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1 Introduction

Graphicaldisplayshave alwaysplayeda key role in regressionstudies,particu-
larly whenthenumberof predictorsis small.For instance,in thecaseof asimple
regessionwith asinglepredictor, ascatterplotof theresponse� versusthepredic-
tor � canprovide usefulinformationaboutcurvaturein themeanfunction,heter-
scedasticityandplausiblemodels.Identifying themainpatternin theplot while
simultaneouslyrecognizinggrossdeviationsfrom thatpatternis ofteneasy, andso
visuallyfindingoutliers,influentialcasesandregressionmixturesis possiblewith-
out theneedto pre-specifyaparametricmodel.Theseideasareeasilygeneralized
to problemswith two predictorswhenviewedin arotatingthree-dimensional(3D)
plot (CookandWeisberg, 1999,Ch. 18). Usefulgraphicaldisplaysof datafrom
regessionswith threepredictorscanbe obtainedby first relacingthe response�
with adiscreteversion �� constructedby partitioningits range,andthenassigning�
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the predictorsto the axesof a 3D andmarking the points to correspondto the
valuesof �� (see,for example,Cook1996;1998,Ch. 5).

It is generallynot possibleto constructa singlecomprehensive displayof all
the datafor a regressionwith four or morepredictors. Low dimensionalviews
of conveniencesuchas thoseavailable in a scatterplotmatrix canprovide use-
ful informationaboutthedistribution of ��� 	 but canalsobequitemisleading.A
commonprocedurein regressionswith many predictorsis to first fit a plausible
modelandthenview thedatain low dimensionalplotsdesignedto provide infor-
mationon specificaspectsof thefit. Residualplots,addedvariableplots,CERES

plots andmany other typesfall into this category (see,Cook andWeiserg 1999
for a review). However, eventhesewell-establishedgraphicscanbemisleading.
Examplesof thiswerepresentedby Cook(1994;1998,Section1.2).

Informativelow-dimensionalexploratorydisplaysof thedataarepossiblewith-
out the needto pre-specifya parametricmodel. The basicideais to reducethe
dimensionof thepredictorvectorwith no or little lossof informationon the re-
gression. Drawing on a body of recentliteraturefor dimensionreductionand
visualizationin regression,our focusin this article is on methodologyandappli-
cation.Theserecentadvancesin visualizationmethodologyhave thepotentialto
takeonafundamentalrole in theexploratoryanddiagnosticstagesof aregression
analysis.Mostof thediscussionis at thelevel of CookandWeisberg (1999).

All of themethodologydescribedin thisarticleis availablein Arc, aregression
computerprogramthat integratesmany standardregressionmethodwith recent
developmentsin regressiongraphics(Cook andWeisberg 1999; hereafterCW).
Arc maybeobtainedfrom thewebaddresswww.stat.umn.edu/arc.Many but not
all of thevisualizationmethodsavailablein Arc aredescribedin CW. Onepurpose
of this article is to describevisualizationmethodologyis availablein Arc but is
notdescribedin CW.

OUTLINE HERE WITH FURTHER REFERENCESTO CW. mentionthat
someextensionof thelanguagein CW is necessary.

2 Dimension Reduction

Consideraregressionwith univariateresponsevariable� and
 predictors�
���������������
which we collectin the 
���� predictorvector 	���� ���! . Theoverarchinggoalof
a regressionanalysisis to understandhow the conditionaldistribution of the re-
sponse� given 	 dependsonthevalueassumedby 	 (CW, Ch. 2). While attention
is oftenrestrictedto themeanfunctionE �"� 	  andperhapsthevariancefunction
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Var#"$ %'& , in full generalitytheobjectof interestis theconditionaldistribution of$ % .
Thestudyof $�( % in practicemaybe problematicwithout restrictive assump-

tions,exceptperhapsin situationswheredataareplentiful andthedimensionof% is small. For example,the mostcommonassumptionis that $ dependson %
througha linear model(CW, Ch. 6–17),which severely restrictsthe way that $
candependon % . In this articlewe take a differentapproachbasedon dimension
reduction.

Dimensionreductionwithout lossof information is a dominantthemeof re-
gressiongraphics:Wetry to reducethedimensionof % without losinginformation
on $ % , andwithout requiringa pre-specifiedparametricmodelfor $ % . Borrow-
ing terminologyfrom classicalstatistics,we call this sufficientdimensionreduc-
tion. Sufficient dimensionreductionleadsto the pursuit of sufficient summary
plots (CW, Ch. 18) which containall of the informationon theregressionthat is
availablefrom thesample.

Therearea variety of approachesto the graphicalexplorationof regression
dataandthepursuitof “interesting” low-dimensionalprojections.Theapproach
basedon sufficient dimensionreductiondiffers from othersbecauseit restson
views thatcontainall theregressioninformation.

