwith no or little lossof informationon the re-
gression. Drawing on a body of recentliteraturefor dimensionreductionand
visualizationin regressionpur focusin this articleis on methodologyandappli-
cation. Theserecentadvancedn visualizationmethodologyhave the potentialto
take onafundamentatole in theexploratoryanddiagnosticstageof aregression
analysis.Most of thediscussions atthelevel of CookandWeisbeg (1999).

All of themethodologydescribedn thisarticleis availablein Arc, aregression
computerprogramthat integratesmary standardregressionmethodwith recent
developmentsn regressiongraphics(Cook and Weisbeg 1999; hereafterCW).
Arc may be obtainedfrom the web addressvww.stat.umn.edu/ardMany but not
all of thevisualizationrmethodsavailablein Arc aredescribedn CW. Onepurpose
of this article is to describevisualizationmethodologyis availablein Arc but is
notdescribedn CW.

OUTLINE HERE WITH FURTHER REFERENCESTO CW. mentionthat
someextensionof thelanguagen CW is necessary

2 Dimension Reduction

Considerregressiorwith univariateresponseariabley andp predictorse, . . . , z,
whichwe collectin thep x 1 predictorvectorx = (z;). Theoverarchinggoal of
aregressionanalysisis to understandchow the conditionaldistribution of the re-
sponsg, givenx depend®nthevalueassumedy x (CW, Ch. 2). While attention
is oftenrestrictedto the meanfunction E(y|x) andperhapghe variancefunction



Var(ylx), in full generalitythe objectof interestis the conditionaldistribution of
y1x.

The studyof y|x in practicemay be problematicwithout restrictve assump-
tions, exceptperhapsn situationswheredataare plentiful andthe dimensionof
x is small. For example,the mostcommonassumptioris thaty dependon x
througha linear model (CW, Ch. 6-17),which severely restrictsthe way thaty
candependnx. In this article we take a differentapproactbasedon dimension
reduction.

Dimensionreductionwithout loss of informationis a dominantthemeof re-
gressiorgraphics:Wetry to reducehedimensiorof x withoutlosinginformation
onylx, andwithout requiringa pre-specifiegparametrianodelfor y|x. Borrow-
ing terminologyfrom classicalstatistics,we call this suficientdimensionreduc-
tion. Sufficient dimensionreductionleadsto the pursuit of suficient summary
plots (CW, Ch. 18) which containall of the informationon the regressiorthatis
availablefrom the sample.

Thereare a variety of approacheso the graphicalexploration of regression
dataandthe pursuitof “interesting” low-dimensionalprojections. The approach
basedon sufficient dimensionreductiondiffers from othersbecauset restson
views thatcontainall theregressiorinformation.

In regressiorgraphicswetry to reducethedimensionof x by finding smallest
numberof linear combinationsof x, say87x, ..., 85, sothatfor all 5 andall
valuesof x

PI’(y S y0|x) = PI’(y S y0|:3C1FX7 e 7:35}{)
Pr(y < yO\BTX) (1)

wherefor notationalcorvenienceB is the p x d matrix with columnsg;, j =
1,...,d. Thisequationplacesno restrictionson the regressiorsinceit is always
truefor somed < p. For example,takingd = p andchoosing3; to bethep x 1
vectorwith alin the jth positionandQ’s elsevherewe obtain

Pr(y < yo|x) = Pr(y < yo|z1,...,xp)

whichis alwaystrue. Thus(1) represents very generaway of summarizinghe
data.

If (1) istruethenwe canreplacehep x 1 predictorvectorx with thed x 1 vec-
tor of linearly combinationsB” x without lossof informationon the regression.



We call theindividual Iinearcombinationsﬁfx suficientpredictorst becauséhey
containall theregressionnformationthatx hasabouty. The minimal numberd
of sufficient predictorsis calledthe structural dimensionof the regression(CW,
Section18.3);we referto regressionashaving 1D,.. . ,dD structure.

If d is atmost2 or 3, which often seemdo bethe casein practice,andB is
known, thenasdescribedoriefly in Sectionl, we canconstructa graphicaldis-
play of y versusthe sufficient predictorsB? x that containsall of the regression
information. Suchsuficient summaryplots canbe very usefulexploratorytools
and usedto formulatemodels,identify anomaliesand generallyguide the sub-
sequentanalysis(CW, Ch. 18). If an estimateB of B is known thenwe can
proceedsimilarly usingthe estimatedinearcombinationdB”x. To helpfix ideas,
we next describeseveralmodelsandhow they relateto the dimensionreduction
representatiofil). Methodsfor estimatingB will bediscussedaterin thisarticle.