In regressiongraphics,wetry to reducethedimensionof % by findingsmallest
numberof linearcombinationsof % , say )+* ,�%.-�/�/�/!-�)+*01% , so that for all $ andall
valuesof % 243 #"$657$989( %'&;: 243 #"$657$989( )+* , %4-�/�/�/�-�)+*0 %�&: 243 #"$657$989( < * %'& (1)

wherefor notationalconvenience< is the =?>A@ matrix with columns )4B , CA:D -�/�/�/�-E@ . This equationplacesno restrictionson theregressionsinceit is always
truefor some@F5G= . For example,taking @H:I= andchoosing)JB to bethe =K> D
vectorwith a1 in the C th positionand0’selsewhereweobtain243 #L$M57$989( %'&4: 243 #L$M57$98N( O , -�/�/�/�-�O�PQ&
which is alwaystrue. Thus(1) representsa very generalway of summarizingthe
data.

If (1) is truethenwecanreplacethe =R> D predictorvector% with the @S> D vec-
tor of linearly combinations< * % without lossof informationon the regression.
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Wecall theindividuallinearcombinationsT+UVXW sufficientpredictors1 becausethey
containall theregressioninformationthat W hasabout Y . Theminimal numberZ
of sufficient predictorsis calledthestructural dimensionof the regression(CW,
Section18.3);we referto regressionsashaving [ D,.. . , Z D structure.

If Z is at most2 or 3, which oftenseemsto be thecasein practice,and \ is
known, thenasdescribedbriefly in Section1, we canconstructa graphicaldis-
play of Y versusthesufficient predictors\ U W that containsall of the regression
information. Suchsufficient summaryplots canbevery usefulexploratorytools
andusedto formulatemodels,identify anomaliesandgenerallyguide the sub-
sequentanalysis(CW, Ch. 18). If an estimate ]\ of \ is known then we can
proceedsimilarly usingtheestimatedlinearcombinations]\ U W . To helpfix ideas,
we next describeseveralmodelsandhow they relateto thedimensionreduction
representation(1). Methodsfor estimating\ will bediscussedlaterin thisarticle.

2.1 Structural Dimension

If aregressionhas0Dstructure( Z_^a` ), then Y is independentof W , andthepredic-
torscontainno informationabouttheresponse.In suchcases,asimplehistogram
or othergraphicalrepresentationof the marginal distribution of Y is a sufficient
summaryplot. If Z?^b[ thenall the informationabout Y that is availablefromW is containedin a single linear combinationT U c W , anda plot of Y versusT U c W
is a sufficient summaryplot for the regression.Under2D structureall the infor-
mationabout Y that is availablefrom W is containedin two linear combinationsd T+U c W4e T+Uf W�g , anda three-dimensionalplot of Y versus

d T+U c W4e T+Uf W'g is a sufficient
summaryplot for theregression.

Eachof the following regressionmodelsis an exampleof a regressionwith
1Thesufficient predictorsarenot uniquesinceany linearcombinationh6i�j ilk
mi1n of thesuf-

ficient predictorsis a sufficient predictor. More generally, if o m n is a vectorof p sufficient pre-
dictorsand q is any psrtp full rankmatrix then quo m n is anothersetof p sufficient predictors.
However, sincethedistribution of v�w quo m n is thesameasthedistribution of v�w o m n , a plot of v
versusqRo m n containsthesamestatisticalinformationasaplot of v versuso m n andconsequently
thenonuniquenessof sufficient predictorsis not normallya worrisomeissuein practice.Starting
with any vectorof sufficientpredictorso m n , it is oftendesirableto chooseq to beasquarerootofo m Varx n�y o sincethenthenew vector qRo m n of sufficient predictorswill beuncorrelated,often
leadingto improvedresolutionin plots.

Thevectoro m n containsaminimalsetof sufficientpredictors. If weaddany linearcombinationz m n to asetof sufficientpredictors,weobtainanothersetof sufficientpredictors,althoughit need
not be minimal. While we always try to find a minimal setof sufficient predictors,substantial
dimensionreductionis oftenpossiblewithout minimality.
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1D structure, { | }�~����S� ���M���X� (2){�������| }�~���� � � �M���X� (3){ | m � � � �������A�X� (4){ | m � � � ������� v
����� � � � ���'�l� (5)���9�6� �4� � {�|���� ¢¡ �4� � {�|�����£ | }�~����S� ��� (6)

where � is an error that is independentof � . Model (2) is the standardlinear
regressionmodel. In (3) we have a linear regressionmodelafter someresponse
transformationrepresentedby the unknown parameter¤ . The meanfunction in
(4) is E � {�¥ ���_| m � � � ���'� , wherethe kernelmeanfunction m may be unknown
or known, but it dependson only one linear combinationof the predictorsand
thusthe regressionstill has1D structure.Similarly, in (5) both thekernelmean
functionm andthekernelvariancefunctionv

�����
maydependon � � ��� . Many of

theusualgeneralizedlinearmodelsrepresentregressionswith 1D structure.This
is illustratedin (6) which describeslogistic regression( {¦|§� or 1) with mean
functionthatdependson a singlelinearcombinationof thepredictors.Theclass
of regressionmodelswith 1D structureis quite large and coversmany models
usedin practice.

A modelwith 2D structurecanbeconsiderablymorecomplex thana regres-
sionwith 1D structure.Themodels{ | m � �+� ���4¨��+��1����� v

����� � �S� ���4¨��+��1�'�©��ª�«�¬� �J� � {�|­��� u¡ �J� � {�|­���®£ | m � �+� ���4¨��+��1���
areexamplesof regressionswith 2Dstructureprovided � � and� � arenotcollinear.
For furtherbackgroundonstructuraldimensionandsummaryplots,seeCW (Ch.
18)andCook(1998,Ch. 4-6).

Thestructuraldimension̄ of a regressionis an index of its complexity. Re-
gressionswith ¯ | � are trivial. Regressionswith ¯ |  

can be much more
complicatedbut areusuallylesscomplicatedthanregressionswith 2D structure,
andso on. The structuraldimensionandsufficient predictors° � � of a regres-
sionwill generallybeunknown. In thenext sectionwe discussconditionson the
marginal distributionof � thatarenecessaryto estimatethesequantities.Thenin
Section4 wediscussmethodsfor estimatingthem,leadingeventuallyto estimated
sufficientsummaryplots.
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3 Constraints on ± Necessary for Estimation

Thereareseveral methodsfor estimatingsufficient summaryplots or properties
thereof.While therearenorestrictiveconstraintsplacedon theconditionaldistri-
butionof ²�³ ´ , someconstraintsonthemarginaldistributionof ´ arenecessaryfor
estimatingsufficientpredictors.

3.1 Linearly Related Predictors

Thekey conditionthatwewill assumethroughouttherestof this articleis that

E µ·¶¹¸�³»º½¼1´'¾J¿­ÀÁ¸4ÂAÃ�¼¸ µ�º½¼Ä´�¾�ÅÇÆ¹¿ÉÈ«Å�Ê�Ê�Ê!ÅÌË (7)

Themeanfunctionfor theregressionof the Æ th originalpredictoronthesufficient
predictorsshouldbelinearor approximatelyso(SeeCW, Ch. 19). This require-
mentconstrainsthemarginaldistributionof ´ andnot theconditionaldistribution
of ²�³ ´ as is usualwhen modelingin practice. Li (1991) emphasizedthat this
conditionis not a severerestriction,sincemostlow-dimensionalprojectionsof a
high-dimensionaldatacloud arecloseto beingnormal(DiaconisandFreedman
1984;Hall andLi 1993).Condition(7) is requiredto hold only for thesufficient
predictorsº ¼ ´ . Since º is unknown, in practicewe mayrequirethat it hold for
all possibleº , which is equivalentto elliptical symmetryof thedistribution of ´
(Eaton1986)includingthenormal.Wereferto predictorssatisfyingthisexpanded
conditionaslinearly relatedpredictors (CW, Ch. 19).

The requirementof linearly relatedpredictorsis not very crucial in practice,
but substantialdeparturescancauseproblems.We have foundthatsimultaneous
coordinatewisepower transformationsof positive predictorscanhelp inducelin-
early relatedpredictorsto a useful approximation(CW, Section19.4). LettingÍ
ÎÐÏ�Ñ ¿ÒµL¶ ÏRÓ È®¾�Ô«Õ for ÕGÖ¿Ø× and Í
ÎÐÏ!Ñ ¿ÚÙªÛ«Ü Í for ÕÝ¿Ú× , theideahereis to find
power transformationsÕ�¸ sothatthevectorÞ µ·´'¾4¿ßµ·¶ Î�ÏáàâÑ¸ ¾ãÅÇÆ_¿ÚÈ«Å�Ê�Ê�Ê!ÅÌË
of transformedpredictorsis apporximatelymultivariatenormal(Velilla 1993).A
seriesof strictly monotoniccoordinatewisetransformations

Þ µL´'¾ of thepredictor
vector ´ doesnot causeany difficulty for the methodsdiscussedin this article
becausethedistribution of ²'³ ´ is thesameasthatof ²�³ Þ µL´�¾ . Sinceno modelis
beingassumedfor ²�³ ´ , the consequenceof a predictortransformationis just to
changethemannerin which theconditionaldistributionsareindexed.
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3.2 Constant Covariances

In addition to linearly relatedpredictors,somemethodsalsorequirea constant
covarianceconditionon thepredictors:

Cov äLå½æãåHç�è»é½êÄë'ì4íaî�æâçQïÇð«ïãñHíóò«ï�ô�ô�ô�õ (8)

This conditionseemslessimportantthat the linearity condition,but againprob-
lemscanariseif the departuresaresubstantial.Using power transformationsto
multivariatenormalityhelpsinsuretheconstantcovarianceconditionin addition
to linearity relatedpredictors.Othermethodsfor insuringbothconditionswill be
disussedlaterin this article.

4 Estimation Methods

Thereareseveral methodsfor inferring aboutsufficient summaryplots. All are
basedonestimatingõ linearcombinationsof theoriginal predictorë :

ë�íbö÷÷÷÷ø
ù
úùÄû
...ù�ü
ýáþþþþÿ�� � í ö÷÷÷÷÷÷ø

�� ê ú ë�� ê û ë
...�� êü ë

ýáþþþþþþÿ
The õ estimatedlinear combinations

�� êæ ë are orderedon the “lik elihood” that
they will beneededin a sufficient summaryplot. Thefirst � linearcombinations� ê ú ë.ï�ô�ô�ô!ï � ê � ë estimatethesufficient predictors.If �6í�� thennoneof thelinear
combinationsis needed.If �Aí ò thenonly the first is neededanda plot of 	
versus