2.1 Structural Dimension

If aregressiorhasOD structurgd = 0), theny isindependentf x, andthe predic-
torscontainno informationabouttheresponseln suchcasesa simplehistogram
or othergraphicalrepresentatiof the mamginal distribution of y is a sufficient
summaryplot. If d = 1 thenall the informationabouty thatis available from
x is containedin a single linear combinationd] x, anda plot of y versus@? x
is a sufficient summaryplot for the regression.Under 2D structureall the infor-
mationabouty thatis availablefrom x is containedin two linear combinations
(B1x, B;x), anda three-dimensiongblot of y versus(3] x, B x) is a sufficient
summaryplot for theregression.

Eachof the following regressionmodelsis an exampleof a regressionwith

1The sufficient predictorsare not uniquesinceary Iinearcombinationzj ajﬂij of the suf-

ficient predictorsis a sufficient predictor More generally if BYx is a vectorof d sufficient pre-
dictorsand A is ary d x d full rankmatrix then AB”x is anothersetof d sufficient predictors.
However, sincethe distribution of y| AB”x is the sameasthe distribution of y| B x, a plot of y
versusA BT x containghesamestatisticainformationasaplot of y versusB”x andconsequently
the nonuniquenessf sufficient predictorsis not normally a worrisomeissuein practice.Starting
with any vectorof sufiicientpredictorsB” x, it is oftendesirableio chooseA to beasquareootof
BT Var(x)B sincethenthe new vector AB” x of sufficient predictorswill be uncorrelatedpften
leadingto improvedresolutionin plots.

ThevectorBT x containsaminimalsetof suficientpredictors. If we addary linearcombination
a”x to asetof sufficient predictorswe obtainanotheisetof sufficientpredictorsalthoughit need
not be minimal. While we alwaystry to find a minimal setof sufficient predictors,substantial
dimensiorreductionis oftenpossiblewithout minimality.



1D structure,

y = B+ Alx+oe @
JY = fo+ Blx+oe @
y = m(Bix)+oe 4)
y = m(BIx) + V(BT )e ®
P =
g (D=0 ) = sl ©

wheree is an error thatis independentf x. Model (2) is the standardinear
regressiormodel. In (3) we have a linear regressionrmodel after someresponse
transformatiorrepresentedby the unknavn parameterh. The meanfunctionin
(4) is E(y|x) = m(BTx), wherethe kernelmeanfunctionm may be unknown
or known, but it dependson only one linear combinationof the predictorsand
thusthe regressionstill has1D structure.Similarly, in (5) both the kernelmean
functionm andthe kernelvariancefunctionv'/? may dependon 87 x. Many of
theusualgeneralizedinearmodelsrepresentegressionsvith 1D structure.This
is illustratedin (6) which describedogistic regression(y = 0 or 1) with mean
functionthatdepend®n a singlelinear combinationof the predictors.The class
of regressionmodelswith 1D structureis quite large and covers mary models
usedin practice.

A modelwith 2D structurecanbe considerablynorecomple thana regres-
sionwith 1D structure.Themodels

y = m(B]x,B3x)+ V(B8] x,Brx)e

Pr(y =0) T T
log (m) = m(Bix,B8;x)
areexamplesof regressionsvith 2D structureprovided3, andg, arenotcollinear

For furtherbackgroundn structuraldimensiorandsummaryplots,seeCW (Ch.

18)andCook(1998,Ch. 4-6).

The structuraldimensiond of aregressions anindex of its compleity. Re-
gressionswith d = 0 aretrivial. Regressionswith d = 1 canbe much more
complicatedbut areusuallylesscomplicatedhanregressionsvith 2D structure,
andso on. The structuraldimensionand sufficient predictorsB?x of a regres-
sionwill generallybeunknavn. In the next sectionwe discussconditionson the
maiginal distribution of x thatarenecessaryo estimate¢hesequantities.Thenin
Sectiord wediscusanethoddor estimatinghem,leadingeventuallyto estimated
suficientsummaryplots



3 Constraintson x Necessary for Estimation

Thereare several methodsfor estimatingsufficient summaryplots or properties
thereof.While thereareno restrictive constraintgplacedon the conditionaldistri-
bution of y|x, someconstrainton the maginal distribution of x arenecessarfor
estimatingsuficient predictors.

3.1 Linearly Related Predictors

Thekey conditionthatwe will assumehroughoutherestof this articleis that
E(X;B"x) = a; + bl (B'x), j=1,...,p ()

Themeanfunctionfor theregressiorof the jth original predictoron the sufficient
predictorsshouldbe linear or approximatelyso (SeeCW, Ch. 19). Thisrequire-
mentconstrainghe mamginal distribution of x andnotthe conditionaldistribution
of y|x asis usualwhenmodelingin practice. Li (1991) emphasizedhat this
conditionis not a severerestriction,sincemostlow-dimensionaprojectionsof a
high-dimensionatlatacloud are closeto beingnormal (Diaconisand Freedman
1984;Hall andLi 1993). Condition(7) is requiredto hold only for the sufficient
predictorsB”x. SinceB is unknown, in practicewe may requirethatit hold for
all possibleB, whichis equialentto elliptical symmetryof the distribution of x
(Eaton1986)includingthenormal. We referto predictorssatisfyingthis expanded
conditionaslinearly relatedpredictors (CW, Ch. 19).

The requiremenf linearly relatedpredictorsis not very crucialin practice,
but substantiableparturesancauseproblems.We have foundthat simultaneous
coordinatevise power transformation®f positive predictorscanhelpinducelin-
early relatedpredictorsto a useful approximation(CW, Section19.4). Letting
+? = (X* = 1)/ for A # 0 andz®) = logz for A = 0, theideahereis to find
powertransformations\; sothatthevector

T(x)= (XM, j=1,...,p

of transformedpredictorsis apporximatelymultivariatenormal(Velilla 1993). A
seriesof strictly monotoniccoordinatevisetransformationd’(x) of the predictor
vectorx doesnot causeary difficulty for the methodsdiscussedn this article
becausehe distribution of y|x is the sameasthatof y|7'(x). Sinceno modelis
beingassumedor y|x, the consequencef a predictortransformationis just to
changehe mannetin which the conditionaldistributionsareindexed.
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3.2 Constant Covariances

In additionto linearly relatedpredictors,somemethodsalsorequirea constant
covarianceconditiononthe predictors:

Cov(X;X;,|B"x) =0y, j,b=1,...p (8)

This conditionseemdessimportantthatthe linearity condition, but againprob-
lemscanariseif the departuresre substantial.Using power transformationgo
multivariatenormality helpsinsurethe constantcovarianceconditionin addition
to linearity relatedpredictors.Othermethoddor insuringboth conditionswill be
disussedaterin this article.

4 Estimation Methods

Thereare several methodsfor inferring aboutsufficient summaryplots. All are
basedon estimatingp linearcombinationsf the original predictorx:

AT

T B%X

T2 X
X = —- W = '82
AT

:L'p ,BpX

The p estimatedinear combinationsB?x are orderedon the “lik elihood” that
they will be neededn a sufficient summaryplot. Thefirst d linearcombinations
BTx,..., B x estimatethe sufiicient predictors.If d = 0 thennoneof thelinear
combinationdgs needed.If d = 1 thenonly the first is neededand a plot of y

versus@, x is the estimatedsummaryplot. Similarly, if the structuraldimension
d = 2 thenonly the first two estimatedinear combinationsare neededand a

three-dimensiongllot of y versus(BlTx, BQTx) is the estimatedsummaryplot.
Thereareboth graphicalandnumericalmethoddor finding the vectorw of
linearly transformedredictors With p = 2 predictorst is possibleto useasingle
3D plot to estimated and W graphically This methodologyis discussedn CW
(Ch. 18). Whenp > 2, a seriesof 3D plots canbe usedto performthe same
tasksusinga procedurecalledgraphical regression(CW, Ch. 20). A scatterplot
matrix in Arc canbe usedto checkvisually for linearly relatedpredictors,find



normalizingpower transformation®f the predictorsif necessaryand decideif
thedataareconsistentvith the possibilitythatd < 1 (CW Ch. 19).

Therearefour primarynumericaimethoddor producingthevectorw. While
eachis designedo estimatesufficient predictors gachhasits own advantagesnd
disadwantagesiependingon the compleity of the regression.The four methods
are:

e OLSandothermethodshasecdbn corvex objective functions,
e SlicedInverseRegyressionSIR; Li 1991),
e SlicedAverageVarianceEstimation(SAVE, CookandWeisbeg 1991),and

e PrincipalHessiarDirections(pHd; Li 1992)

4.1 Ordinary least squares (OLYS)

If the predictorsare linearly related,d = 1 andthe covariancebetweeny and
x is not zerothenthe coeficient 3, of the single sufficient predictor 37 x can
be estimatedasthe coeficient vectorb of x from the ordinary leastsquareit
of y onx, including anintercept. The estimatedsufficient summaryplot is then
just the plot of y versusthe fitted valuesy = a + bTx from this samefit. This
conclusionwhichis calledthe 1D estimatiorresultby CW (Sectionl19.3),seems
guite importantand may be onereasonfor the succesof OLS estimationover
theyears.It is worth emphasizinghat OLS is beingusedhereonly asa method
for summarizinghe dataandthatno modelfor y|x is assumedIf the structural
dimensionis greaterthan1 thenthe OLS fitted valuesstill estimatea sufficient
predictor althoughthereis no way to tell which one.