�� ê ú ë is theestimatedsummaryplot. Similarly, if thestructuraldimension�aí 
 then only the first two estimatedlinear combinationsare neededand a

three-dimensionalplot of 	 versusä �� ê ú ë4ï �� ê û ë'ì is theestimatedsummaryplot.
Therearebothgraphicalandnumericalmethodsfor finding thevector

�
of

linearly transformedpredictors.With õÇí�
 predictorsit is possibleto useasingle
3D plot to estimate� and

�
graphically. This methodologyis discussedin CW

(Ch. 18). When õ��

 , a seriesof 3D plots canbe usedto performthe same
tasksusinga procedurecalledgraphical regression(CW, Ch. 20). A scatterplot
matrix in Arc canbe usedto checkvisually for linearly relatedpredictors,find
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normalizingpower transformationsof the predictorsif necessary, anddecideif
thedataareconsistentwith thepossibilitythat ����� (CW Ch. 19).

Therearefour primarynumericalmethodsfor producingthevector � . While
eachis designedto estimatesufficientpredictors,eachhasits own advantagesand
disadvantagesdependingon thecomplexity of the regression.The four methods
are:� OLSandothermethodsbasedon convex objective functions,� SlicedInverseRegression(SIR; Li 1991),� SlicedAverageVarianceEstimation(SAVE, CookandWeisberg 1991),and� PrincipalHessianDirections(pHd;Li 1992)

4.1 Ordinary least squares (OLS)

If the predictorsare linearly related, ��� � and the covariancebetween� and� is not zero then the coefficient ��� of the singlesufficient predictor ��� � � can
be estimatedasthe coefficient vector �� of � from the ordinary leastsquaresfit
of � on � , includingan intercept.Theestimatedsufficient summaryplot is then
just the plot of � versusthe fitted values �� � �!#" �� � � from this samefit. This
conclusion,which is calledthe1D estimationresultby CW (Section19.3),seems
quite importantandmay be onereasonfor the successof OLS estimationover
theyears.It is worth emphasizingthatOLS is beingusedhereonly asa method
for summarizingthedataandthatno modelfor �%$ � is assumed.If thestructural
dimensionis greaterthan1 thenthe OLS fitted valuesstill estimatea sufficient
predictor, althoughthereis no way to tell which one.

Fitting methodsother than leastsquarescanbe usedaswell, provided that
they arebasedon objective functionsthatareconvex in

� � � . For example,if the
responseis binary taking the values �&�(' and �&�)� thenit may desirableto
fit usinglogistic regression(6) asa methodof summarizingthedata.Additional
discussionof this result, was given by Li and Duan (1989) and Cook (1998a,
Proposition8.1) .

4.2 Sliced Inverse Regression (SIR)

Sliced inverseregressionas proposedby Li (1991) is a methodfor estimating
sufficientpredictorswhen �+*,� . It requireslinearly relatedpredictorsandbegins
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by replacingtheresponse- with a discreteversion .- constructedby partitioning
therangeof - into / non-overlappingslices.SIR is thenbasedon theregression
of .- on 0 . The numberof slices / is a tuning parametermuchlike the tuning
parametersencounteredin thesmoothingliterature.If 13240 is asufficientpredictor
for theregressionof .- on 0 thenit is alsoa sufficient predictorfor theregression
of - on 0 . However, the reverseneednot be true. If / 576 then the set of
sufficient predictorsfor .- on 0 will necessarilyexclude someof the sufficient
predictorsfor theregressionof - on 0 . Our experienceindicatesthatgoodresults
areoftenobtainedby choosing/ to besomewhatlargerthan 698;: , trying a few
differentvaluesof / asnecessary. Choosing/ very muchlarger than 6 should
generallybeavoided2 Slicing maynot benecessarywhen - is qualitativeor takes
on few valuessincethenwe canset .-=<�- . For furtherdiscussionof foundations,
thenumberof slicesandimplementationalgorithms,seeCook(1998a,Ch. 11),
CookandWeisberg (1994)andLi (1991).

Having selectedthenumberof slices,thenext stepis to form the >@?A> matrix

BCEDGFIH < JKLGMONQP LSRT LSRT 2 L (9)

where P L is thefractionof observationsfalling in slice U , and RT L is theaverageof
thesamplestandardizedpredictorvector

TWV <YXVarZ[0]\S^`_a Z[0 V4b R0%\dcfeg<E:Wcihihihjclk (10)

for the - ’s in slice U , Um< :WcihnhihncS/ . Here XVarZ[0%\ is the usualestimateof the
covariancematrix of 0 , and R0 is the samplemeanof the predicorvector. LetBo N cihihnhnc Bo4p be the eigenvectorsof

BCYDqFrH
correspondingto its eigenvalues

Bs Nuthihnh t Bs p . Thentheestimatedcoefficientvectors
B1wv aregivenbyB1 v <xXVarZ[0]\ ^`_a Bo v czyA<E:Wcnhihihncq> (11)

We call the correspondingestimatedpredictors
B1 2v 0 , y{<
:|cihihihdcG> , theSIRpre-

dictors to distinguishthemfrom othertypesdiscussedlaterin thearticle.
A plot of - versusthefirst two SIR predictorsanda markedplot of .- versus

thefirst threeSIR predictorsareusuallyinformative in practice.However, to be
mosteffective,we requireamethodfor inferringabout6 sinceit will typically be
unknown.