Fitting methodsotherthan leastsquarescan be usedaswell, provided that
they arebasedon objective functionsthatarecorvex in b”x. For example,if the
responses binary taking the valuesy = 0 andy = 1 thenit may desirableto
fit usinglogistic regression(6) asa methodof summarizinghe data. Additional
discussionof this result, was given by Li and Duan (1989) and Cook (1998a,
Proposition8.1).

4.2 Sliced Inverse Regression (SIR)

Sliced inverseregressionas proposedoy Li (1991)is a methodfor estimating
sufficientpredictorsvhend > 1. It requiredinearly relatedpredictorsandbegins
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by replacingthe responsey with a discreteversiong constructedy partitioning
therangeof y into H non-overlappingslices.SIR is thenbasedn theregression
of § on x. The numberof slicesH is a tuning parametemuchlik e the tuning
parametersncountereth thesmoothinditerature.lf 37x is asufficientpredictor
for theregressiorof 7 on x thenit is alsoa sufficient predictorfor the regression
of y onx. However, the reverseneednot be true. If H < d thenthe setof
sufficient predictorsfor § on x will necessarilyexclude someof the suficient
predictorsfor theregressiorof y onx. Our experiencendicateshatgoodresults
areoftenobtainedby choosingH to besomewhatlargerthand + 1, trying afew
differentvaluesof H asnecessaryChoosingH very muchlargerthand should
generallybe avoided Slicing maynotbe necessaryheny is qualitative or takes
on few valuessincethenwe cansety = y. For furtherdiscussiorof foundations,
the numberof slicesandimplementatioralgorithms,seeCook (1998a,Ch. 11),
CookandWeisbeg (1994)andLi (1991).

Having selectedhe numberof slices,the next stepis to formthep x p matrix

H
M = Z fsiszz (9)
s=1

wheref, is thefraction of obsenationsfalling in slice s, andz, is the averageof
thesamplestandardizegredictorvector

zi:\//ar(x)_%(xi—i), 1=1,...,n (20)

for they’'sin slices, s = 1,..., H. HereVar(x) is the usualestimateof the

covariancematrix of x, andx is the samplemeanof the predicorvector Let

uy, ..., 0, be the eigervectorsof M., correspondingdo its eigervalues); >
L > 5\,,. ThentheestimateotoeficientvectorsBj aregivenby

B, =Var(x)"*iy, j=1,...,p (11)

We call the correspondingastimatecbredictorsﬁjx, j=1,...,p, theSIRpre-
dictorsto distinguishthemfrom othertypesdiscussedaterin thearticle.

A plot of y versusthe first two SIR predictorsanda marked plot of i versus
thefirst threeSIR predictorsareusuallyinformative in practice. However, to be
mosteffective, we requirea methodfor inferring aboutd sinceit will typically be
unknown.

2In Arc, thedefault numberof slicesis 8.



4.2.1 Normal Theory Testson d

Assumingthatthe SIR analysisdoesnot missary suficient predictorsin theory
we canestimatel by performinga seriesof hypothesigestsusingthe statistic

~ p ~
Ap =n A (12)
.

J=m

Underthe assumptiorof normallydistributedpredictorsLi (1991)proved A, has
anasymptoticchi-squaraistributionwith (p — d) (H — d — 1) degreesof freedom.
Consequentlywe canestimated asfollows: Beginning with m = 0, compare
A, to the percentaggpoints of its distribution underthe hypothesisi = m. If

it is smaller thereis no informationto contradictthe hypothesis.If it is larger,

concludethatd > m, incrementm by 1 andrepeatthe procedure.The estimate
d = m follows when A,,,_; is relatively large, implying thatd > m — 1, while

A,, is relatively small, so thereis no informationto contradictthe hypothesis.
For furtherdiscussiorof this testingprocedureandthe distribution of A,,, without
the assumptiorof normalpredictors,seeCook (1998a,Ch. 11). BuraandCook
(2000)studiedextensionsof Li’ s chi-squardestthatdo not requirenormally dis-

tributedpredictors.

422 Permutation Testson d

In additionto thenormaltheorytestsdiscussedn Section4.2.1Arc alsoprovides
a nonparametripermutatiortestfor d thatdoesnot requirenormally distributed
predictors.To testthe hypothesisi = 0 versusd > 0, then valuesof theresponse
are permutedrandomly C' times. For eachpermutation,the value f\g’“) of test
statistic(12) with m = 0 is computed,k = 1,...,C. The p-valueis thenthe
fraction of the f\é’“)’s that exceedthe value A, of the teststatisticfor the actual
data.Theprocedurdor testingd = 1 versusd > 1 is the sameexcepttheindices
1 of thepairs(yi,BlTxi), i =1,...,n arerandomlypermuted” times. Similarly,
to testd = d, versusd > d,, randomlypermutethe indicesof the (dy + 1) x 1
vectors(yi, B; i, - . . ,BdToxi). Theprocedurdor estimatingd is thenthe sameas
thatdescribedor the normaltheorytest.

In generalthis permutationtestproceduredoesnot estimated but insteades-
timatesan upperboundon d. Consequentlythe proceduremay endwith more

. ~T . .
predictors@; x thatarereally necessaryHowever, if the predictorsarenormally
distributed,thenthe permutationproceduredoesestimated andthe permutation
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estimateis very often the sameasthe normaltheory estimatediscussedn Sec-
tion4.2.1.

The permutationprocedurefor estimatingd is quite generalandcanbe used
with the other numericalesitimationproceduresliscussedn this article, in ad-
dition to mary others. Permutationtestswere proposedoy Cook and Weisbeg
(1991)anddevelopedby CookandYin (2000).

4.2.3 Bivariate Responses

ThetheorybehindSIR doesnot requirethaty be univariate,andit holdsequally
for multivariateresponsesAn implementatiorof SIR for bivariateresponsess
provided asa supplemento Arc. This may be usefulin a numberof contets,
including the study of neteffectsof singlepredictorsz; in linear models(Cook
1995).

424 Limitations

While SIR canbe aneffective procedurat canalsomissimportantsufficient pre-
dictors. In particular it is not effective at finding sufficient predictorsthat occur
in symmetricrelationships.For example,supposex follows a standaranormal
distribution andthat

Y= x% + oe

Thenz, estimated) in all slicesand SIR will fail. The sametype of situation
happensn morecomplicatednodelslike

y =P+ Bix+ (B3x)* +oe

Now SIR shoulddetectthefirst sufficient predictor8x but missthe secondsuf-
ficient predictor32x. The SAVE methoddiscussedn the next sectionhasthe
ability to find moreof the sufficient predictorsandis moreis comprehensie than
SIR.

4.3 Sliced average variance estimation (SAVE)

SAVE wasoriginally proposediy CookandWeisbeg (1991)anddevelopedfur-

ther by Cook andLee (1998) and Cook and Critchley (2000). A discussionof

basicmethodologywas given by Cook (2000). It requiresboth linearly related
predictorsandthe constantovariancecondition.
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Like SIR, SAVE beginsby constructingaslicedversiong of . Next, construct
thep x p matrix

H
Misuyve = Z fs(I - 25)27 (13)
s=1

where3:, theestimatectovariancematrix for thevectorof standardizegredicors
(20)within slices. TheremainingcalculationsunderSAVE now parallelthosefor

SIR.Letay, ..., 1, betheeigervectorsof M.,..» correspondingpo its eigervalues
A1 > ... > ),. Thenthe estimatectoeficientvectors3, areagaingivenby

A

B; =Vai(x) 7y, j=1,...,p (14)

The correspondingastimateqoredictorsﬁfx, j =1,...,p, arecalledthe SA/E
predictors.

Like SIR, a plot of y versusthefirst two SAVE predictorsanda marked plot
of ¢ versusthe first three SAVE predictorsare usually informative in practice.
Asymptoticnormaltheorytestproceduregor estimatingd underSAVE areavail-
ableonly in specialcaseqCookandLee 1999). Generally we recommencesti-
matingd by usingpermutatiortests. Theseestimatesareconstructedasoutlined
in Section4.2.2in the contet of SIR. In particular the sameteststatistic(12) is
usedexceptthe eigervaluesarecomputedrom M, .