2In Arc, thedefault numberof slicesis 8.
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4.2.1 Normal Theory Tests on }
Assumingthat theSIR analysisdoesnot missany sufficient predictorsin theory,
wecanestimate} by performingaseriesof hypothesistestsusingthestatistic

~�3�&�;� ����� ���O� ~� � (12)

Undertheassumptionof normallydistributedpredictors,Li (1991)proved
~�3�

has
anasymptoticchi-squaredistributionwith �����z}��n���,�z}w����� degreesof freedom.
Consequently, we canestimate} as follows: Beginning with � ��� , compare~���

to the percentagepointsof its distribution underthe hypothesis} � � . If
it is smaller, thereis no informationto contradictthe hypothesis.If it is larger,
concludethat }{�E� , increment� by 1 andrepeattheprocedure.Theestimate~} � � follows when

~�������
is relatively large, implying that }m� �
�,� , while~���

is relatively small, so thereis no information to contradictthe hypothesis.
For furtherdiscussionof this testingprocedureandthedistributionof

~�3�
without

theassumptionof normalpredictors,seeCook(1998a,Ch. 11). BuraandCook
(2000)studiedextensionsof Li’ s chi-squaretestthatdo not requirenormallydis-
tributedpredictors.

4.2.2 Permutation Tests on }
In additionto thenormaltheorytestsdiscussedin Section4.2.1,Arc alsoprovides
a nonparametricpermutationtestfor } thatdoesnot requirenormallydistributed
predictors.To testthehypothesis} ��� versus}+� � , the

�
valuesof theresponse

are permutedrandomly ¡ times. For eachpermutation,the value
~��¢¤£S¥¦ of test

statistic(12) with � �§� is computed,̈
� �W©iªnªiªj©l¡ . The p-valueis then the

fraction of the
~� ¢¤£S¥¦ ’s that exceedthe value

~� ¦ of the teststatisticfor the actual
data.Theprocedurefor testing } � � versus}���� is thesameexcepttheindices«

of thepairs �[¬®­¯© ~°�± �³² ­[� , « � �W©iªiªnªj© � arerandomlypermuted¡ times.Similarly,
to test } � } ¦ versus} �x} ¦ , randomlypermutethe indicesof the �q} ¦�´ ����µ¶�
vectors��¬·­¯© ~°3± �³² ­¯©iªnªiªn© ~°3±�¹¸�² ­[� . Theprocedurefor estimating} is thenthesameas
thatdescribedfor thenormaltheorytest.

In general,this permutationtestproceduredoesnot estimate} but insteades-
timatesan upperboundon } . Consequently, the proceduremay endwith more

predictors
~° ±� ² thatarereally necessary. However, if thepredictorsarenormally

distributed,thenthepermutationproceduredoesestimate} andthepermutation
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estimateis very often the sameasthe normal theoryestimatediscussedin Sec-
tion 4.2.1.

Thepermutationprocedurefor estimatingº is quitegeneralandcanbeused
with the othernumericalesitimationproceduresdiscussedin this article, in ad-
dition to many others. Permutationtestswereproposedby Cook andWeisberg
(1991)anddevelopedby CookandYin (2000).

4.2.3 Bivariate Responses

ThetheorybehindSIR doesnot requirethat » beunivariate,andit holdsequally
for multivariateresponses.An implementationof SIR for bivariateresponsesis
provided asa supplementto Arc. This may be useful in a numberof contexts,
including the studyof net effectsof singlepredictors¼�½ in linear models(Cook
1995).

4.2.4 Limitations

While SIRcanbeaneffectiveprocedureit canalsomissimportantsufficientpre-
dictors. In particular, it is not effective at finding sufficient predictorsthatoccur
in symmetricrelationships.For example,suppose¾ follows a standardnormal
distributionandthat »=¿À¼4Á ÂÄÃ&ÅÇÆ
Then ÈÉ³Ê estimates0 in all slicesandSIR will fail. The sametype of situation
happensin morecomplicatedmodelslike

»=¿;Ë�ÌgÃÎÍ3Ï Â³¾zÃ�Ð[Í�ÏÁ ¾]Ñ¹ÁgÃ&ÅÇÆ
Now SIR shoulddetectthefirst sufficientpredictorÍ�Ï Â³¾ but missthesecondsuf-
ficient predictor Í Ï Á ¾ . The SAVE methoddiscussedin the next sectionhasthe
ability to find moreof thesufficientpredictorsandis moreis comprehensive than
SIR.

4.3 Sliced average variance estimation (SAVE)

SAVE wasoriginally proposedby CookandWeisberg (1991)anddevelopedfur-
ther by Cook andLee (1998)andCook andCritchley (2000). A discussionof
basicmethodologywasgiven by Cook (2000). It requiresboth linearly related
predictorsandtheconstantcovariancecondition.
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LikeSIR,SAVE beginsby constructingaslicedversion ÒÓ of Ó . Next, construct
the Ô�Õ+Ô matrix Ö×EØqÙiÚ¹ÛÝÜ ÞßàqáOâ³ã ànä[åÝæ

Öç à�è¹éiê (13)

where

Öç à theestimatedcovariancematrix for thevectorof standardizedpredicors
(10)within slice ë . TheremainingcalculationsunderSAVE now parallelthosefor
SIR.Let

Öì âíêiîiînînê Öì4ï betheeigenvectorsof

Ö×EØ�ÙðÚñÛ
correspondingto its eigenvalues

Öò âôó�înîiîõó
Öò ï . Thentheestimatedcoefficient vectors

Ööw÷
areagaingivenbyÖöw÷ Üxø

Varä[ù]èSú`ûü
Öì ÷ êzý ÜEþ ênîiîiînê Ô (14)

The correspondingestimatedpredictors

Ööôÿ÷ ù , ý Ü þ êiîiîiîjê Ô , arecalledthe SAVE
predictors.