4.4 Principal Hessian directions (pHd)

pHd was proposedoy Li (1992),and extendedby Cook (1998b). Like SAVE it
requiresboththelinearity conditionandthe constantovariancecondition.
To find the pHd predictors, let a4, . . ., @i, bethe eigervectorscorresponding
to thesquareceigervaluesi? > ... > A2 of thep x p matrix
. 1™
MpHd = ﬁ Z(yz - g)ziz;fr (15)

i=1

wherez is the standardizegredictor(10). Thenthe estimatedctoeficient vectors

A

B, areagaingivenby
B; =Var(x) 3y, j=1,...,p (16)

The correspondingpHd predictorsﬁfx areusedin the generalsameway asthe
SIR or SAVE predictors.
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pHd is betterat estimatingsufficient predictorsthat correspondo nonlinear
trendsin the datathanit is at estimatingsufficient predictorsthat correspondo
lineartrends(Cook 1998b).For this reasorpHd seemgo be mosteffective when
usedasa modeldiagnostic replacingthe response; with theresiduals: from a
fitted linearmodel. Whenusedin thisway d is theminimumnumberof sufficient
predictorsfor theregressiorof theresiduals onx.

Thefollowing teststatisticis usedto estimated underthe pHd methodin the
sameway asthe SIR andSAVE teststatisticsareused:

Am(y) = Z 2 (17)

2Var( Jj=m+1

whereVar(y) is theusualestimateof themamginal varianceof y. Thisteststatistic
is written asa functionof y sothatwe canwrite A, () whenusingresiduals As-
sumingnormally distributedpredictorsandthat pHd doesnot missary sufficient
predictorsin theory [\m(r) is distributedasymptoticallyasa chi-squaredandom
variablewith (p — d)(p — d + 1) /2 degreesof freedom.This thenis thereference
distribution for estimatingthe structuraldimensionof the regessiorof r on x us-
ing the generattestproceduredescribedn Section4.2. If the modelproducingr
is truethenthe structuraldimensionof theregressiorof » onx is zero.

The asymptoticdistribution of f\m(y) is a linear combinationof chi-squared
randomvariableswith unknonvn coeficientsthatmustbe estimatedrom thedata
for usein practice.Sincethis distributionis relatively complicatedandtheremay
bedoubtaboutthe accurag of theapproximationt provides,we recommendhe
useof the permutationtestprocedurefor estimatingthe structuraldimensionof
theregressiorof y onx underpHd.

45 Discussion

4.6 Checkingthe Conditions

It is prudentat the outsetof an analysisto checkfor linearly relatedpredictors
andconstantovariancesThis canbe doneby viewing a scatterplotnatrix of the
predictors(CW, Section19.2). If thereare no strongnonlinearrelationshipsor

clearlynonconstantariancesn theindividual plots of the matrix, the conditions
are probablysatisfiedto a reasonable@pproximation. A scatterplotmatrix pro-
videsa necessaryput not sufficient check.Neverthelessit seemgo work well in

practice.
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Pawvertransformation®f positive predictorso approximatgoint normalityis
often an effective remedywhenthereis clearcurvatureor heteroscedasticitin
thescatterplomatrix (CW, Section19.4). In addition,it maybe possibleto move
closerto multivariatenormality by introducingpredictorweights. Theideahere,
asdevelopedby Cook andNachtsheim(1994),is to modify the jump heightsof
theempiricaldistribution of the standardizegredictorz sothattheweightedem-
pirical distirbution matchesa target multivariatenormal with covariancematrix
o%I, whereo is a use-selectedtandarddeviation. The meanof this tametdistri-
butionshouldbeatthecenterof thedata,typically thesamplemeanor L; median.
Valuesof o betweerD.5and1 seento work the bestin practice.Theweightscan
be determinedusing a Monte Carlo routinethat is availableasa supplemento
Arc. Theweighedempiricalpredictordistribution canthenusedin OLS, SAVE,
SIR andpHd.

4.7 General Operating Characteristics

While it hasbeendemonstratedhat SAVE, SIR and pHd canyield very useful
resultsin practice they areall fallible in theright situations.SAVE is mostcom-
prehensie. In theory it will find all the sufficient predictorsfound by SIR and
pHd plus ary otherspresentin the regression. This increasedlexibility comes
with a price, however. In effect, SIR and pHd looks throughcertainclassesof
linearcombinationsn their searchfor sufficient predictors.SAVE looksthrough
a larger classof linear combinationghat includesthoseconsiderediy SIR and
pHd. Relatvely straightforward structurethat canbe detectedwith SIR or pHd
may be harderto detectwith SAVE, particularlywhenp is large. In suchsitua-
tionsthe summaryplotsproducedby SAVE maynot beascrispor informative as
thosebasedn SIR or pHd. We nearlyalwaysuseboth SIR andSAVE in practice
andusuallyfind thatcomparingtheir solutionsis informatie.