Like SIR, a plot of Ó versusthefirst two SAVE predictorsanda markedplot
of ÒÓ versusthe first threeSAVE predictorsare usually informative in practice.
Asymptoticnormaltheorytestproceduresfor estimating

�
underSAVE areavail-

ableonly in specialcases(CookandLee1999). Generally, we recommendesti-
mating

�
by usingpermutationtests.Theseestimatesareconstructedasoutlined

in Section4.2.2in thecontext of SIR. In particular, thesameteststatistic(12) is
usedexcepttheeigenvaluesarecomputedfrom

Ö×EØ�ÙðÚñÛ
.

4.4 Principal Hessian directions (pHd)

pHd wasproposedby Li (1992),andextendedby Cook (1998b). Like SAVE it
requiresboththelinearity conditionandtheconstantcovariancecondition.

To find thepHd predictors, let

Öì âdêiîiîiîjê Öì4ï be theeigenvectorscorresponding
to thesquaredeigenvalues

Öò é â ó�îiîiîõó
Öò éï of the ÔfÕ�Ô matrixÖ×������wÜ þ� 	ß 
 áOâ ä Ó 
 æ��Ó è�
 
 
 ÿ 
 (15)

where 
 is thestandardizedpredictor(10). Thentheestimatedcoefficient vectors
Öö ÷

areagaingivenby Öö ÷ Ü ø
Varä[ù]èSú`ûü

Öì ÷ êzý ÜEþ ênîiîiînê Ô (16)

ThecorrespondingpHd predictors

Öö ÿ÷ ù areusedin thegeneralsameway asthe
SIR or SAVE predictors.
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pHd is betterat estimatingsufficient predictorsthat correspondto nonlinear
trendsin the datathanit is at estimatingsufficient predictorsthat correspondto
lineartrends(Cook1998b).For this reasonpHd seemsto bemosteffectivewhen
usedasa modeldiagnostic,replacingthe response� with theresiduals� from a
fitted linearmodel.Whenusedin thisway � is theminimumnumberof sufficient
predictorsfor theregressionof theresiduals� on � .

Thefollowing teststatisticis usedto estimate� underthepHd methodin the
samewayastheSIR andSAVE teststatisticsareused:������ ����� ����

Var
� ���  !"$# �&%('*)+-," (17)

where
�
Var

� ��� is theusualestimateof themarginalvarianceof � . This teststatistic
is writtenasa functionof � sothatwecanwrite

��.�/� �0� whenusingresiduals.As-
sumingnormallydistributedpredictorsandthatpHd doesnot missany sufficient
predictorsin theory,

����1� �2� is distributedasymptoticallyasa chi-squaredrandom
variablewith

�4365 �7� �8395 �;:=<>�@? � degreesof freedom.This thenis thereference
distribution for estimatingthestructuraldimensionof theregessionof � on � us-
ing thegeneraltestproceduredescribedin Section4.2. If themodelproducing�
is truethenthestructuraldimensionof theregressionof � on � is zero.

The asymptoticdistribution of
��.�/� ��� is a linear combinationof chi-squared

randomvariableswith unknown coefficientsthatmustbeestimatedfrom thedata
for usein practice.Sincethis distribution is relatively complicatedandtheremay
bedoubtabouttheaccuracy of theapproximationit provides,we recommendthe
useof the permutationtestprocedurefor estimatingthe structuraldimensionof
theregressionof � on � underpHd.

4.5 Discussion

4.6 Checking the Conditions

It is prudentat the outsetof an analysisto checkfor linearly relatedpredictors
andconstantcovariances.Thiscanbedoneby viewing ascatterplotmatrixof the
predictors(CW, Section19.2). If thereareno strongnonlinearrelationshipsor
clearlynonconstantvariancesin theindividualplotsof thematrix, theconditions
areprobablysatisfiedto a reasonableapproximation.A scatterplotmatrix pro-
videsa necessarybut not sufficient check.Nevertheless,it seemsto work well in
practice.
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Power transformationsof positivepredictorsto approximatejoint normalityis
often an effective remedywhenthereis clearcurvatureor heteroscedasticityin
thescatterplotmatrix (CW, Section19.4).In addition,it maybepossibleto move
closerto multivariatenormalityby introducingpredictorweights.Theideahere,
asdevelopedby CookandNachtsheim(1994),is to modify the jump heightsof
theempiricaldistributionof thestandardizedpredictorA sothattheweightedem-
pirical distirbution matchesa target multivariatenormalwith covariancematrixBDC@E , where B is a use-selectedstandarddeviation. Themeanof this targetdistri-
butionshouldbeatthecenterof thedata,typically thesamplemeanor FHG median.
Valuesof B between0.5and1 seemto work thebestin practice.Theweightscan
be determinedusinga Monte Carlo routinethat is availableasa supplementto
Arc. Theweighedempiricalpredictordistribution canthenusedin OLS, SAVE,
SIR andpHd.