SIR doeswell at finding directions3; in which therearelinear trendsin the
meanfunctionE(y|x). The samplecorrelationbetweerthe OLS fitted valuesand
thefirst SIR predictoris typically quitelarge. SIR canalsofind directionsin which
thevariancefunctionVar(y|x) is not constantThis propertymaybe usefulwhen
using SIR asa modeldiagnostic,replacingthe response; with residuals- from
alinearmodel. However, SIR is generallyineffective at finding curvaturein the
residualmeanfunctionE(r|x).

Ontheotherhand,pHd is arelatively specializednethodthatseemgo work
particularly well for finding cunvaturein the residualmeanfunction E(r|x). It
doesnotseento work aswell asSIR or SAVE for finding directionsin whichthe
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residualvariancefunction Var(r|x) is not constant.It canbe appliedwith y as
well but its operatingcharacteristicarenot a well understood.

4.8 Nature of the Response

Therearenorestrictiongplacedontheresponse by ary of themethodslIt canbe
continuousdiscreteor qualitatve. Indeed,SIR andSAVE seemto work particu-
larly well in discriminantanalysisvheretheresponsés oftena classificatiorlike
s&, locationor speciegCookandYin 2000). Also, the SIR and SAVE predic-
torswill staythesamewhentheresponseés replacedwith arny strictly monotonic
transformationln someregressionshe visualresolutionof summaryplots might
beimprovedby transformingtheresponseattheoutset.

4.9 Estimating the Structural Dimension

The permutationtest procedurefor estimatingthe structuraldimensionof a re-
gressiornis quitegeneralandcanbe appliedwith any of the methodsdiscusseadn
thisarticle. Thelargesampledistribution of A4 is know for SIRappliedto eithery
or r andfor pHd appliedto r. For othersituationsve recommendhe permutation
test.

It is alsopossibleto estimatehe structuraldimensionof aregressiorvisually.
Thisinvolvesusingthe SAVE, SIR or pHd predictorsn graphicalregession(CW,
Ch. 20). In effect, thesemethodsare useas pre-processorfo constructlinear
combinationsof x thatare orderedbasedhe likelihoodthatthey areestimating
sufficient predictors.The method-specifipredictorsarethenstudiedgraphically
using a seriesof 3D plots, endingwith a summaryplot and an estimateof the
structuraldimension.

4.10 How the Methods Work

Theinformationthat SIR and SAVE useto form their predictorscomesfrom the
columnof p inverse responseplots, z; versusy, in a scatterplotmatrix of the
predictorsandthe response CW (Section19.5) describehow to usethe inverse
responselotsto assessisually if the dataareconsistentvith the possibilitythat
d < 1orif d > 1 isindicated. SAVE and SIR usethe samedatato extract
additionalinformationon the structuraldimensionandto estimatesufficient pre-
dictors. They measuréheshapeof theinverseresponselotsby first replacingthe
responseg with adiscreteversiony constructedy partitioningtherangeof y into
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H slices.SIR thengaugeshe shape®of theinversemeanfunctionsk(x|y), while
SAVE gaugesheshapef theinversefunctionsE(x|y) andtheinversevariance
functionsVar(x|j) simultaneously

pHdgainsits informationfrom the covariancedetweertheresponséor resid-
uals)andthe productsof the standardizegbredictorsz;z;, j,k = 1,...,p. Thus
it is amamginal methodthatdoesnot requireslicing. pHd doesnot have a tuning
parametera propertythatmightbe seenasanadwantage Assumingthatthe pop-
ulation standardizegbredictorz = Var(x)'/?(x — E(x)) is normally distributed,
the pHd matrix MpHd is anestimateof the averageHessiammatrix

for themeanfunction(Li 1992). Thustheeigervectorsof Mpad estimatehe prin-
cipal directionsof the Hessianmatrix. The name“principal Hessiandirections”
may notbeapplicablewhenz is notnormalbecauséhe connectiorwith the Hes-
sianmatrix maybelost.

5 1llustration

In this sectionwe illustratehow to useArc for the methodologydiscussedin this
article. Familiarity with Arc atthelevel of CW is assumed.

5.1 Supplemental Arc Files

Threesupplementdiles, all availableatthe Arc Internetsite,areneededo imple-
mentsomeof the methodsdiscussedh this article. They shouldbe loadedbefore
loadingthe datasetto beanalyzed.