4.7 General Operating Characteristics

While it hasbeendemonstratedthat SAVE, SIR andpHd canyield very useful
resultsin practice,they areall fallible in theright situations.SAVE is mostcom-
prehensive. In theory, it will find all the sufficient predictorsfound by SIR and
pHd plus any otherspresentin the regression.This increasedflexibility comes
with a price, however. In effect, SIR andpHd looks throughcertainclassesof
linearcombinationsin their searchfor sufficient predictors.SAVE looksthrough
a larger classof linear combinationsthat includesthoseconsideredby SIR and
pHd. Relatively straightforward structurethat canbe detectedwith SIR or pHd
maybe harderto detectwith SAVE, particularlywhen I is large. In suchsitua-
tionsthesummaryplotsproducedby SAVE maynotbeascrispor informativeas
thosebasedonSIRor pHd. WenearlyalwaysusebothSIRandSAVE in practice
andusuallyfind thatcomparingtheir solutionsis informative.

SIR doeswell at finding directionsJLK in which therearelinear trendsin the
meanfunctionE MONQP RTS . ThesamplecorrelationbetweentheOLSfitted valuesand
thefirst SIRpredictoris typicallyquitelarge.SIRcanalsofind directionsin which
thevariancefunctionVarMONQP RTS is not constant.Thispropertymaybeusefulwhen
usingSIR asa modeldiagnostic,replacingthe responseN with residualsU from
a linearmodel. However, SIR is generallyineffective at finding curvaturein the
residualmeanfunctionE MVUWP RTS .

On theotherhand,pHd is a relatively specializedmethodthatseemsto work
particularlywell for finding curvaturein the residualmeanfunction E MVUWP RTS . It
doesnotseemto work aswell asSIRor SAVE for findingdirectionsin which the
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residualvariancefunction VarXOY[Z \Q] is not constant. It canbe appliedwith ^ as
well but its operatingcharacteristicsarenotawell understood.

4.8 Nature of the Response

Therearenorestrictionsplacedontheresponsê by any of themethods.It canbe
continuous,discreteor qualitative. Indeed,SIR andSAVE seemto work particu-
larly well in discriminantanalysiswheretheresponseis oftenaclassificationlike
sex, locationor species(Cook andYin 2000). Also, the SIR andSAVE predic-
torswill staythesamewhentheresponseis replacedwith any strictly monotonic
transformation.In someregressionsthevisualresolutionof summaryplotsmight
beimprovedby transformingtheresponseat theoutset.

4.9 Estimating the Structural Dimension

The permutationtestprocedurefor estimatingthe structuraldimensionof a re-
gressionis quitegeneralandcanbeappliedwith any of themethodsdiscussedin
thisarticle.Thelargesampledistributionof _`ba is know for SIRappliedto either ^
or Y andfor pHdappliedto Y . For othersituationswerecommendthepermutation
test.

It is alsopossibleto estimatethestructuraldimensionof a regressionvisually.
This involvesusingtheSAVE, SIRor pHdpredictorsin graphicalregession(CW,
Ch. 20). In effect, thesemethodsareuseaspre-processorsto constructlinear
combinationsof \ thatareorderedbasedthe likelihoodthat they areestimating
sufficient predictors.Themethod-specificpredictorsarethenstudiedgraphically
usinga seriesof 3D plots, endingwith a summaryplot andan estimateof the
structuraldimension.

4.10 How the Methods Work

TheinformationthatSIR andSAVE useto form their predictorscomesfrom the
column of c inverse responseplots, d7e versuŝ , in a scatterplotmatrix of the
predictorsandthe response.CW (Section19.5)describehow to usethe inverse
responseplotsto assessvisually if thedataareconsistentwith thepossibilitythatf�g h

or if
fji h

is indicated. SAVE and SIR usethe samedatato extract
additionalinformationon thestructuraldimensionandto estimatesufficient pre-
dictors.They measuretheshapeof theinverseresponseplotsby first replacingthe
responsê with adiscreteversion k^ constructedby partitioningtherangeof ^ into
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l
slices.SIR thengaugestheshapesof theinversemeanfunctionsE mVnHoVpqsr , while

SAVE gaugestheshapesof theinversefunctionsE mVnHoVpqtr andtheinversevariance
functionsVarmunHoVpqtr simultaneously.

pHdgainsits informationfromthecovariancesbetweentheresponse(or resid-
uals)andtheproductsof thestandardizedpredictorsvxwyv�z , {0|~}����0|������y|�� . Thus
it is a marginal methodthatdoesnot requireslicing. pHd doesnot have a tuning
parameter, apropertythatmightbeseenasanadvantage.Assumingthatthepop-
ulationstandardizedpredictor ��� VarmVn r������ mVn�� E mun r@r is normallydistributed,
thepHd matrix ��������

is anestimateof theaverageHessianmatrix����� � E m q o � r� � � �2���
for themeanfunction(Li 1992).Thustheeigenvectorsof ��������

estimatetheprin-
cipal directionsof the Hessianmatrix. The name“principal Hessiandirections”
maynotbeapplicablewhen � is notnormalbecausetheconnectionwith theHes-
sianmatrixmaybelost.

5 Illustration

In this sectionwe illustratehow to useArc for themethodologydiscussedin this
article.Familiarity with Arc at thelevel of CW is assumed.

5.1 Supplemental Arc Files

Threesupplementalfiles,all availableattheArc Internetsite,areneededto imple-
mentsomeof themethodsdiscussedin this article.They shouldbeloadedbefore
loadingthedatasetto beanalyzed.

PermTest.lsp This file containsthecodeto performthepermuationstestson the
structuraldimesionof the regression.It causesa new item – Permutation
tests– to appearin inverseregressionmodelmenus.Selectingthis itemwill
produceadialogboxfor thenumberof permutations.After completingthis
dialog, the output,which is illustratedlater in this section,will appearin
thetext window. Thecomputationof thepermutationtestsmaytakeseveral
minutesif thedatasetor numberof permutationsis large.
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BivSir.lsp This file containsthe codefor bivariateSIR. It causesthe item Fit
BivariateSIRto appearin thegraph&fit menu.Useof this menuitem will
bedicussedlaterabit later.

Reweight.lsp The codefor determiningpredictorweightsfor multivariatenor-
mality, asdiscussedin Section4.6, is containedin this file. It producesthe
menuitem Reweightfor Normality in the datasetmenu. The dialog pro-
ducedby thismenuitemallowstheuserto selectthepredictorsfor reweight-
ing, specifythevalueof � andthenumberof MonteCarlotrials,andchoose
eitherthesamplemeanor �b� medianasthecenterof thetargetnormaldis-
tribution. After the calculationsarefinished,the weightsareaddedto the
datasetandarethenavailablefor usein any inverseregressionmethod.The
weightsaddedto the datasethave namesof the form “pwt-sigma” where
“pwt” standsfor predictorweightand“sigma” is thevalueof � suppliedin
thedialog.

We usetheAustralianathletesdata(CW, Section19.6) to illustratehow Arc
canbeusedto producesummaryplots. Theresponsevariableis anathleteslean
bodymass,LBM. Therearethreepredictors,redcell countRCC, heightHt and
Wt.

5.2 Checking the Conditions

We first inspecteda scatterplotmatrix of thepredictors.We concludedthatcase
165 is outlying andthat it maydistort the results.We deletedthat from thedata
for all calculationswith the intention of restoringit in the final summaryplot.
Theredidn’t seemto beany strongnonlinearitiesamongthepredictors,but some
nonconstantvarianceseemedvisuallyevident.Consequently, weusedArc to find
normalizingpower transformationsof the predictors(CW, Section19.4). The
resultsindicatedthatWt shouldbetransformedto logs,while notransformationof
theothertwo predictorswasindicated.Consequently, weusedthethreepredictors�¡ £¢ RCC¤ Ht ¤�¥§¦0¨ ¢ Wt ©$©«ª for theanalysis.

5.3 Dimension Reduction

Thesetupandoutputfor SAVE, SIR andpHd arequitesimilar. Consequentlywe
useSIR for the primary illustration and indicatehow the output for SAVE and
pHddiffers.
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TheitemInverseregressionin theGraph&Fitmenuproducesadialogbox for
selectingthepredictorsandthe response,andfor choosingthemethodby using
theradiobuttonson theright of theplot. Threemethodsareavailableby default:
SIR,SAVE andpHdappliedto theresidualsfrom theOLSregressionof ¬ on ­ .

Default Inverse Regression Output from Arc.

Inverse Regression SIR
Name of Dataset = AIS
Name of Fit = I18.SIR
Response = LBM
Predictors = (RCC Ht log[Wt])
Deleted cases are:
(165)

Number of slices = 6
Slices sizes are: (35 34 34 35 34 29)
Std. coef. use predictors scaled to have SD equal to one.
Coefficients Lin Comb 1 Lin Comb 2 Lin Comb 3
Predictors Raw Std. Raw Std. Raw Std.
RCC -0.143 -0.301 0.441 0.729 -0.116 -0.160
Ht -0.006 -0.272 0.006 0.217 0.025 0.783
log[Wt] -0.990 -0.914 -0.897 -0.649 -0.993 -0.601

Eigenvalues 0.832 0.145 0.016
Rˆ2(OLS| SIR lin comb) 0.999 0.999 1.000

Approximate Chi-squared test statistics based on partial
sums of eigenvalues times 201

Number of Test
Components Statistic df p-value

1 199.58 15 0.000
2 32.295 8 0.000
3 3.1889 3 0.363

Permutation Tests.

Permutation pvalues for
sums of eigenvalues times 201
Number of permutations: 500

Number of Test Permutation
Components Statistic p-value
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1 199.58 0.000
2 32.295 0.000
3 3.1889 0.142

Availability. SIR and SAVE are available througha point-and-clickinterface
in the regressionprogramArc (Cook andWeisberg 1999)which is availableat
theinternetsitehttp://www.stat.umn.edu/arc.Theprogramincludesmuchrelated
methodologyaswell.
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