PermTest.Isp Thisfile containsthe codeto performthe permuationgestson the
structuraldimesionof the regression.It causesa new item — Permutation
tests—to appeain inverseregressiommodelmenus.Selectinghisitem will
produceadialogboxfor thenumberof permutationsAfter completingthis
dialog, the output, which is illustratedlater in this section,will appearin
thetext window. Thecomputatiorof the permutatiortestsmaytake several
minutesif the datasetor numberof permutationss large.
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BivSir.Isp This file containsthe codefor bivariate SIR. It causeghe item Fit
Bivariate SIRto appeaiin the graph&fit menu. Useof this menuitem will
bedicussedaterabit later.

Reweight.Isp The codefor determiningpredictorweightsfor multivariatenor-
mality, asdiscussedn Section4.6,is containedn thisfile. It produceghe
menuitem Reaveightfor Normality in the datasetmenu. The dialog pro-
ducedby thismenuitemallowstheuserto selecthepredictordor reweight-
ing, specifythevalueof ¢ andthenumberof MonteCarlotrials,andchoose
eitherthesamplemeanor L; medianasthe centerof thetargetnormaldis-
tribution. After the calculationsare finished,the weightsare addedto the
datasetandarethenavailablefor usein ary inverseregressiormethod.The
weightsaddedto the datasethave namesof the form “pwt-sigma” where
“pwt” standdor predictorweightand“sigma” is thevalueof o suppliedin
thedialog.

We usethe Australianathletesdata(CW, Section19.6)to illustrate how Arc
canbe usedto producesummaryplots. The responsevariableis an athletedean
body mass,LBM. Therearethreepredictorsredcell countRCC heightHt and
Wit.

5.2 Checking the Conditions

We first inspecteda scatterplotmatrix of the predictors.We concludedthatcase
165is outlying andthatit may distortthe results. We deletedthat from the data
for all calculationswith the intention of restoringit in the final summaryplot.

Theredidn’t seemto be ary strongnonlinearitiesamongthe predictors put some
nonconstanvarianceseemeaisually evident. Consequentlywe usedArc to find

normalizing power transformationsof the predictors(CW, Section19.4). The

resultsndicatedthat Wt shouldbetransformedo logs,while notransformatiorof

theothertwo predictorsvasindicated.Consequentlywe usedthethreepredictors
x = (RCG Ht, log(Wt))T for theanalysis.

5.3 Dimension Reduction

The setupandoutputfor SAVE, SIR andpHd arequitesimilar. Consequentlyve
use SIR for the primary illustration and indicate how the outputfor SAVE and
pHd differs.
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Theitem Inverseregressionn the Graph&Fitmenuproducesa dialogbox for
selectingthe predictorsandthe responseandfor choosingthe methodby using
theradiobuttonson theright of the plot. Threemethodsareavailableby default:
SIR, SAVE andpHd appliedto theresidualdrom the OLS regressiorof y onx.

Default I nver se Regression Output from Arc.

Inverse  Regression SIR

Name of Dataset = AIS

Name of Fit = 118.SIR
Response = LBM

Predictors = (RCC Ht log[Wt])
Deleted cases are:

(165)

Number of slices =6

Slices sizes are: (35 34 34 35 34 29)
Std. coef. use predictors scaled to have SD equal to one.

Coefficients Lin Comb 1 Lin Comb 2 Lin Comb 3
Predictors Raw Std. Raw Std. Raw Std.
RCC -0.143 -0.301 0.441 0.729  -0.116 -0.160
Ht -0.006 -0.272 0.006 0.217 0.025 0.783
log[Wt] -0.990 -0.914 -0.897 -0.649 -0.993 -0.601
Eigenvalues 0.832 0.145 0.016
R™2(OLS| SIR lin  comb) 0.999 0.999 1.000
Approximate  Chi-squared  test statistics based on partial

sums of eigenvalues times 201

Number of Test

Components Statistic df p-value
1 199.58 15 0.000
2 32.295 8 0.000
3 3.1889 3 0.363

Per mutation Tests.

Permutation pvalues for
sums of eigenvalues times 201

Number of permutations: 500
Number of Test Permutation
Components Statistic p-value
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1 199.58 0.000
2 32.295 0.000
3 3.1889 0.142

Availability. SIR and SAVE are available througha point-and-clickinterface
in the regressionprogramArc (Cook and Weisbeg 1999)which is available at
theinternetsite http://www.stat.umn.edu/ard.he programincludesmuchrelated
methodologyaswell.
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